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Devwudfw1 Wkh sd|r�v ri d v|pphwulf 5�5 frruglqdwlrq jdph duh shuwxuehg e| djhqw0

vshfl�f khwhurjhqhlw|1 Lqglylgxdov revhuyh d +srvvleo| vdpsohg, klvwru| ri sod|/ zklfk

irupv wkh lqlwldo k|srwkhvlv iru dq rssrqhqw*v ehkdylrxu1 Vhhglqj eholhiv lq wklv pdqqhu/

wkh| lwhudwlyho| uhdvrq wrzdug d Ed|hvldq Qdvk htxloleulxp1 Uhdolvhg dfwlrqv dxjphqw

klvwru| dqg frqwh{w hyroyhv1 Erwk ulvn0grplqdqfh dqg jhqhudolvhg ulvn0grplqdqfh gh0

whuplqh htxloleulxp vhohfwlrq dv khwhurjhqhlw| ydqlvkhv1 Zkhq vdpsolqj lv vx!flhqwo|

lqfrpsohwh/ wkh ulvn0grplqdqw htxloleulxp lv sod|hg luuhvshfwlyh ri wkh klvwru| revhuyhg1

Gdwh Sulqwhg = Wklv yhuvlrq +614,/ Mdqxdu| 54/ 4<<<1
Nh|zrugv1 Vdpsolqj/ dgdswlyh sod|/ uhdvrqlqj/ ulvn0grplqdqfh/ vrsklvwlfdwhg sod|/ lglrv|qfudv|1
Wkh dxwkruv judwhixoo| dfnqrzohgjh �qdqfldo vxssruw iurp wkh HVUF/ dzdugv U3375<9573;< dqg
U3375<867679 uhvshfwlyho|1 Wkdqnv duh gxh wr qxphurxv froohdjxhv dqg vhplqdu sduwlflsdqwv iru khosixo
frpphqwv1
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41 Lqwurgxfwlrq

Vd| �uvw/ ri Jrg deryh ru pdq ehorz/

Zkdw fdq zh uhdvrq exw iurp zkdw zh nqrzB

Doh{dqghu Srsh= Dq Hvvd| rq Pdq

Pdq| lqwhuhvwlqj jdphv srvvhvv pxowlsoh Qdvk htxloleuld1 Devhqw d vxlwdeoh uh�qhphqw

frqfhsw/ pdq| wkhrulvwv hqfrxudjh wkh h{dplqdwlrq ri wkh frqwh{w lq zklfk d jdph lv

sod|hg1� Lq sduwlfxodu/ wkh hqylurqphqw pd| surylgh d jxlgholqh iru sod|huv1 Li wklv

jxlgholqh vshfl�hv d sduwlfxodu Qdvk htxloleulxp/ wkhq dq djhqw fdq gr qr ehwwhu wkdq

wr sod| wkhlu sduw lq lw1 Lq d frruglqdwlrq jdph/ iru h{dpsoh/ d frqyhqwlrq wr sod| d

sduwlfxodu htxloleulxp lv vhoi0hqiruflqj1 Vxfk dgylfh lv xqvdwlvidfwru|/ krzhyhu/ dv lw grhv

qrw h{sodlq krz vxfk dq hqylurqphqw pljkw dulvh1

Sod|huv pd| orrn wr klvwru| wr lqirup wkhlu ghflvlrqv dqg wklv fdq/ wkhuhiruh/ surylgh

d vxlwdeoh frqwh{w1 Ri sduwlfxodu uhohydqfh duh wkh dfwlrqv wdnhq suhylrxvo| e| rwkhuv1

Revhuydwlrq ri wkhvh dfwlrqv doorz dq djhqw wr lqihu wkh w|slfdo sod| ri d jdph1 Dq

lqglylgxdo zloo wkhq vhohfw d vwudwhj| frqwlqjhqw rq wklv revhuydwlrq1 Wkh uhdolvhg dfwlrq

ehfrphv sduw ri klvwru| dqg klvwru| wkxv hyroyhv1

Mrlqwo| prghoolqj wkh lqwhughshqghqfh ri klvwru| dqg dfwlrq fkrlfh doorzv vhohfwlrq

ehwzhhq htxloleuld1 Wr vrph h{whqw/ wklv lv wkh dssurdfk ri wkh dgdswlyh ohduqlqj olwhudwxuh

hslwrplvhg e| wkh zrun ri Ndqgrul/ Pdlodwk dqg Ure +4<<6,12 Wkh| vshfli| d g|qdplf lq

zklfk hqwudqwv uhvsrqg wr dq h{lvwlqj srsxodwlrq*v vwudwhj| iuhtxhqf|1 Vxfk d g|qdplf

lv sdwk0ghshqghqw dv wkh lqlwldo frq�jxudwlrq ri klvwru| ghwhuplqhv orqj0uxq ehkdylrxu1

Lq uhvsrqvh wkh dxwkruv dfklhyh hujrglflw| yld wkh lqwurgxfwlrq ri pxwdwlrqv � djhqwv

pdnh plvwdnhv zkhq fkrrvlqj wkhlu vwudwhjlhv1 Wkh lqyduldqw glvwulexwlrq ri wkh uhvxowlqj

surfhvv lv h{dplqhg dv pxwdwlrqv ydqlvk dqg dq htxloleulxp lv vhohfwhg luuhvshfwlyh ri

lqlwldo frqglwlrqv1

4Vhh iru h{dpsoh Elqpruh +4<<7, ru Vfkhoolqj +4<93,1
5Khqfhiruwk NPU +4<<6,1
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Wkh dgdswlyh ohduqlqj dssurdfk lv vxemhfw wr d qxpehu ri fulwltxhv1 Sod|huv irup

eholhiv qdòyho| dqg dovr idlo wr fkrrvh rswlpdo dfwlrqv jlyhq wkrvh eholhiv1 Wkh odwwhu

remhfwlrq lv kljkoljkwhg e| P|dww dqg Zdoodfh +4<<:,� lq zklfk djhqwv gl�hu udwkhu wkdq

huu1 Hujrglflw| ri wkh dgdswlyh ohduqlqj surfhvv uhtxluhv rffdvlrqdo frqwuduldq ehkdylrxu/

zkhuh hqwudqwv fkrrvh djdlqvw dq hvwdeolvkhg frqyhqwlrq1 D pruh frqylqflqj h{sodqdwlrq

iru vxfk ehkdylrxu lv lglrv|qfudv| rq wkh sduw ri lqglylgxdov/ dqg wklv lv wkh dssurdfk

hpsor|hg khuh1 Wkh irfxv lq wkh suhvhqw sdshu zloo eh rq wkh iruphu remhfwlrq1 Li d sod|hu

uhshdwhgo| lqwhudfwv zlwk udqgrpo| vhohfwhg phpehuv ri wkh srsxodwlrq/ wkhq dgrswlqj d

ehvw uhvsrqvh wr wkh lqfxpehqw vwudwhj| iuhtxhqf| lv qrw xquhdvrqdeoh1 Lq frqwudvw/ zkhq

dq djhqw h{shfwv d vlqjoh sod| djdlqvw dq rssrqhqw zkr vlpxowdqhrxvo| vhohfwv d vwudwhj|/

wklv lv vxvshfw1 Vxfk d iudphzrun lv hqylvlrqhg e| \rxqj +4<<6,1 Klv prgho vshfl�hv

sdluv ri hqwudqwv zkr/ iroorzlqj d +vdpsohg, revhuydwlrq ri klvwru|/ lqghshqghqwo| fkrrvh

vwudwhjlhv dqg sod| d vlqjoh jdph1 Lq wklv vlwxdwlrq/ dq lqwhooljhqw djhqw zrxog uhdvrq

pruh fduhixoo|1

Wklv sdshu uhfrjqlvhv dqg uhvsrqgv wr wklv fulwltxh1 Revhuyhg iuhtxhqflhv qr orqjhu

surylgh d wkhruhwlfdo rssrqhqw1 Udwkhu/ frqwh{w vhhgv wkh eholhiv ri d sod|hu1 Dq djhqw

lqlwldoo| frqmhfwxuhv wkdw wkhlu rssrqhqw zloo dfw rswlpdoo| jlyhq wkhlu revhuydwlrq |lhog0

lqj d qhz k|srwkhvlv iru wkhlu rssrqhqw*v sod|1 Ehdulqj wkh djhqw*v uhdfwlrq wr wklv lq

plqg/ wkhlu rssrqhqw fdq fdofxodwh d qhz ehvw uhvsrqvh1 Dqwlflsdwlqj vxfk d wkrxjkw

h{shulphqw/ wkh djhqw frqvwuxfwv d ehvw uhvsrqvh wr wklv vwudwhj|1 Wkxv/ hqwudqwv hqjdjh

lq dq lwhudwlyh ehvw uhvsrqvh surfhvv zkrvh olplw fuxfldoo| ghshqgv xsrq wkh vwduwlqj

srlqw1 Wklv vwduwlqj srlqw lv surylghg e| klvwru|1 Vxfk lqwhooljhqw uh hfwlrq xsrq rqhv

hqylurqphqw dqg wkh uhdvrqlqj surfhgxuh ri rwkhuv lv vrsklvwlfdwhg sod|1

Ixoo udwlrqdolw| +lq wkh vhqvh frpprqo| xvhg e| hfrqrplvwv, pljkw vhhp d pruh ds0

sursuldwh uhvsrqvh wr wkh qdòyhwì lqkhuhqw lq wkh dgdswlyh ohduqlqj olwhudwxuh1 Lw lv qrw1

Revhuyhg vwudwhj| iuhtxhqflhv zrxog eh ljqruhg e| �udwlrqdo� sod|huv dv wkh| gr qrw kdyh

d gluhfw h�hfw rq sd|r�v1 Djhqwv zrxog surfhhg gluhfwo| wr dq htxloleulxp1 Djdlq/ wkh

6Khqfhiruwk PZ +4<<:,1
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prghoohu lv ohiw zlwkrxw d phfkdqlvp iru vhohfwlqj ehwzhhq htxloleuld dqg sod|huv kdyh qr

zd| wr frruglqdwh1 Wkh vxjjhvwlrq khuh lv wkdw wkh| fdq xvh revhuydwlrqv ri sdvw sod| wr

frruglqdwh rq dq htxloleulxp yld wkh xvh ri vrph uhdvrqdeoh wkrxjkw h{shulphqw1 Wklv

lv prwlydwhg e| d ghvluh wr prgho wkh zd| lq zklfk lqglylgxdov pljkw wklqn vwudwhjlfdoo|1

Xqolnh ixoo udwlrqdolw|/ vrsklvwlfdwhg sod| lv d ehkdylrxudo srvwxodwh � d frpprq ihdwxuh

ri erwk dgdswlyh dqg hyroxwlrqdu| uhvhdufk1 Vxfk uhvhdufk pljkw txhvwlrq wkh frpsxwd0

wlrqdo delolw| uhtxluhg ri wkh djhqwv lq wklv prgho1 Dowkrxjk sod|huv uhdvrq lqgh�qlwho|/

wkh lqwhqwlrq khuh lv wr fdswxuh d vlwxdwlrq lq zklfk djhqwv wklqn wr vrph h{whqw derxw

wkhlu rssrqhqw*v ehkdylrxu1 Lq idfw/ pdq| ri wkh frqfoxvlrqv duh odujho| xqd�hfwhg e|

doorzlqj ohvv vrsklvwlfdwlrq rq wkh sduw ri wkh sod|huv1e

Zkhq vdpsolqj lv frpsohwh/ djhqwv revhuyh lghqwlfdo vwudwhj| iuhtxhqflhv dqg wklv lv

frpprq nqrzohgjh1 Wkh lwhudwlyh uhdvrqlqj surfhvv frqyhujhv wr d +klvwru| ghshqghqw,

Ed|hvldq Qdvk htxloleulxp ri wkh xqghuo|lqj vwdjh jdph1 Dv vwudwhjlhv lq vxfk Ed|hvldq

htxloleuld duh wuljjhu uxohv/ hlwkhu dfwlrq pd| eh uhdolvhg1 Doorzlqj wkh lqglylgxdo0vshfl�f

khwhurjhqhlw| wr ydqlvk/ wkhvh htxloleuld fruuhvsrqg wr wkh sxuh Qdvk htxloleuld ri wkh

xqshuwxuehg jdph1 Zlwk ydqlvklqj qrlvh/ rqo| rqh ri wkh dfwlrqv lv sod|hg doprvw doo ri

wkh wlph1 Wkxv dq htxloleulxp lv vhohfwhg1 Wkh vhohfwlrq fulwhulrq ghshqgv fuxfldoo| xsrq

wkh ghswk dqg zlgwk ri wkh edvlqv ri dwwudfwlrq1 Li dq htxloleulxp lv erwk ulvn0grplqdqw

+Kduvdq|l dqg Vhowhq 4<;;, dqg jhqhudolvhg ulvn0grplqdqw +PZ 4<<:, wkhq lw lv vhohfwhg1

Zkhq vdpsolqj lv lqfrpsohwh/ vhohfwlrq uhvxowv pd| udglfdoo| gl�hu1 Djhqwv qr orqjhu

revhuyh frpprq klvwrulhv/ dqg khqfh wkh| pxvw fduhixoo| frqvlghu qrw rqo| wkhlu rssr0

qhqw*v dfwlrq exw dovr zkdw wkhlu rssrqhqw pljkw kdyh vhhq1 Vxfk gholehudwlrq/ krzhyhu/

pxvw dovr sd| khhg wr wkhlu rssrqhqw*v eholhiv derxw zkdw wkh| pljkw kdyh vhhq1 Pxfk ri

wkh hslvwhprorjlfdo olwhudwxuh irfxvhv rq wklv lvvxh/ vhh iru h{dpsoh Pruulv/ Ure dqg Vklq

+4<<8,1 Dq lqihfwlrq dujxphqw dssolhv1 Dq djhqw lqlwldoo| frqmhfwxuhv d ehvw uhvsrqvh wr

wkh revhuyhg vwudwhj| iuhtxhqf|1 Xsrq ixuwkhu uh hfwlrq wkh| uhfrjqlvh wkdw/ zlwk kljk

7Djhqwv duh doorzhg wr uhdvrq lqgh�qlwho| sxuho| iru pdwkhpdwlfdo frqyhqlhqfh1
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suredelolw|/ dq rssrqhqw zloo revhuyh d gl�huhqw iuhtxhqf|1 Vxfk revhuydwlrqv pd| jhq0

hudwh d frqwudu| ehvw uhvsrqvh1 Plqgixo ri wklv/ wkh lqlwldo sod|hu fkdqjhv vwudwhj|1 Zlwk

vx!flhqwo| pdq| lwhudwlrqv ri uhdvrqlqj/ d vlqjoh vwudwhj| pd| eh dgrswhg e| doo hqwudqwv

luuhvshfwlyh ri wkhlu revhuydwlrqv1 Lq idfw/ zkhq vdpsolqj lv vx!flhqwo| lqfrpsohwh doo

sod|huv dgrsw wkh ulvn0grplqdqw htxloleulxp uhjdugohvv ri klvwru|1 Pruhryhu/ wklv uhvxow

krogv zlwkrxw uhvruwlqj wr shuwxuedwlrq ri wkh qrq0hujrglf Pdunry surfhvv1

Wkh dujxphqw surfhhgv dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh prgho1 Wkh wuhpeohg vwdjh

jdph lv lqwurgxfhg +514, iroorzhg e| wkh g|qdplf +515,1 Lq Vhfwlrq 516 wkh lwhudwlyh

uhdvrqlqj surfhvv hpsor|hg e| vrsklvwlfdwhg djhqwv lv erwk ghvfulehg dqg mxvwl�hg1 Wkhvh

frpsrqhqwv duh looxvwudwhg e| d prwlydwlqj h{dpsoh ri SF dgrswlrq lq Vhfwlrq 5171 Wkh

dqdo|vlv wdnhv sodfh lq Vhfwlrq 61 Uhvxowv duh �uvw rewdlqhg iru wkh uhdvrqlqj surfhvv

zlwk ixoo vdpsolqj +615, dqg lwv dvvrfldwhg g|qdplf +616,1 Vhfrqgo|/ Vhfwlrqv 617 dqg

618 suhvhqw wkh uhvxowv iru lqfrpsohwh vdpsolqj1 Uhwxuqlqj wr wkh h{dpsoh lq Vhfwlrq 7/

wkh uhvxowv duh glvfxvvhg dqg looxvwudwhg1 Wkhvh hohphqwv duh gudzq wrjhwkhu dorqj zlwk

vrph frqfoxglqj uhpdunv lq Vhfwlrq 81 Iru frqyhqlhqfh/ rplwwhg uhvxowv duh froohfwhg lq

Dsshqgl{ D1

51 Wkh Prgho

Lq wklv vhfwlrq wkh prgho lv ghvfulehg1 Iluvw/ wkh wuhpeohg vwdjh jdph ri PZ +4<<:, lv

uhylhzhg1 Frqfhswv ri ulvn0grplqdqfh dqg jhqhudolvhg ulvn0grplqdqfh duh uh0lqwurgxfhg1

Wxuqlqj wr wkh xsgdwlqj surfhgxuh/ Vhfwlrq 515 frqvwuxfwv wkh vshfl�f g|qdplf gulylqj

wkh srsxodwlrq*v hyroxwlrq1 Wkh phwkrg e| zklfk lqglylgxdov pdnh ghflvlrqv lv ohiw rshq

� wklv lv ghdow zlwk lq Vhfwlrq 5161 Khuh/ wkh uhdvrqlqj surfhvv zklfk frqqhfwv ghflvlrq

wr frqwh{w lv erwk lqwurgxfhg dqg ghihqghg1 Ilqdoo|/ d prwlydwlqj h{dpsoh lv suhvhqwhg

lq Vhfwlrq 5171

5141 Wkh Wuhpeohg Vwdjh Jdph1 Wkh nh| hohphqwv ri PZ +4<<:, duh uhwdlqhg khuh1

Lq sduwlfxodu/ wkh dqdo|vlv fhqwuhv rq wkh idploldu v|pphwulf 2 � 2 vwudwhjlf irup jdph
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zlwk jhqhulf sd|r�v=

4 5

4
@

@

S
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5
K
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Qrwlfh wkdw wklv jdph fdq eh uhsuhvhqwhg e| d 2 � 2 pdwul{1

Gh�qlwlrq 41 Wkh phdq sd|r� pdwul{ lv gh�qhg dv=

\ '

57 @ K

S _

68
D sod|hu htxlsshg zlwk sd|r�v \/ hqwhulqj d srsxodwlrq lv d phdq sd|r� hqwudqw1

Frruglqdwlrq jdphv duh ri sduwlfxodu lqwhuhvw/ dqg zloo eh wkh irfxv ri vxevhtxhqw dqdo|vlv1

Wklv lv zkhq @ : S dqg _ : K1 Vxfk d jdph kdv wzr sxuh Qdvk htxloleuld/ E�c �� dqg

E2c 2� zlwk dvvrfldwhg vhfxulw| sd|r�v K dqg S1 Wkh v|pphwulf pl{hg htxloleulxp hqwdlov

pl{lqj suredelolwlhv ri d%Wc �� %Wo zkhuh=

%W '
E_� K�

E_� K� n E@� S�

Qrwh wkdw htxloleulxp E�c�� ulvn0grplqdwhv E2c 2� li dqg rqo| li @�S : _�K/ fruuhvsrqglqj

h{dfwo| wr %W 	 �

2
1 Xqohvv rwkhuzlvh vwdwhg/ dqg zlwkrxw orvv ri jhqhudolw|/ dvvxph %W 	 �

2

wkurxjkrxw1

Wkh sd|r�v \ pd| eh ylhzhg dv wkh phdq sd|r�v iru dq| hqwhulqj sod|hu1 Dq| sduwlf0

xodu djhqw kdv khwhurjhqhrxv suhihuhqfhv zklfk duh jhqhudwhg e| wkh dgglwlrq ri sd|r�

wuhpeohv1 Hdfk sd|r� lv vxemhfw wr dq lqghshqghqw Jdxvvldq glvwxuedqfh1 Wkh yduldqfhv

ri wkhvh glvwxuedqfhv pd| eh vwudwhj| sur�oh vshfl�f/ zlwk d frpprq vfdolqj idfwru

zklfk lv doorzhg wr ydqlvk iru olplwlqj uhvxowv1 Fohduo| wkhvh glvwxuedqfhv kdyh d ixoo|0

sdudphwulf irup1 Wklv/ krzhyhu/ lv d qdwxudo uhsuhvhqwdwlrq ri gl�hulqj sd|r�v dfurvv
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sod|huv1 Lq sduwlfxodu/ rqh pljkw ylhz gl�huhqfhv ryhu d sduwlfxodu sd|r� wr eh wkh uh0

vxowlqj vxp ri pdq| lqglylgxdo lglrv|qfudwlf idfwruv/ |lhoglqj wkh qrupdo glvwulexwlrq dv

d qdwxudo vshfl�fdwlrq1 Ixuwkhupruh/ wklv irupxodwlrq doorzv fohdu forvhg0irup uhvxowv wr

eh rewdlqhg1 Ehujlq dqg Olspdq +4<<9, vkrz wkdw ixoo jhqhudolw| ri wuhpeohv ohdgv wr

lqfrqfoxvlyh uhvxowv1 Khqfh wkh sdudphwulf dssurdfk wdnhq khuh lv mxvwl�hg1

Gh�qlwlrq 51 Gh�qh wkh sd|r� khwhurjhqhlw| pdwul{ [ dv=

[ '

57 j@ jK

jS j_

68
Dq hqwudqw kdv wuhpeohg sd|r� pdwul{ h\ zkhuh=

h\ '

57 �@ �K

�S �_

68 '

57 @n j0@ Kn j0K

Sn j0S _ n j0_

68
zkhuh 0� q � Efc j2� �/ zlwk . d0�0�o ' f iru � 9' � dqg j lv d frpprq vfdolqj idfwru1

Qrwh wkdw wkh sd|r� khwhurjhqhlw| pdwul{ [ ghwhuplqhv wkh uhodwlyh vl}h ri wkh sd|r�

wuhpeohv1 Wkh ryhudoo vl}h lv ghwhuplqhg e| wkh vfdolqj idfwru j1 Iru odwhu frqyhqlhqfh/

wkh iroorzlqj gh�qlwlrqv duh lqwurgxfhg1

Gh�qlwlrq 61 Wkh sd|r� edodqfh ri \ dqg wkh wuhpeoh edodqfh ri [ duh uhvshfwlyho|=

b ' �� %W '
E@� S�

E@� S� n E_� K�
dqg � '

Ej2@ n j2S �

Ej2@ n j2S � n Ej2K n j2_�

D jdph kdv edodqfhg wuhpeohv li � ' �

2
1 Rwkhuzlvh lw kdv xqedodqfhg wuhpeohv1

Gh�qlwlrq 71 Vwudwhj| � jhqhudolvhg0ulvn0grplqdwhv vwudwhj| 2 zkhqhyhu=

@� Ss
j2@ n j2S

:
_� Ks
j2K n j2_

Xvlqj wkh qrwlrqv ri edodqfh/ wklv lv htxlydohqw wr b*E�� b� :
s
�*E�� ��1 Dvvhpeolqj

wkhvh frpsrqhqwv |lhogv wkh wuhpeohg vwdjh jdph=
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Gh�qlwlrq 81 Gh�qh wkh wuhpeohg vwdjh jdph J dv wkh wulsoh=

J ' k\c[c jl

Qrwh wkdw J lv d Ed|hvldq jdph ri lqfrpsohwh lqirupdwlrq1

5151 Wkh Hyroxwlrq ri Frqwh{w1 Wdnh d �qlwh srsxodwlrq ri ? sod|huv1 Dw wkh ehjlq0

qlqj ri d shulrg hdfk sod|hu vlpxowdqhrxvo| xsgdwhv wkhlu vwudwhj|1 Dowhuqdwlyho|/ wklv

fdq eh lqwhusuhwhg dv d qhz jurxs ri sod|huv uhsodflqj odvw shulrg*v hqwluh srsxodwlrq1

Hdfk qhz hqwudqw +ru sod|hu xsgdwlqj, revhuyhv wkh vwudwhj| iuhtxhqf| ri wkh srsxodwlrq

lq d vdpsoh ri vl}h r � ? wdnhq iurp odvw shulrg*v sod|1 Wkh djhqw frqvlghuv sod|lqj d

jdph zlwk d survshfwlyh rssrqhqw zkr dovr revhuyhv d +srvvleo| gl�huhqw, vdpsoh ri vl}h

r1 Lq sduwlfxodu/ wkh lwhudwlyh surfhgxuh rxwolqhg lq Vhfwlrq 516 ehorz wdnhv sodfh lq wkh

djhqw*v plqg/ dqg d vwudwhj| lv vhohfwhg1 Wklv djhqw/ dorqj zlwk wkhlu qhz vwudwhj|/ wkhq

ehfrphv sduw ri wkh xsgdwhg srsxodwlrq/ dqg wkh zkroh surfhvv uhshdwv lwvhoi1 Ghqrwh

wkh qxpehu ri lqglylgxdov sod|lqj vwudwhj| � dv 5/ d phpehu ri wkh �qlwh vwdwh vsdfh

~ ' ifc ���c ?j1 Frpsxwdwlrq ri wkh suredelolw| wkdw wkh djhqw fkrrvhv hlwkhu vwudwhj|

ohdgv wr wkh frqvwuxfwlrq ri d Pdunry fkdlq rq ~1

Lq wkh g|qdplf ghvfulehg deryh/ doo sod|huv vlpxowdqhrxvo| xsgdwh1 Wklv frlqflghv zlwk

wkh dssurdfk ri NPU +4<<6,1 Li djhqwv zhuh wr xsgdwh dorqh dqg hqwhu d srsxodwlrq wkdw

zdv hvvhqwldoo| vwdwlf lq vwudwhj| iuhtxhqf|/ lw pljkw eh pruh uhdvrqdeoh iru wkhp wr

vlpso| sod| d ehvw uhvsrqvh wr wkh suhvhqw vwdwh +dv lq NPU +4<<6, dqg \rxqj +4<<6,,1

Wklv lv wkh phwkrgrorj| ri PZ +4<<:, zlwk sod|huv xsgdwlqj vhtxhqwldoo|1 Zkhq wkhuh lv

vlpxowdqhrxv xsgdwlqj/ krzhyhu/ lw lv pruh uhdvrqdeoh wr dvvxph wkdw sod|huv zrxog wklqn

yhu| fduhixoo| derxw wkhlu sodqqhg dfwlrq1 Lq sduwlfxodu wkh| zrxog eh frqfhuqhg wkdw

d survshfwlyh rssrqhqw pljkw dovr edvh wkhlu ghflvlrq xsrq revhuydwlrqv ri klvwru|1 Wr

vrph h{whqw/ \rxqj +4<<6, dgrswv vxfk dq lghd1 Wdnlqj wklv d vwhs ixuwkhu/ d vrsklvwlfdwhg

sod|hu pljkw dfw lq wkh zd| ghvfulehg lq Vhfwlrq 5161

Wkh g|qdplf suhvhqwhg khuh pdnhv pruh vhqvh lq d vrsklvwlfdwhg zruog/ hqdeohv d

wudqvsduhqw dqdo|vlv dqg khosv wr irfxv rq wkh fuxfldo frpsrqhqwv ri wkh dujxphqw1
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5161 Wkh Uhdvrqlqj Surfhvv1 Djhqwv zkr sod| dgdswlyho| +PZ 4<<:/ NPU 4<<6/

\rxqj 4<<6 lqwhu dold1, uhdvrq yhu| vlpso| lqghhg1 Rq revhuydwlrq ri lqfxpehqw vwudw0

hj| iuhtxhqflhv/ lqglylgxdov dgrsw d vlpsoh ehvw uhvsrqvh1 Wklv qdòyh ehkdylrxu pljkw

eh mxvwl�hg lq d vfhqdulr lq zklfk dq hqwudqw idfhv d vwdwlf srsxodwlrq/ shukdsv phhw0

lqj d udqgrpo| vhohfwhg rssrqhqw iru d vlqjoh lqwhudfwlrq1 Dowhuqdwlyho|/ wklv dssurdfk

lv qrw xquhdvrqdeoh li dq hqwudqw uhshdwhgo| sod|v zlwklq d vorzo| hyroylqj srsxodwlrq1

Qrwlfh wkdw wkhvh frqglwlrqv duh qrw phw e| pdq| ri wkh prghov phqwlrqhg hduolhu1 Lq

sduwlfxodu/ NPU +4<<6, hqylvlrq d g|qdplf lq zklfk wkh hqwluh srsxodwlrq uhylvhv vlpxo0

wdqhrxvo|1 Dq lqwhooljhqw sod|hu pljkw uhdolvh wklv dqg dgmxvw wkhlu ehkdylrxu dffruglqjo|

� wkh| pd| dqwlflsdwh wkh xsgdwhg dfwlrqv ri wkhlu rssrqhqwv1 Lq dgglwlrq/ wkh sod|huv

ri \rxqj +4<<6, vhh rqo| d vdpsoh ri klvwru| wr zklfk wkh| sod| d ehvw uhvsrqvh1 Pruh

vrsklvwlfdwlrq rq wkhlu sduw zrxog ohdg wkhp wr d frqvlghudwlrq ri wkh +srvvleo| gl�huhqw,

revhuydwlrqv ri dq rssrvlqj djhqw1

Wkhvh duh suhflvho| wkh lvvxhv wr eh dgguhvvhg khuh1 Wr vrph h{whqw/ djhqwv uhfrjqlvh

wkh lqwhudfwlyh qdwxuh ri wkhlu ghflvlrqv1 Wkh| ehjlq +dv lq suhylrxv zrun, e| k|srwk0

hvlvlqj d ehvw uhso| wr wkh vwudwhj| iuhtxhqf| ri wkhlu vdpsoh1 Wkh djhqw frqmhfwxuhv d

vlplodu uhvsrqvh iurp wkhlu rssrqhqw1 Kdylqj fdofxodwhg wklv/ wkh djhqw fdq irupxodwh d

ehvw uhvsrqvh wr wklv srvwxodwhg ehkdylrxu1 Dq dqdorjrxv wkrxjkw h{shulphqw lv dqwlfl0

sdwhg iru wkhlu rssrqhqw1 Ehdulqj lq plqg wkh srvvleo| gl�huhqw vdpsoh ri d survshfwlyh

rssrqhqw dq djhqw zloo lwhudwlyho| uhdvrq xqwlo frqyhujhqfh1 Pruh irupdoo|/ djhqwv sod|

d vwdwlf Ed|hvldq jdph zkhuh wkhlu sulydwh lqirupdwlrq lv erwk wkh uhdolvhg sd|r�v dqg

wkh revhuyhg vdpsoh1 D p|rslf vwudwhj| sur�oh lqlwldolvhv dq lwhudwlyh ehvw uhvsrqvh sur0

fhvv zklfk ohdgv wr d Ed|hvldq Qdvk htxloleulxp1 Wklv htxloleulxp jhqhudwhv wkh dfwxdo

ehkdylrxu ri wkh djhqw1

Wklv lv d uhdvrqdeoh dssurdfk1 E| wkhlu yhu| qdwxuh/ hyroxwlrqdu| jdph wkhru| dqg wkh

dgdswlyh ohduqlqj olwhudwxuh pdnh ehkdylrxudo dvvxpswlrqv1 Wkh vrsklvwlfdwhg uhdvrqlqj

surfhvv vxjjhvwhg khuh lv dq dssursuldwh zd| wr fdswxuh wkh phwkrg e| zklfk lqglylgxdov



43 P\DWW DQG ZDOODFH

pljkw wklqn derxw hdfk rwkhuv* dfwlrqv1 Iru pdwkhpdwlfdo frqyhqlhqfh uhdvrqlqj frq0

wlqxhv lqgh�qlwho|1 Lq idfw/ wkh uhvxowv ri d surfhvv lq zklfk djhqwv rqo| lwhudwh �qlwho|

frlqflgh zlwk wkrvh suhvhqwhg khuh1 Wklv lv dq hvwdeolvkhg fkdudfwhulvwlf ri kxpdq eh0

kdylrxu1 Sv|fkrorjlvwv kdyh vkrzq wkdw shrsoh duh fdsdeoh ri lqwhudfwlyh uhdvrqlqj wr d

juhdw h{whqw> lqghhg/ wklv lv rqh ri glvwlqjxlvklqj ihdwxuhv ri wkh kxpdq plqg1 Vwxglhv

vxfk dv Nlqghupdq/ Gxqedu dqg Ehqwdoo +4<<;, kdyh vkrzq wkdw e ohyhov ri uhdvrqlqj duh

qrw xqfrpprq dprqj dgxowv1D

Wkh vrsklvwlfdwhg djhqw dovr xvhv revhuydwlrqv ri wkhlu hqylurqphqw wr lqlwldolvh vxfk

dq lwhudwlyh uhdvrqlqj surfhvv1 Wklv lv sd|r� luuhohydqw lqirupdwlrq dqg khqfh wkhuh lv qr

vshfl�f uhdvrq iru d sxuho| udwlrqdo sod|hu wr wdnh khhg1 Qhyhuwkhohvv/ wklv lv d uhdvrqdeoh

ehkdylrxudo k|srwkhvlv1 Ghvslwh wkh sd|r� luuhohydqfh ri klvwrulfdo suhfhghqw/ lqglylgxdov

dsshdu wr dwwdfk juhdw vljql�fdqfh wr lw1 Vfkhoolqj +4<93/ Fkdswhu 6, djuhhv= �Suhfhghqw

vhhpv wr h{huflvh dq lq xhqfh wkdw juhdwo| h{fhhgv lwv orjlfdo lpsruwdqfh ru ohjdo irufh1�

Irfdo srlqwv lqglfdwh d srvvleoh zd| wr sod| dqg klvwru| surylghv wkh irfdo srlqw1 Wkh

irfxv ri klvwru| lv vkdus dv lw ghvfulehv dfwxdo suhylrxv sod| udwkhu wkdq phuho| ehlqj dq

duelwudu| frruglqdwlrq ghylfh1 Wkh vrsklvwlfdwhg djhqw jrhv ixuwkhu> lqvwhdg ri qdòyho|

iroorzlqj lq wkhlu suhghfhvvruv* irrwvwhsv wkh| duh jxlghg wrzdug d qhz prgh ri sod|1

Jlyhq wkh kljk ohyho ri vrsklvwlfdwlrq wkh djhqwv lq wkh prgho glvsod|/ d qdwxudo vxj0

jhvwlrq pljkw eh wkh lpsrvlwlrq ri ixoo udwlrqdolw|1 Wklv zrxog qrw eh frqvwuxfwlyh1 Wkh

dgdswlyh ohduqlqj olwhudwxuh lv lq sduw prwlydwhg e| wkh sureohp ri htxloleulxp vhohfwlrq1

Wklv lv suhflvho| ehfdxvh wkh �udwlrqdo� dssurdfk kdv ehhq xqdeoh wr surylgh d frqylqflqj

dqvzhu1 Vxfk dq lpsrvlwlrq wkxv uhvxowv lq d uhwxuq wr wkh suhglfwlrqohvv ydfxxp wkdw wklv

olwhudwxuh dwwhpswv wr �oo1 Dv dujxhg deryh/ hyroxwlrqdu| jdph wkhru| e| lwv yhu| qdwxuh

pdnhv ehkdylrxudo dvvxpswlrqv1 Ihz vrfldo vflhqwlvwv vhulrxvo| eholhyh wkdw udwlrqdolw| +lq

wkh qduurz vhqvh riwhq xvhg e| hfrqrplvwv, surylghv d uhdvrqdeoh ehkdylrxudo k|srwkhvlv1

Shrsoh gr qrw ehkdyh �udwlrqdoo|�> dw ehvw lw lv dq dssur{lpdwlrq1 Dq dowhuqdwlyh ghihqfh

8Fhuwdlq surihvvlrqv duh frqgxflyh wr dq hyhq juhdwhu ghjuhh ri uhfxuvlyh hpsdwk|1 Qryholvwv/ iru h{dpsoh/
pd| eh deoh wr dfklhyh �yh ru pruh ohyhov ri lqwhudfwlyh uhdvrqlqj dv wkh| sodfh wkhpvhoyhv lq wkh plqgv
ri wkhlu fkdudfwhuv1 Iru ixuwkhu ghwdlov vhh wkh vxuyh| ri Gxqedu +4<<9, dqg wkh uhihuhqfhv wkhuhlq1
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lv wkdw djhqwv dfw �dv li� wkh| duh udwlrqdo1 E| sod|lqj wkhlu sduw lq d Qdvk htxloleulxp

lqglylgxdov duh fkrrvlqj vwudwhjlhv wkdw plplf wkrvh ri d udwlrqdo frxqwhusduw1S Wklv pd|

mxvwli| htxloleulxp sod|> lw fdqqrw vhohfw ehwzhhq htxloleuld1 Suhflvho| ehfdxvh wkh irfxv

khuh lv rq vxfk vhohfwlrq/ wkh uhplw ri wkh �dv li� dssurdfk lv h{fhhghg1 Khqfh wkh rqo|

u÷oh iru udwlrqdolw| lv rqh ri dssur{lpdwlrq dqg khuh wkh dssur{lpdwlrq lv h{solflw1 Dq|

wkrxjkw h{shulphqw wkdw dq djhqw pljkw uhdvrqdeo| hqjdjh lq zloo wdnh qrwh ri wkhlu

hqylurqphqw1 Lq wkh wudglwlrq ri Hqjolvk hpslulflvp qr lqihuhqfh fdq eh pdgh zlwkrxw

uhihuhqfh wr h{shulhqfh1 Wr txrwh Kxph +4:97,=

Lq ydlq/ wkhuhiruh/ vkrxog zh suhwhqg wr ghwhuplqh dq| vlqjoh hyhqw/ ru lqihu

dq| fdxvh ru h�hfw/ zlwkrxw wkh dvvlvwdqfh ri revhuydwlrq dqg h{shulhqfh1

5171 Dq Looxvwudwlyh H{dpsoh1 PZ +4<<:, rxwolqhg d vlpsoh h{dpsoh wr looxvwudwh

wkh pdlq uhvxowv1 Wklv h{dpsoh lv djdlq hpsor|hg khuh1 Lq vslulw/ lw iroorzv d ohdglqj

h{dpsoh ri Ndqgrul dqg Ure +4<<8,1 Frqvlghu d srsxodwlrq ri ? dfdghplfv lq d uhvhdufk

lqvwlwxwlrq1 Doo phpehuv xvh shuvrqdo frpsxwhuv +SFv, wr frqgxfw wkhlu zrun/ dqg

pd| dgrsw hlwkhu wkh LEP ru Dssoh Pdflqwrvk +Pdf, vwdqgdugv1 Lqvwlwxwlrq phpehuv

lqwhudfw gxulqj wkh frxuvh ri wkhlu zrun/ dqg uhfhlyh sd|r�v dffruglqj wr wkhlu SF dqg

wkdw dgrswhg e| wkhlu froohdjxhv1 Wkh vwudwhjlf irup jdph iru phdq sd|r� djhqwv lv=

LEP Pdf

LEP
D

D

2

e

Pdf
e

2

S

S

Wkh sd|r�v duh fkrvhq dv d vw|olvhg uhsuhvhqwdwlrq ri wkh iroorzlqj fulwhuld= Sod|huv ehqh�w

iurp frpsdwlelolw|> jlyhq frpsdwlelolw|/ Pdf dgrswlrq uhvxowv lq kljkhu surgxfwlylw| wkdq

LEP dgrswlrq> wkh orvv iurp lqfrpsdwlelolw| lv ohvv vhyhuh iru LEP xvhuv wkdq Pdf xvhuv

gxh wr zlghu rxwvlgh vxssruw iru wkh LEP vwdqgdug1 Wklv jdph kdv wzr sxuh vwudwhj|

9Dxpdqq dqg Eudqghqexujhu +4<<8, surylgh d ghwdlohg dffrxqw ri wkh frqglwlrqv qhfhvvdu| iru udwlrqdo
sod|huv wr dgrsw Qdvk htxloleulxp vwudwhjlhv1
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Qdvk htxloleuld fruuhvsrqglqj wr wkh wzr vwdqgdugv1 Dowkrxjk Pdf lv sd|r� grplqdqw/

LEP lv ulvn0grplqdqw +%W ' 2

D
	 �

2
,1 Wkh jdph lv wkxv d Urxvvhdx +4:88, vwdj0kxqw1

Xvlqj wkh irupdo qrwdwlrq ri Vhfwlrq 514/ wklv ehfrphv wkh wuhpeohg vwdjh jdph J�� '

k\�� c[�� c jl1 Ri sduwlfxodu lqwhuhvw duh wkh fdvhv [�� 5 i[�c[Lj zkhuh=

[� '

57 f �

� f

68 dqg [L '

57 f �

e

2 f

68
fruuhvsrqglqj wr edodqfhg dqg xqedodqfhg uhvshfwlyho|1 Wkh vhfrqg frq�jxudwlrq lv

vshfl�hg wr uh hfw wkh lqfuhdvhg ulvn ri ehlqj d orqh Pdf xvhu1

Hdfk shulrg d udqgrpo| vhohfwhg phpehu ohdyhv wkh lqvwlwxwlrq dqg d uhsodfhphqw

fkrrvhv wkhlu frpsxwhu v|vwhp1 Dv dq dowhuqdwlyh lqwhusuhwdwlrq/ uhvhdufkhuv shulrglfdoo|

uhsodfh wkhlu SFv1 Dw uhsodfhphqw wlph/ krzhyhu/ lw lv dvvxphg wkdw wkh uhtxluhphqwv ri

wkh uhvhdufkhu duh gl�huhqw iurp wkrvh dw wkh wlph ri wkh ruljlqdo sxufkdvh/ dqg khqfh

sd|r�v duh d iuhvk gudz iurp wkh sd|r� glvwulexwlrq1

61 Dqdo|vlv

Wkh dqdo|vlv ehjlqv e| h{dplqlqj wkh uhvsrqvh ri dq lglrv|qfudwlf djhqw wr dq revhuyhg

vwudwhj| iuhtxhqf|1

6141 Hqwudqw Uhvsrqvh dqg Ed|hvldq Qdvk Htxloleuld1 Zkhq vhohfwlqj d vwudwhj|

d sod|hu lv frqfhuqhg zlwk wkh vwudwhj| fkrlfh ri dq rssrqhqw1 D vx!flhqw vwdwlvwlf iru d

sod|hu*v eholhiv derxw dq rssrqhqw*v ehkdylrxu lv %/ wkh suredelolw| zlwk zklfk vwudwhj|

� lv sod|hg1 Wkh h{shfwhg sd|r�v iurp vwudwhjlhv � dqg 2 zkhq dq rssrqhqw sod|v � zlwk

suredelolw| % duh uhvshfwlyho|=

+� ' %�@n E�� %��K ' %@n E� � %�Kn %j0@ n E� � %�j0K

+2 ' %�Sn E� � %� �_ ' %Sn E�� %�_n %j0S n E�� %�j0_
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vr wkdw=

+� � +2 ' %E@� S�� E� � %�E_� K� n %jE0@ � 0S� n E�� %�jE0K � 0_� +4,

Li d sod|hu eholhyhv dq rssrqhqw zloo sod| vwudwhj| � zlwk suredelolw| % wkhq lw lv rswlpdo

wr uhso| zlwk wkh vdph zkhqhyhu +� : +2/ ru htxlydohqwo| +�� +2 : f � d qdwxudo wuljjhu

uxoh1 Uhduudqjlqj Htxdwlrq +4, wklv rffxuv zkhqhyhu=

%E0S � 0@� n E�� %�E0_ � 0K� 	
%E@� S�� E�� %�E_� K�

j
+5,

Wkh ohiw kdqg vlgh ri Htxdwlrq +5, lv qrupdoo| glvwulexwhg zlwk }hur phdq dqg yduldqfh

%2 Ej2@ n j2S �n E��%�2 Ej2K n j2_�1 Wkh ehvw uhvsrqvh wr d frqmhfwxuh ri % zloo wkhuhiruh eh

vwudwhj| � zlwk suredelolw|=

�h d�m%o ' x

#
%E@� S�� E�� %�E_� K�

j
s
%2 Ej2@ n j2S � n E�� %�2 Ej2K n j2_�

$
+6,

zkhuh x uhsuhvhqwv wkh vwdqgdug Jdxvvldq glvwulexwlrq1 Wkh iroorzlqj lv xvhixo odwhu rq

dqg fdq dovr eh irxqg lq PZ +4<<:,1

Gh�qlwlrq 91 Gh�qh wkh edvlq ghswk dv VE%�2 zkhuh VE%� vdwlv�hv=

VE%� '
%E@� S�� E� � %�E_ � K�t

%2 Ej2@ n j2S � n E� � %�2 Ej2K n j2_�
+7,

Xvlqj wklv qrwdwlrq/ wkh deryh fdq eh vxppdulvhg lq d frqyhqlhqw Ohppd=

Ohppd 41 Li dq djhqw sod|v vwudwhj| � zlwk suredelolw| %/ wkhq zlwk suredelolw| 4 E%c j� '

x EV E%� *j� wkh rswlpdo uhvsrqvh zloo eh vwudwhj| �1

Ljqrulqj iru wkh prphqw wkh revhuydwlrqv ri djhqwv/ frqvlghu wkh jdph lq lvrodwlrq1 Wkh

vwdwlf jdph J lv rqh ri lqfrpsohwh lqirupdwlrq zlwk xqfhuwdlqw| ryhu wkh sd|r�v1 Lq

vxfk d jdph/ wkh Ed|hvldq Qdvk htxloleuld fruuhvsrqg wr �{hg srlqwv ri wkh pdsslqj

% $ 4 E%c j�1 Vlqfh wkhvh htxloleuld sod| dq lpsruwdqw u÷oh lq wkh iroorzlqj dqdo|vlv d

vkruw h{dplqdwlrq ri wkhlu surshuwlhv lv qhfhvvdu|1 Lq sduwlfxodu/ lqwhuhvw olhv lq wkh fdvh

zkhuh wkh Kduvdq|ldq shuwxuedwlrqv duh vpdoo � j$ f1 Ohppd 5 lqyhvwljdwhv=
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Ohppd 51 Iru j vx!flhqwo| vpdoo wkhuh duh wkuhh Ed|hvldq Qdvk htxloleuld ri J1 Wkhvh

fruuhvsrqg wr �{hg srlqwv ri % :$ 4 E%c j� orfdo wr f/ %W dqg �1 Wkh| frqyhujh wr wkhvh

srlqwv dv j $ f1

Surri1 Il{hg srlqwv ri 4 E%c j� fruuhvsrqg wr urrwv ri=

s E%� ' x

�
V E%�

j

�
� %

Qrwlfh wkdw s � E%� ' � EV E%� *j� V� E%� *j � �1 Zkhq j $ f/ s E%� $ � � % li % : %W/

dqg s E%�$ �% li % 	 %W/ vr wkhuh fdqqrw eh d �{hg srlqw xqohvv lw lv orfdo wr ifc %Wc �j1

Frqvlghu wkh lqwhuydo f � % � 01 Iru vx!flhqwo| vpdoo j/ s E%� lv ghfuhdvlqj lq wklv

lqwhuydo1 Pruhryhu/ s Ef� � f dqg s E0� 	 f1 Wkhuhiruh wkhuh lv h{dfwo| rqh urrw lq

wklv lqwhuydo1 Lw lv lpphgldwh wkdw wkh �{hg srlqw frqyhujhv wr f lq wkh olplw1 D vlplodu

dujxphqw dssolhv wr � � 0 � % � �1

Qrz frqvlghu %W � 0 � % � %W n 01 Wkhq s E%W � 0� 	 f dqg s E%W n 0� : f1 Djdlq

wkhuh lv dw ohdvw rqh urrw lq wklv lqwhuydo1 x EV E%� *j� lv vwulfwo| lqfuhdvlqj1 D �{hg srlqw

ri xEV E%� *j� fruuhvsrqgv wr d �{hg srlqw ri lwv lqyhuvh1 Orfdo wr %W wkh ghulydwlyh ri

wkh lqyhuvh lv ohvv wkdq rqh1 Wklv orfdolw| h{sdqgv dv j jhwv vpdoo1 Zlwklq wklv uhjlrq

wkhuh fdq eh rqo| rqh �{hg srlqw ri wkh lqyhuvh dqg khqfh lq wklv lqwhuydo wkh urrw ri

s E%� lv xqltxh1 Frqyhujhqfh lq wkh olplw iru j$ f lv djdlq lpphgldwh1

Wklv ohppd lv looxvwudwhg lq Iljxuh 41 Dv j $ f/ x EV E%� *j� furvvhv wkh eD ghjuhh olqh

dw wkuhh srlqwv orfdo wr f/ %W dqg �1

6151 Wkh Uhdvrqlqj Surfhvv zlwk Ixoo Vdpsolqj1 Ohppd 5 hvwdeolvkhv wkh h{lv0

whqfh dqg qxpehu ri Ed|hvldq Qdvk htxloleuld lq J1 Wr vhohfw ehwzhhq wkhp/ dq lwhudwlyh

ehvw uhvsrqvh surfhgxuh lv frqvwuxfwhg zlwk wkh vrsklvwlfdwhg qdwxuh ri wkh sod|huv lq

plqg � vhh Vhfwlrq 5161 Qrwh wkhuh lv vwloo qr sulydwh lqirupdwlrq rwkhu wkdq sd|r�v

dw wklv vwdjh vlqfh djhqwv rewdlq wkh vdph +frpsohwh, vdpsoh ri wkh srsxodwlrq1 Khqfh

d v|pphwulf vwudwhj| sur�oh fdq eh vxppdulvhg e| wkh suredelolw| % wkdw dq lqglylg0

xdo sod|v vwudwhj| �1 Vxssrvh dq rssrqhqw lqlwldoo| lv frqmhfwxuhg wr sod| vwudwhj| �
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Iljxuh 41 Ed|hvldq Qdvk Htxloleuld iru J�� zlwk [ ' [�

zlwk suredelolw| %f1 Wkh suredelolw| vwudwhj| � lv sod|hg dv d ehvw uhvsrqvh wr wklv lv

%� ' 4 E%fc j� e| Ohppd 41 Wkh vrsklvwlfdwhg sod| sdudgljp vxjjhvwv dq lwhudwlyh surfhvv

zlwk %| ' 4 E%|3�c j�1 Frqvlghu qrz wkh olplwlqj ehkdylrxu ri vxfk d surfhgxuh1 Ixuwkhu

vxssrvh wkdw j lv vpdoo hqrxjk vxfk wkdw wkhuh duh wkuhh Ed|hvldq Qdvk htxloleuld ri J

orfdo wr f/ %W dqg � e| Ohppd 51 Odeho wkhvh htxloleuld %u/ %� dqg %M uhvshfwlyho|1

Ohppd 61 Wkh olplwlqj ehkdylrxu ri wkh ehvw uhvsrqvh surfhvv vdwlv�hv=

%| $

;AAA?AAA=
%u %f 	 %�

%� %f ' %�

%M %f : %�

Wkh surfhvv lv looxvwudwhg lq Iljxuh 51 Iru jhqhulf vwduwlqj srlqwv wkh surfhvv frqyhujhv

wr rqh ri wkh wzr vwdeoh Ed|hvldq Qdvk htxloleuld1 Vr idu wkh vwduwlqj srlqw kdv qrw ehhq

glvfxvvhg1 Djdlq/ gxh wr wkh vrsklvwlfdwhg uhdvrqlqj surfhvv hpsor|hg e| wkh djhqwv/

revhuydwlrqv ri wkh fxuuhqw srsxodwlrq vwdwh surylgh wkh lqlwldo frqmhfwxuh> dv dujxhg lq

Vhfwlrq 5161 Zlwk ixoo vdpsolqj wklv hqwdlov dq lghqwlfdo revhuydwlrq ri r ' ? lqglylgxdov*

dfwlrqv1
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Iljxuh 51 Frqyhujhqfh wr d Vwdeoh EQH

Ohppd 71 Vxssrvh wkdw djhqwv revhuyh � lqglylgxdov rxw ri ? sod|lqj vwudwhj| �1 Wkhq

iru vx!flhqwo| vpdoo j/ wkh vrsklvwlfdwhg uhdvrqlqj surfhvv frqyhujhv wr %u iru � 	 g?%Wh

dqg %M iru � � g?%Wh1

Surri1 Iru j vpdoo hqrxjk/ %� lv vx!flhqwo| forvh wr %W wr dyrlg glvfuhwlvdwlrq sureohp1

Rwkhuzlvh iroorzv iurp Ohppd 61

6161 Wkh Hujrglf Glvwulexwlrq dqg Htxloleulxp Vhohfwlrq1 Frqwlqxlqj xqghu wkh

dvvxpswlrq wkdw wkhuh lv qr sulydwh lqirupdwlrq wr d sod|hu dvlgh iurp wkhlu sd|r�v +r '

?,/ Ohppd 7 vkrzv wkdw wkh vrsklvwlfdwhg uhdvrqlqj surfhvv lqgxfhv hdfk djhqw wr sod|

wkh vdph Ed|hvldq Qdvk htxloleuld ri J1 Wkh sduwlfxodu htxloleulxp sod|hg lv frqwlqjhqw

xsrq wkh +frpprq, klvwru| revhuyhg1 Ixuwkhupruh/ wkh suredelolw| glvwulexwlrq ryhu dq

djhqw*v dfwlrqv lv jryhuqhg e| wkh vwudwhj| iuhtxhqflhv ri wkh htxloleulxp1 Khqfh wkh

srsxodwlrq vwdwh lq dq| shulrg ghwhuplqhv zklfk ri wkh htxloleuld lv wr eh sod|hg1 Wklv

ghwhuplqhv wkh srsxodwlrq vwdwh lq wkh iroorzlqj shulrg yld wkh suredelolw| glvwulexwlrq

ryhu vwudwhjlhv lpsolhg e| wkh htxloleulxp1 Wkurxjkrxw wklv vhfwlrq/ j lv dvvxphg vpdoo

hqrxjk iru wkh ohppdv ri Vhfwlrqv 614 dqg 615 wr dsso|1
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616141 Wkh Pdunry Surfhvv1 Lq d 2 � 2 frruglqdwlrq jdph wkh vwdwh vsdfh fdq wkhuhiruh

eh uhgxfhg wr d wzr0vwdwh prgho1 Uhfdoo wkh ruljlqdo vwdwh vsdfh ~ ' ifc�c ���c ?j zkhuh

5 5 ~ lv wkh qxpehu ri djhqwv sod|lqj vwudwhj| �1 Frqvlghu=

Gh�qlwlrq :1 Iru wkh vlpxowdqhrxv xsgdwlqj g|qdplf gh�qh wkh Pdunry vwdwh vsdfh dv

~W ' iucMj zlwk jhqhulf hohphqw 5W1 Wkh surfhvv kdv wudqvlwlrq suredelolwlhv R�� '

�h
�
5W|n� ' � m 5W| ' �

�
1 Wkh dvvrfldwhg Pdunry wudqvlwlrq pdwul{ lv=

� '

57 Ruu RuM

RMu RMM

68
Wklv uhgxfhg irup lv htxlydohqw wr u ' ifc �c ���c g?%Wh � �j � ~ dqgM ' ~�u1 Ixuwkhu=

5W '

;?= u 5 	 g?%Wh dqg 5 5 ~

M 5 � g?%Wh dqg 5 5 ~

Jlyhq 5W| ' M/ 5| � ��? E%Mc ?�1 Lw iroorzv wkdw=

Ohppd 81 Wkh uhgxfhg irup Pdunry wudqvlwlrq suredelolwlhv vdwlvi|=

RuM '
?[

�')?%WB

�
?

�

�
%�u E�� %u�

?3� Ruu ' �� RuM

RMu '

)?%WB3�[
�'f

�
?

�

�
%�M E� � %M�

?3� RMM ' �� RMu

Surri1 Vwdwh M lv uhdfkhg li 5|n� � g?%Wh1 Vwudwhj| � lv sod|hg zlwk suredelolw| %u lq

vwdwh u1 Dsso|lqj wkh elqrpldo glvwulexwlrq irupxod/ rewdlq RuM 1 Fdofxodwh wkh uhpdlqlqj

whupv vlploduo|1

616151 Fkdudfwhulvdwlrq ri wkh Hujrglf Glvwulexwlrq1 Wklv lv d sduwlfxoduo| vlpsoh Pdunry

surfhvv zlwk rqo| wzr vwdwhv dqg R�� : f ;�c �/ uhfdoo wkdw lq vxfk fdvhv wkh hujrglf

glvwulexwlrq vdwlv�hv=

>u '
RMu

RMu n RuM
dqg >M '

RuM
RMu n RuM
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>� lv wkh suredelolw| wkdw wkh Ed|hvldq Qdvk htxloleuld lqyroylqj %� lv sod|hg lq wkh orqj

uxq1 Lqwhuhvw olhv lq wkh uhodwlyh iuhtxhqflhv ri wkhvh wzr htxloleuld1 Khqfh=

Ohppd 91 Wkh uhodwlyh iuhtxhqf| ri vwdwhv M dqg u lq wkh hujrglf glvwulexwlrq vdwlvi|=

>M
>u

'

S?
�')?%WB

�
?
�

�
%�u E�� %u�

?3�S)?%WB3�
�'f

�
?
�

�
%�M E�� %M�

?3�
+8,

Surri1 Dsso| Ohppd 81

Qrwh wkdw erwk %u dqg %M ghshqg xsrq j1 Wkh qh{w vhfwlrq h{dplqhv wkh uhodwlyh hujrglf

iuhtxhqf| dv lglrv|qfudv| ydqlvkhv/ l1h1 j $ f/ wkxv hqdeolqj vhohfwlrq ehwzhhq wkh wzr

dydlodeoh htxloleuld1

616161 Htxloleulxp Vhohfwlrq1 Iurp Ohppd 5/ %u $ f dqg %M $ � dv j$ f1 Wkxv erwk

qxphudwru dqg ghqrplqdwru lq Htxdwlrq +8, whqg wr }hur dv j ydqlvkhv1 Lqyhvwljdwlrq ri

wkh olplwlqj ehkdylrxu ehjlqv zlwk wkh iroorzlqj ohppd1

Ohppd :1 Wkh udwlr lq Htxdwlrq +8, dv j$ f ehfrphv=

*�4
j<f

>M
>u

'
g?%Whn �

? � g?%Wh
� *�4

j<f

%
)?%WB
u

E�� %M�
?3)?%WBn�

+9,

Surri1 Pxowlso|lqj dqg glylglqj wkh qxphudwru ri Htxdwlrq +8, e| %)?%
WB

u =

?[
�')?%WB

�
?

�

�
%�u E� � %u�

?3� ' %)?%
WB

u

?[
�')?%WB

�
?

�

�
%�3)?%

WB
u E� � %u�

?3�

' %
)?%WB
u

;?=
�

?

g?%Wh

�
E� � %u�

?3)?%WB n
?[

�')?%WBn�

�
?

�

�
%
�3)?%WB
u E� � %u�

?3�

<@>
Dv j$ fc %u $ f dqg khqfh=

?[
�')?%WBn�

�
?

�

�
%�3)?%

WB
u E�� %u�

?3� $ f dqg

�
?

g?%Wh

�
E� � %u�

?3)?%WB $

�
?

g?%Wh

�
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Shuiruplqj d vlplodu rshudwlrq rq wkh ghqrplqdwru wr rewdlq=

*�4
j<f

>M
>u

'
?-

E?� g?%Wh�- g?%Wh-

E?� g?%Wh � ��- Eg?%Wh n ��-

?-
� *�4

j<f

%)?%
WB

u

E�� %M�
?3)?%WBn�

'
g?%Whn �

?� g?%Wh
� *�4

j<f

%
)?%WB
u

E�� %M�
?3)?%WBn�

Zklfk lv wkh ghvluhg uhvxow1

Vrph whuplqrorj| lv xvhixo ehiruh surfhhglqj wr wkh fdofxodwlrq ri wkh hujrglf glvwulexwlrq

iru ydqlvklqj khwhurjhqhlw|1

Gh�qlwlrq ;1 Vwudwhj| � grplqdwhv iru ydqlvklqj khwhurjhqhlw| li *�4j<f >M*>u ' n41

Vwudwhj| 2 grplqdwhv iru ydqlvklqj khwhurjhqhlw| li *�4j<f >M*>u ' f1

Zkhq >M*>u lv odujh/ wkh Ed|hvldq Qdvk htxloleulxp lqyroylqj suredelolwlhv %M dqg

��%M lv sod|hg prvw ri wkh wlph1 Iru ydqlvklqj j wklv htxloleulxp hqwdlov djhqwv sod|lqj

vwudwhj| � zlwk kljk suredelolw|1

Sursrvlwlrq 41 Li E?� g?%Whn �� V E��2 : g?%WhV Ef�2 wkhq vwudwhj| � grplqdwhv iru

ydqlvklqj lglrv|qfudv|1 Li wkh uhyhuvh krogv wkhq vwudwhj| 2 grplqdwhv1

Surri1 Uhfdoo wkdw %� vdwlv�hv wkh htxdolw| %� ' 4 E%�c j� ' x EV E%�� *j�1 Vxevwlwxwlqj

lqwr wkh vhfrqg whup rq wkh uljkw kdqg vlgh ri Htxdwlrq +9,=

*�4
j<f

%)?%
WB

u

E�� %M�
?3)?%WBn�

' *�4
j<f

x EV E%u� *j�
)?%WB

E�� x EV E%M� *j��
?3)?%WBn�

Wkh �uvw whup lv mxvw d frqvwdqw dqg khqfh lv luuhohydqw1 Vhsdudwlqj wkh deryh lqwr qrupdo

ghqvlwlhv dqg kd}dugv udwhv wkh iroorzlqj rewdlqv=

*�4
j<f

�
� EV E%M� *j�

� �x EV E%M� *j�

�?3)?%WBn��
x EV E%u� *j�

� EV E%u� *j�

�)?%WB
� EV E%u� *j�

)?%WB

� EV E%M� *j�
?3)?%WBn�

Qrz dv j$ f/ V E%u�$ V Ef� 	 f dqg V E%M�$ V E�� : f1 Wkh olplw ehfrphv=

*�4
j<f

�
� EV E�� *j�

�� x EV E�� *j�

�?3)?%WBn��xEV Ef� *j�

� EV Ef� *j�

�)?%WB � EV Ef� *j�)?%
WB

� EV E�� *j�?3)?%
WBn�
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Qrwh wkdw V Ef� *j $ �4 dqg V E�� *j $ n4 dv j $ f1 Wkh kd}dug udwh ri wkh

qrupdo lv dv|pswrwlfdoo| olqhdu1 Wkhuhiruh wkh �uvw wzr whupv lq wkh deryh h{suhvvlrq

duh dv|pswrwlfdoo| sro|qrpldo1 Wkh wklug whup lv h{srqhqwldo krzhyhu dqg grplqdwhv lq

wkh olplw1 H{dplqlqj wklv fuxfldo whup=

� EV Ef� *j�)?%
WB

� EV E�� *j�?3)?%
WBn�

2 i T

+
�
g?%Wh V Ef�2 � E?� g?%Whn �� V E��2

2j2

,

Lw iroorzv wkdw=

*�4
j<f

� EV Ef� *j�)?%
WB

� EV E�� *j�?3)?%
WBn�

' n4/ E?� g?%Whn ��V E��2 : g?%Wh V Ef�2

l1h1 vwudwhj| � grplqdwhv iru ydqlvklqj lglrv|qfudv|> wkh ghvluhg uhvxow1

Lw lv wkhq vwudljkwiruzdug wr hvwdeolvk wkh iroorzlqj nh| uhvxow=

Sursrvlwlrq 51 Li d vwudwhj| lv ulvn0grplqdqw dqg jhqhudolvhg ulvn0grplqdqw wkhq lw

grplqdwhv iru ydqlvklqj lglrv|qfudv|1

Surri1 Dvvxph vwudwhj| � lv ulvn0grplqdqw dqg jhqhudolvhg ulvn0grplqdqw +wkh surri iru

vwudwhj| 2 lv v|pphwulf,1 Xvlqj Gh�qlwlrq 9=

V Ef�2 '
EK� _�2

j2K n j2_
dqg V E��2 '

E@� S�2

j2@ n j2S

Li vwudwhj| � lv jhqhudolvhg ulvn0grplqdqw +vhh Gh�qlwlrq 7, wkhq V E��2 : V Ef�21 Li

vwudwhj| � lv ulvn0grplqdqw wkhq %W 	 �

2
/ vr ? E� � %W� : ?%W dqg khqfh E?� g?%Whn �� :

g?%Wh1 Wkhuhiruh e| Sursrvlwlrq 4 vwudwhj| � grplqdwhv iru ydqlvklqj lglrv|qfudv|1

616171 Vwdwh Ghshqghqw Pxwdwlrqv1 Pxwdwlrqv gr qrw dulvh lq wklv prgho/ lq wkh vhqvh

wkdw qr plvwdnhv duh dfwxdoo| pdgh e| wkh sod|huv1 Krzhyhu/ djhqwv kdyh lglrv|qfudwlf

suhihuhqfhv dqg vr lw pd| dsshdu wr wkh prghoohu dv li plvwdnhv wdnh sodfh1 �Pxwdwlrqv�

duh revhuyhg zkhq djhqwv dfw djdlqvw wkh  rz ri sod|1 Wkdw lv/ dq hqwudqw wdnhv d

frqwuduldq dfwlrq uhodwlyh wr d phdq sd|r� hqwudqw1 Vlqfh doo djhqwv duh sod|lqj rqh

ri wzr Ed|hvldq Qdvk htxloleuld wklv zloo rffxu zlwk suredelolw| %u lq dq| vwdwh 5 5
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ifc �c ���c g?%Wh � �j dqg � � %M lq dq| vwdwh 5 5 ig?%Wh c ���c ?j/ +vhh Gh�qlwlrq : dqg

Ohppd 8,1

Pxwdwlrqv duh vwdwh ghshqghqw zkhq wkh| ydqlvk wr }hur dw gl�huhqw udwhv1 Khuh/

�pxwdwlrqv� dulvh hqgrjhqrxvo| dqg duh d ixqfwlrq ri lglrv|qfudv|/ j/ zklfk ydqlvkhv wr

}hur lqghshqghqwo| ri wkh vwdwh1 Qhyhuwkhohvv wklv prgho jhqhudwhv vwdwh ghshqghqfh dv

Fruroodu| 4 ehorz looxvwudwhv1 Ehujlq dqg Olspdq +4<<9, kdyh vkrzq wkdw vwdwh ghshqghqw

pxwdwlrqv fdq uhvxow lq wkh vhohfwlrq ri dq| Qdvk htxloleulxp dqg khqfh dujxhg iru pruh

frqylqflqj h{sodqdwlrqv iru �pxwdwlrqv�1 Wkh vrsklvwlfdwhg sod| sdudgljp lv suhflvho|

vxfk dq h{sodqdwlrq1 Wkh fruroodu| iroorzv iurp Sursrvlwlrq 41

Fruroodu| 41 Wkh prgho hqgrjhqrxvo| jhqhudwhv vwdwh ghshqghqw pxwdwlrqv1

Surri1 Frqvlghu wkh olplw ri wkh udwlr ri �pxwdwlrq� udwhv=

*�4
j<f

%u
� � %M

' *�4
j<f

x EV E%u� *j�

�� x EV E%M� *j�
' *�4

j<f
i T

+
�
V Ef�2 � V E��2

2j2

,

Zkhuh wkh �uvw htxdolw| iroorzv iurp wkh idfw wkdw %� vdwlv�hv %� ' 4 E%�c j� ' x EV E%�� *j�/

dqg wkh vhfrqg iurp dq dqdorjrxv dujxphqw lqyroylqj qrupdo ghqvlwlhv dqg kd}dugv wr

wkdw lq Sursrvlwlrq 41 Ilqdoo| qrwh wkdw wklv olplw lv hlwkhu }hur ru lq�qlw| iru jhqhulf

jdphv1

Qrwlfh wkdw wkh vwdwh ghshqghqfh lq wklv prgho lv ri d pxfk vlpsohu qdwxuh wkdq wkdw

ri PZ +4<<:,1 Lq wkdw sdshu wkh �pxwdwlrqv� ydqlvk wr }hur dw gl�huhqw udwhv lq hyhu|

vwdwh1 Khuh wkhuh duh rqo| wzr gl�huhqw udwhv= Wkh ghswk ri hdfk edvlq ri dwwudfwlrq lv

frqvwdqw1

6171 Wkh Uhdvrqlqj Surfhvv zlwk Lqfrpsohwh Vdpsolqj1 Zlwk lqfrpsohwh vdp0

solqj/ sod|huv pd| revhuyh gl�huhqw vwudwhj| iuhtxhqflhv iurp wkh srsxodwlrq1 Doo djhqwv

rewdlq vdpsohv ri vl}h r1 Khqfh wkhuh duh r n � srvvleoh revhuydwlrqv1 Lqgh{ wkhvh e|

� 5 7 ' ifc �c ���c rj/ zkhuh wkh jhqhulf hohphqw � lv wkh qxpehu ri lqglylgxdov vhhq wr eh

sod|lqj vwudwhj| �1 Dq djhqw*v vwudwhj| lv d pdsslqj iurp wkhlu sd|r�v dqg vdpsoh wr

wkh suredelolw| zlwk zklfk wkh| sod| vwudwhj| �1
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Jlyhq wkhlu eholhiv derxw dq rssrqhqw*v sod|/ djhqwv duh uhvwulfwhg wr frqvlghu rqo|

ehvw uhvsrqvhv1 Lq Vhfwlrq 614 wkh rswlpdo uhvsrqvh ri dq djhqw zkr eholhyhv dq rssrqhqw

sod|v vwudwhj| � zlwk suredelolw| % zdv vkrzq wr hqwdlo sod|lqj vwudwhj| � zlwk suredelolw|

4 E%c j�1

Vlqfh sd|r�v duh lqghshqghqwo| glvwulexwhg/ eholhiv duh doorzhg wr ghshqg rqo| rq wkh

vdpsoh revhuyhg1. 4 E%c j� lv wkh suredelolw| zlwk zklfk vwudwhj| � lv d ehvw uhvsrqvh1 Doo

wkdw uhpdlqv lv wr vshfli| wkh eholhiv ri wkh djhqwv frqwlqjhqw rq wkh vdpsoh wkh| revhuyh1

Uhsuhvhqw d sod|hu*v eholhiv dv d yhfwru � 5 dfc �orn�/ zkhuh wkh �wk hohphqw/ �� 5 dfc �o/

lv wkh suredelolw| zlwk zklfk dq rssrqhqw lv eholhyhg wr sod| vwudwhj| � jlyhq wkh sod|hu

kdv revhuyhg � rxw ri r lqglylgxdov sod|lqj vwudwhj| �1 Wklv lv wkh dssursuldwh vwdwh

yduldeoh iru wkh uhdvrqlqj surfhvv1

Wkhuhiruh/ jlyhq d eholhi yhfwru/ d sod|hu revhuylqj d vdpsoh ri � 5 7 zloo sod| vwudwhj|

� zlwk suredelolw| 4 E��c j�1 Wkh ydoxh ri � lv ghwhuplqhg e| wkh vrsklvwlfdwhg sod|

sdudgljp= Sod|huv dqwlflsdwh ehvw uhvsrqvhv lq wkh srsxodwlrq dqg frqvwuxfw wkhlu eholhi

sur�ohv lwhudwlyho|1

Gh�qlwlrq <1 ^�� lv wkh suredelolw| ri dq rssrqhqw revhuylqj d vdpsoh ri � 5 7 jlyhq wkh

djhqw kdv revhuyhg d vdpsoh ri � 5 71

^�� lv ghwhuplqhg e| wkh w|sh ri vdpsolqj surfhgxuh wkh djhqwv xvh dqg wkhlu sulru eholhiv

ryhu wkh srsxodwlrq vwdwhv1 Wzr lpsruwdqw h{dpsohv ri vdpsolqj surfhgxuh duh frqvlg0

huhg lq Vhfwlrq 619> xqlirup vdpsolqj zlwk dqg zlwkrxw uhsodfhphqw1 Ri frxuvh/ wkhuh

duh rwkhu srvvleoh surfhgxuhv dqg iru wklv uhdvrq wkh vshfl�fdwlrq ri ^�� lv ohiw rshq dw

wklv vwdjh1 Wkh iroorzlqj Ohppd lv lpphgldwh1

Ohppd ;1 Li djhqwv lqlwldoo| krog eholhi �/ wkhq diwhu rqh lwhudwlrq ri ehvw uhvsrqvh wkh|

zloo krog xsgdwhg eholhi h�/ zkhuh=
h�� ' r[

�'f

^��4 E��c j�

:Eholhiv duh qrw frqwlqjhqw rq d sod|huv* lghqwlw|> djhqwv rqo| kdyh dq �lghqwlw|� lq dv idu dv wkh| kdyh
lglrv|qfudwlf sd|r�v dqg vdpsohv1
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Dvvhpeolqj lqwr yhfwru qrwdwlrq/ gh�qh 4 E�c j� 5 dfc �orn� dv wkh yhfwru zlwk �wk hohphqw

4 E��c j� dqg ' dv wkh pdwul{ zlwk E�c ��wk hohphqw ^��1

Gh�qlwlrq 431 Wkh lwhudwlyh uhdvrqlqj pdsslqj lv h� G dfc �orn� :�$ dfc �orn�/ zkhuh=

h� E�� ' '4 E�c j�

Wkh lwhudwlyh uhdvrqlqj pdsslqj h{whqgv wkh ehvw uhvsrqvh surfhvv ri Vhfwlrq 6151 Wkh

gl�huhqfh lv wkdw sod| pd| eh frqwlqjhqw rq dq djhqw*v revhuydwlrq/ dqg ehfdxvh ri

wklv sod|huv wdnh lqwr dffrxqw wkh idfw wkdw rwkhuv pd| kdyh revhuyhg vdpsohv dw rggv

zlwk wkhlu rzq1 Wkh vrsklvwlfdwhg sod| sdudgljp vxjjhvwv wkdw +l, wkh surfhvv vkrxog eh

lwhudwhg xqwlo lw frqyhujhv dqg +ll, wkh vwduwlqj srlqw iru wkh surfhvv vkrxog eh ghwhuplqhg

e| wkh revhuydwlrqv1 Irupdoo|=

Gh�qlwlrq 441 Wkh vrsklvwlfdwhg uhdvrqlqj surfhvv i�|j lv frqvwuxfwhg zlwk �| ' h� E�|3��/
zkhuh wkh vwduwlqj srlqw/ �f/ vdwlv�hv=

�f� ' 4

�
�

r
c j

�
6181 Htxloleulxp Vhohfwlrq zlwk Lqfrpsohwh Vdpsolqj1 Wkh olplwlqj ehkdylrxu ri

wkh vrsklvwlfdwhg uhdvrqlqj surfhvv ghwhuplqhv wkh htxloleulxp wr eh sod|hg1 Wkh pdlq

sursrvlwlrq lq wklv vhfwlrq jlyhv vx!flhqw frqglwlrqv rq wkh vdpsolqj surfhgxuh +dqg

khqfh ', iru vhohfwlrq ri wkh ulvn0grplqdqw htxloleulxp1

Li wkh vrsklvwlfdwhg uhdvrqlqj surfhvv frqyhujhv/ vr wkdw *�4|<" �| ' �W/ wkhq wkh

djhqwv sod| d sduwlfxodu Ed|hvldq Qdvk htxloleulxp ri wkh wuhpeohg vwdjh jdph zlwk

vdpsolqj1 Lq vxfk dq htxloleulxp/ dq xsgdwlqj lqglylgxdo sod|v vwudwhj| � zlwk sure0

delolw|
Sr

�'f �h d� m 5o �
W
� / zkhuh �h d� m 5o lv wkh suredelolw| ri revhuylqj d vdpsoh � 5 7

jlyhq wkh srsxodwlrq vwdwh 5 5 ~1 Khqfh wkh dssursuldwh Pdunry wudqvlwlrq suredelolwlhv

fdq eh frqvwuxfwhg1 Qrwlfh/ krzhyhu/ wkdw li �W� ' �W� iru doo � 9' �/ wkhq wkh xsgdwlqj

djhqwv sod| wkh vdph Ed|hvldq Qdvk htxloleulxp uhjdugohvv ri wkhlu vdpsohv/ ru lqghhg

wkh srsxodwlrq vwdwh lwvhoi1 Khqfh frqglwlrqv duh vrxjkw xqghu zklfk wklv pd| rffxu1
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Vlqfh lqwhuhvw olhv lq wkh fdvh ri ydqlvklqj lglrv|qfudv|/ wkh dqdo|vlv ehorz fhqwuhv xsrq

j ' f1 Zlwk lqfrpsohwh vdpsolqj/ htxloleulxp vhohfwlrq lq wklv vhqvh grhv qrw uhtxluh dq

h{dplqdwlrq ri wkh shuwxuehg vwdjh jdph1 Wkh vrsklvwlfdwhg uhdvrqlqj surfhvv lwvhoi lv

hqrxjk wr vhohfw d xqltxh htxloleulxp1 Qhyhuwkhohvv/ lq Vhfwlrq 715 wkh lvvxh ri j : f lv

glvfxvvhg dv lw lv ri lqghshqghqw lqwhuhvw1

Frqglwlrq 41 Zkhq d sod|hu revhuyhv � 	 gr%Wh wkhlu eholhi wkdw dq rssrqhqw kdv re0

vhuyhg � : � pxvw eh juhdwhu wkdq %W=

%W 	 4�?
�	)r%WB

+
r[

�'�n�

^��

,
+:,

Frqglwlrq 51 Wkh vdpsolqj surfhgxuh pxvw vdwlvi| d plqlpdo �uvw rughu vwrfkdvwlf grp0

lqdqfh surshuw|/ ru pruh zhdno|=

%W 	 4�?
�D)r%WB

;?=
r[

�')r%WB

^��

<@> +;,

Wkh �uvw frqglwlrq lv nh|1 Wkh uljkw kdqg vlgh ri Htxdwlrq +:, lv d phdvxuh ri krz

�glvshuvhg� wkh ' pdwul{ lv1 Wklv lq wxuq uh hfwv wkh djhqwv* eholhiv derxw rssrqhqwv*

revhuydwlrqv jlyhq wkhlu rzq1 Sod|huv pxvw sodfh vx!flhqwo| kljk zhljkw rq wkh srvvlelolw|

ri dq rssrqhqw kdylqj revhuyhg d vdpsoh kljkhu wkdq wkh| uhfhlyhg wkhpvhoyhv1

Sursrvlwlrq 61 Li Frqglwlrqv 4 dqg 5 krog wkhq iru doo � 5 7/ *�4|<" �|� ' �1

Surri1 D ehvw uhvsrqvh wr d eholhi ri �� � %W lv wr sod| vwudwhj| �1 Vr/ zulwh 4 E%c f� '

U E% � %W� zkhuh U lv dq lqglfdwru ixqfwlrq1 Wkh surri surfhhgv e| vkrzlqj wkdw �|� � %W

iru � � gr%Wh � | dqg | � gr%Wh1 Uhfdoo wkdw �f� ' 4
�
�
r
c f
�
/ wkhq �f� ' � iru � � gr%Wh1

Khqfh wkh k|srwkhvlv krogv iru | ' f/ |lhoglqj dq lqgxfwlrq edvlv1 Qrz vxssrvh wkdw wkh

k|srwkhvlv krogv iru vrph � 	 gr%Wh/ vr wkdw ��� � %W iru � � gr%Wh � � 1 Qrwlfh wkdw=

��n�� '
r[

�'f

^��4
�
��� c f

�
'

r[
�'f

^��U
�
��� � %W

�
�

r[
�')r%WB3�

^��
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Iluvw frqvlghu gr%Wh � � � � � � 	 gr%Wh1 Wkhq=

��n�� �
r[

�')r%WB3�

^�� �
r[

�'�n�

^�� � 4�?
�	)r%WB

+
r[

�'�n�

^��

,
: %W

Zkhuh wkh odvw lqhtxdolw| krogv e| Frqglwlrq 4*v Htxdwlrq +:,1 Iru � � gr%Wh=

��n�� �
r[

�')r%WB3�

^�� �
r[

�')r%WB

^�� � 4�?
�D)r%WB

;?=
r[

�')r%WB

^��

<@> : %W

E| Htxdwlrq +;, lq Frqglwlrq 51 Wkxv/ ��n�� : %W iru � � gr%Wh����1 E| wkh sulqflsoh ri

lqgxfwlrq �|� � %W iru � � gr%Wh� | dqg | � gr%Wh1 Lq sduwlfxodu/ wklv krogv iru e| ' gr%Wh1

Khqfh/ �)r%
WB

� � %W1 Exw wkhq/ iru doo | : e|/ �|� ' � iru doo �1 Wkhuhiruh/ *�4|<" �|� ' � iru

doo � 5 71

Wklv surri hpsor|v dq lqihfwlrq dujxphqw dqdorjrxv wr wkdw lq Pruulv/ Ure dqg Vklq

+4<<8,1 Wklv srlqw lv uhwxuqhg wr lq pruh ghwdlo lq Vhfwlrq 7151 Wzr lpsruwdqw uhpdunv

iroorz iurp wklv surri1

Uhpdun 41 Li vwudwhj| � lv vx!flhqwo| ulvn0grplqdqw wkhq doo djhqwv zloo sod| vwudwhj| �

uhjdugohvv ri wkh vdpsohv wkh| revhuyh1

Lq rwkhu zrugv/ iru +doprvw, dq| vdpsolqj surfhgxuh/ wkhuh lv dozd|v dq %W vpdoo hqrxjk

vxfk wkdw wkh Frqglwlrqv 4 dqg 5 krog dqg khqfh Sursrvlwlrq 6 dssolhv1 Ri frxuvh/

iru uhdvrqdeoh dvvxpswlrqv rq wkh vdpsolqj surfhgxuh wkh frqglwlrqv fdq krog iru dq|

%W 	 �

2
/ dv zloo eh vkrzq lq wkh qh{w vhfwlrq1

Uhpdun 51 gr%Wh lv dq xsshu erxqg rq wkh qxpehu ri ohyhov ri uhdvrqlqj uhtxluhg wr

frqyhujh wr wkh htxloleulxp1

Dv phqwlrqhg hduolhu +vhh Vhfwlrq 516,/ sv|fkrorjlfdo uhvhdufk kdv irfxvhg rq wkh qxpehu

ri lwhudwlrqv kxpdqv duh fdsdeoh ri � dqg lw lv qrw pdq|1 Khuh/ wkhuh lv qr qhhg wr dvvxph
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wkh pdwkhpdwlfdo qlfhw| ri lq�qlwh uhdvrqlqj fdsdflw|1 Lq wkh lqfrpsohwh vdpsolqj fdvh

htxloleulxp lv uhdfkhg lq �qlwh wlph1H

6191 Vdpsolqj Surfhgxuhv1 Li Frqglwlrqv 4 dqg 5 duh vdwlv�hg wkhq doo sod|huv dgrsw

wkh vdph vwudwhj|1 Qrwlfh wkdw qr hyroxwlrqdu| frqvlghudwlrqv duh uhtxluhg � uhdvrqlqj

dorqh hqdeohv vhohfwlrq1 D vx!flhqwo| ulvn0grplqdqw vwudwhj| zloo dozd|v eh vhohfwhg

e| wkh vrsklvwlfdwhg uhdvrqlqj surfhvv1 Pruh irupdoo|/ �{ d vdpsolqj surfhgxuh dqg

dvvrfldwh pdwul{ ' wkhq iru %W vx!flhqwo| vpdoo/ vwudwhj| � zloo eh vhohfwhg1 D uhodwhg

txhvwlrq lv udlvhg lq wklv vhfwlrq= Il{lqj %W/ zkdw surshuwlhv ri wkh vdpsolqj surfhgxuh

duh uhtxluhg wr uhvxow lq wkh vhohfwlrq ri wkh ulvn0grplqdqw htxloleulxpB Frqglwlrqv 4 dqg

5 duh vx!flhqw dqg khqfh wklv vhfwlrq frqfhqwudwhv rq zkhwkhu wzr uhdvrqdeoh vdpsolqj

surfhgxuhv +zlwk dqg zlwkrxw uhsodfhphqw, vdwlvi| wkhvh uhtxluhphqwv1

619141 Vdpsolqj zlwk Uhsodfhphqw1 Djhqwv revhuyh d vdpsoh ri vl}h r/ zlwk uhsodfhphqw1

Wkh suredelolw| ri revhuylqj dq djhqw sod|lqj vwudwhj| � lv 5*? ' R1b Wkhuhiruh wkh

qxpehu ri djhqwv sod|lqj vwudwhj| � lq dq lqglylgxdov vdpsoh lv glvwulexwhg elqrpldoo|

zlwk sdudphwhuv R dqg r1 Wkh suredelolw| wkh| revhuyh h{dfwo| � vwudwhj| � sod|huv lv=

�h d� m Ro '

�
�

r

�
R� E� � R�r3�

Sod|huv gr qrw nqrz wkh srsxodwlrq vwdwh dqg wkxv kdyh sulruv ryhu R +ru 5, / } ER�/ zlwk

glvwulexwlrq ixqfwlrq C ER�1 Vr=

�h d�o '

]
R

�h d� m Ro _C ER�

Fdofxodwlqj wkh hohphqwv ri '/ wkh ^�� duh jlyhq e|=

^�� '
�h d� _ �o

�h d�o
'

U
R
�h d� m Ro �h d� m Ro _C ER�U

R
�h d� m Ro _C ER�

;Wklv wlph frxog eh d yhu| vkruw shulrg lqghhg1 gv{�h fdq eh yhu| vpdoo zlwk uhdvrqdeoh vdpsoh vl}hv/
dqg lq dq| fdvh lw lv d udwkhu orrvh xsshu erxqg1
<s zloo eh wkh vwdqgdug qrwdwlrq wkurxjkrxw wklv vhfwlrq/ vlpso| iru frqyhqlhqfh1
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Iru frqfuhwhqhvv dvvxph wkh sulru lv Ehwd glvwulexwhg zlwk sdudphwhuv q� dqg q2=�f

} ER� '
K Eq� n q2�

K Eq�� K Eq2�
Rq�3� E�� R�q23�

Wkh Ehwd lv whfkqlfdoo| frqyhqlhqw dv zhoo dv vlpsoli|lqj qlfho| wr d v|pphwulf sulru

+q� ' q2, dqg/ dv d vshfldo fdvh/ wkh xqlirup +q� ' q2 ' �,1 Lw lv wkhq hdvlo| vkrzq wkdw

d forvhg irup fdq eh rewdlqhg iru wkh hohphqwv ri wkh ' pdwul{1

Sursrvlwlrq 71 Zlwk d Ehwd sulru +dqg ? vx!flhqwo| odujh, wkh hohphqwv ri ' duh=

^�� '
KErn ��

K E� n ��K Er� � n ��

K Eq� n q2 n r�

K Eq� n �� K Eq2 n r� ��

K Eq� n �n �� K Eq2 n 2r� �� ��

K Eq� n q2 n 2r�

Surri1 Wkh surri lv frqwdlqhg lq Dsshqgl{ D1

Wkhuhiruh/ zlwk wkh xqlirup glvwulexwlrq wkh hohphqwv uhgxfh wr=

^�� '
rn �

2rn �

�
r
�

��
r
�

��
2r
�n�

� +<,

Xvlqj wklv irupxodwlrq Dsshqgl{ D uhsruwv wkh uhvxowv ri qxphulfdo fdofxodwlrqv wr �qg

+iru d udqjh ri vdpsoh vl}hv/ r, d orzhu erxqg rq wkh pd{lpxp ydoxh ri %W iru zklfk

Frqglwlrqv 4 dqg 5 krog1 Wklv orzhu erxqg udslgo| dssurdfkhv �*2 dv r lqfuhdvhv1 Dv

%W lv lqfuhdvhg d kljkhu vdpsoh vl}h r lv uhtxluhg wr vdwlvi| wkh frqglwlrqv1 Iru d jlyhq

%W/ wkh odujhu wkh vdpsoh vl}h wkh pruh olnho| wkh ulvn0grplqdqw htxloleulxp lv vhohfwhg

lpphgldwho|1

Lq frqfoxvlrq/ wklv vhfwlrq frpelqhg zlwk Dsshqgl{ D ghprqvwudwhv wkdw vdpsolqj

zlwk uhsodfhphqw lv rqh surfhgxuh wkdw fdq vdwlvi| wkh frqglwlrqv ri Vhfwlrq 6181

619151 Vdpsolqj zlwkrxw Uhsodfhphqw1 Dq dowhuqdwlyh wr wkh surfhgxuh ri Vhfwlrq 61914

lv wkh voljkwo| pruh lqwxlwlyh fdvh ri vdpsolqj zlwkrxw uhsodfhphqw1 Wklv lv wkh vfhqdulr

\rxqj +4<<6, lqyhvwljdwhv1 Sod|huv revhuyh d udqgrp vdpsoh ri vl}h r frqvlvwlqj ri gli0

ihuhqw lqglylgxdov* vwudwhj| fkrlfhv1 Lq d srsxodwlrq ri vl}h ? wkhuh duh 5 djhqwv sod|lqj

43Wkh Ehwd lv d frqwlqxrxv glvwulexwlrq dqg khqfh q qhhgv wr eh odujh hqrxjk iru d wklv wr eh d uhdvrqdeoh
dssur{lpdwlrq1 Wklv lv dvvxphg wkurxjkrxw/ dowkrxjk lw lv vwdwhg lq Sursrvlwlrq 71
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vwudwhj| �1 Wkh qxpehu ri vwudwhj| � revhuydwlrqv d sod|hu pdnhv lv wkhq k|shujhrphw0

ulfdoo| glvwulexwhg zlwk sdudphwhuv 5/ ? dqg r1 Wkh suredelolw| ri revhuylqj h{dfwo| �

djhqwv sod|lqj vwudwhj| � lv=

�h d� m 5o '

�
5
�

��
?35
r3�

��
?
r

�
Uhwdlqlqj wkh dvvxpswlrqv ri Vhfwlrq 61914 frqfhuqlqj wkh sulru rqfh djdlq |lhogv ^��1

K|shujhrphwulf suredelolwlhv duh zhoo dssur{lpdwhg e| Elqrpldo suredelolwlhv iru vx!0

flhqwo| odujh ?*r1 Khqfh/ e| Sursrvlwlrq 7 dqg wkh qxphulfdo uhvxowv ri Dsshqgl{ D/ zlwk

?/ ?*r dqg r vx!flhqwo| odujh Frqglwlrqv 4 dqg 5 duh vdwlv�hg iru d jlyhq %W 	 �*21

Wkh vl}h ri ?*r lv wkh rqo| dgglwlrqdo frqfhuq iru vdpsolqj zlwkrxw uhsodfhphqw1 Wkh

frqglwlrq wkdw wklv udwlr eh odujh lv uhplqlvfhqw ri \rxqj +4<<6,1 Vdpsoh dqg srsxodwlrq

vl}hv pxvw eh odujh/ exw wkh wrwdo qxpehu ri lqglylgxdov lq wkh srsxodwlrq pxvw vwloo gzdui

wkh qxpehu revhuyhg e| dq| djhqw1

71 Glvfxvvlrq

Wkh uhvxowv duh eulh | glvfxvvhg zlwk uhihuhqfh wr wkh h{dpsoh lqwurgxfhg lq Vhfwlrq 5171

7141 Ixoo Vdpsolqj1 Wkh prgho hqgrjhqrxvo| jhqhudwhv vwdwh0ghshqghqw pxwdwlrqv +vhh

Iljxuh 6,1 Iurp wkh uhvxowv ri Ehujlq dqg Olspdq +4<<9, vhohfwlrq qhhg qrw irfxv rq wkh

ulvn0grplqdqw htxloleulxp1 Krzhyhu/ ghvslwh wklv srvvlelolw|/ wkh hpskdvlv uhpdlqv xsrq

ulvn0grplqdqfh1 Lqghhg/ wkh wljkw vhohfwlrq uhvxowv ghvfulehg lq Vhfwlrq 61616 fruurerudwh

wkh hduolhu uhvhdufk ri PZ +4<<:, zlwk d frqwlqxhg u÷oh iru erwk ulvn0grplqdqfh dqg

jhqhudolvhg ulvn0grplqdqfh1 Lq idfw/ dv suryhq lq Sursrvlwlrq 5/ li dq htxloleulxp kdv

erwk wkhvh surshuwlhv wkhq lw lv vhohfwhg iru ydqlvklqj khwhurjhqhlw|1

Wxuqlqj wr wkh h{dpsoh ri Vhfwlrq 517/ %W ' 2

D
dqg khqfh wkh LEP htxloleulxp lv ulvn0

grplqdqw1 Zlwk edodqfhg wuhpeohv +[� lq wkh h{dpsoh, qrwlfh wkdw Gh�qlwlrq 7 uhgxfhv

wr vwdqgdug ulvn0grplqdqfh1 Khqfh dq htxloleulxp zklfk lv ulvn0grplqdqw zloo dozd|v eh

jhqhudolvhg ulvn0grplqdqw dqg wkxv zloo eh vhohfwhg1 Iru xqedodqfhg wuhpeohv +[L, wklv
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Iljxuh 71 Ixoo Vdpsolqj r ' �f1

qhhg qrw eh wkh fdvh1 Wkh Pdf htxloleulxp zloo eh vhohfwhg lq idyrxu ri LEP/ dv d vkruw

lqvshfwlrq ri wkh vhohfwlrq fulwhulrq lq Sursrvlwlrq 4 zloo yhuli|1
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Jlyhq vrph j : f sod|huv zloo uhdvrq wkhlu zd| wr rqh ri wkh wzr vwdeoh Ed|hvldq

Qdvk htxloleuld1 Iljxuh 7 looxvwudwhv wklv surfhvv1 Zklfk ri wkh htxloleuld wkh| sod|

ghshqgv xsrq wkhlu vwduwlqj srlqw � surylghg e| d frpprq revhuydwlrq ri klvwru|1 Lq

wkh �jxuh/ sod|huv udwkhu txlfno| frqyhujh jlyhq dq| srvvleoh lqlwldo frqmhfwxuh1 Khqfh

wkh wzr edvlqv ri dwwudfwlrq iru wkh htxloleuld duh fkdudfwhulvhg e| d gl�huhqw xqlirup

udwh ri �pxwdwlrq�/ vhh Iljxuh 61 Lq wkh gldjudp/ wkh �uvw edvlq � dfc %� �� lv qduurzhu/

exw kdv d pxfk vpdoohu �plvwdnh suredelolw|�/ ghwhuplqhg e| wkh fkdqfh ri sod|lqj LEP

+vwudwhj| 4, lq wkh Ed|hvldq Qdvk htxloleulxp zklfk lqyroyhv sod|lqj Pdf +vwudwhj| 5,

zlwk kljk suredelolw|1 Wkh vhfrqg edvlq � E%� c�o � lv zlghu dqg kdv d uhodwlyho| kljk

suredelolw| ri �plvwdnhv�1�� Wkh ghswk dqg zlgwk ri wkh edvlqv ri dwwudfwlrq ghwhuplqh

vhohfwlrq1 Kdylqj sod|hg wkhlu sduw lq d Ed|hvldq Qdvk htxloleulxp wkhlu dfwlrqv ehfrph

sduw ri klvwru| dqg wkh zkroh surfhvv uhshdwv lwvhoi1 Dv j $ f/ wkh �pxwdwlrqv� ydqlvk

dw gl�huhqw udwhv/ wkh Ed|hvldq htxloleuld ehfrph wkh wzr sxuh vwudwhj| Qdvk htxloleuld

dqg vhohfwlrq lv dfklhyhg1

Wkh vlplodulwlhv ehwzhhq wkh uhvxowv khuh dqg wkrvh ri PZ +4<<:, duh vwulnlqj1 Iluvwo|/

d ulvn0grplqdqw dqg jhqhudolvhg ulvn0grplqdqw htxloleulxp zloo eh vhohfwhg iru ydqlvklqj

khwhurjhqhlw|1 Vhfrqgo|/ zkhq j : f/ PZ +4<<:, frqfoxghv wkdw wkh prghv ri wkh hujrglf

glvwulexwlrq fruuhvsrqg wr wkh Ed|hvldq Qdvk htxloleuld ri wkh xqghuo|lqj vwdjh jdph1

Khuh/ wklv idfw lv wulyldo1 Djhqwv uhdvrq wkhlu zd| wr Ed|hvldq Qdvk htxloleuld yld wkh

vrsklvwlfdwhg gholehudwlrq surfhvv1 Wkh hujrglf glvwulexwlrq frqvlvwv ri wzr dwrpv/ rqh

dw hdfk ri wkh htxloleuld1

7151 Lqfrpsohwh Vdpsolqj1 Zlwk vx!flhqwo| lqfrpsohwh vdpsolqj wkhuh lv qr qhhg

wr uho| xsrq hyroxwlrqdu| jdph wkhruhwlf dujxphqwv1 Htxloleulxp vhohfwlrq lv rewdlqhg

zlwkrxw uhfrxuvh wr olplwlqj uhvxowv dqg wkh lqwurgxfwlrq ri �pxwdwlrqv� lv xqqhfhvvdu|1

Il{lqj j ' f/ wkh vrsklvwlfdwhg wkrxjkw surfhvv dorqh doorzv djhqwv wr uhdvrq wkhlu zd|

wr wkh ulvn0grplqdqw htxloleulxp1 Frqyhujhqfh wdnhv sodfh lqvwdqwdqhrxvo|1

44Iljxuh 6 dovr looxvwudwhv htxlydohqw �pxwdwlrq� udwhv iru wkh vdph � lq wkh PZ +4<<:, fdvh dqg iru
wkh NPU +4<<6, g|qdplf � zklfk ri frxuvh lv qrw vwdwh0ghshqghqw1
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Frqglwlrqv 4 dqg 5 ghwhuplqh suhflvho| krz lqfrpsohwh vdpsolqj qhhgv wr eh iru dq|

sduwlfxodu jdph dqg sulru1 Djhqwv pxvw sodfh vx!flhqwo| kljk zhljkw rq wkh srvvlelolw|

wkdw rwkhuv kdyh revhuyhg txlwh gl�huhqw vdpsohv iurp wkhpvhoyhv1 Jlyhq wkdw wkh| kdyh

revhuyhg d vdpsoh ri � 	 gr%Wh djhqwv sod|lqj wkh ulvn0grplqdqw vwudwhj|/ wkh| pxvw

eholhyh lw pruh wkdq olnho| wkdw dqrwkhu djhqw kdv revhuyhg � : �1�2 Vlqfh wklv lv wuxh iru

doo sod|huv/ wkh| fdq lqihu wkdw hdfk djhqw zloo eholhyh lw pruh wkdq olnho| wkdw wkh rwkhuv

kdyh revhuyhg d & : �/ dqg vr rq1 Wkurxjk wklv frqvlghudwlrq ri wkh gholehudwlrqv ri

rwkhuv/ djhqwv zloo hyhqwxdoo| uhdfk d srlqw dw zklfk wkh| frqvlghu lw vx!flhqwo| olnho| wkdw

wkhlu survshfwlyh rssrqhqw zloo sod| wkh ulvn0grplqdqw vwudwhj| wr pdnh wkhlu rswlpdo

uhvsrqvh wkh vdph +zlwk kljk suredelolw|,1 Rqfh wklv srlqw lv uhdfkhg erwk sod|huv ehjlq

+wkurxjk wkh lwhudwlyh wkrxjkw surfhvv, wr eholhyh lw pruh dqg pruh olnho| wkdw wkhlu

rssrqhqw zloo sod| wkh ulvn0grplqdqw vwudwhj|1 Frqglwlrq 5 jxdudqwhhv wklv1 Hyhqwxdoo|

+dqg lq �qlwh lwhudwlrqv,/ doo sod|huv �qg lw rswlpdo wr sod| wkh ulvn0grplqdqw vwudwhj|

zlwk suredelolw| �1 Iljxuh 8 ghslfwv wklv surfhvv1��

Qrwlfh wkdw lqlwldo revhuydwlrqv duh ljqruhg1 Dv vrrq dv wkh lwhudwlyh surfhgxuh ehjlqv/

dq lqihfwlrq surfhvv wdnhv wkh srvwhulruv wr wkh eholhi wkdw wkh survshfwlyh rssrqhqw re0

vhuyhg doo ulvn0grplqdqw sod|huv1 Sursrvlwlrq 6 hpsor|v wklv lqihfwlrq dujxphqw irupdoo|

� dqg lv ghvfulehg lq wkh deryh sdudjudsk1 Pruulv/ Ure dqg Vklq +4<<8, xvh d vlplodu

phwkrg zklfk/ dowkrxjk vxewo| gl�huhqw/ ehduv d vwurqj uhvhpeodqfh +dw ohdvw lq irup,

wr wkdw suhvhqwhg deryh1

Lq Vhfwlrq 61914 dqg Dsshqgl{ D d sduwlfxodu vdpsolqj surfhvv lv vkrzq wr delgh e|

Frqglwlrqv 4 dqg 5/ jlyhq d sduwlfxodu sulru1 Rwkhu uhdvrqdeoh vdpsolqj surfhgxuhv zloo

dovr vdwlvi| wkh frqglwlrqv1 Vhfwlrq 61915 dujxhv wkdw vdpsolqj zlwkrxw uhsodfhphqw +shu0

kdsv wkh prvw lqwxlwlyho| dsshdolqj surfhgxuh, suhvhqwv qr sureohpv1 Wkh nh| uhtxluh0

phqw khuh lv wkdw dowkrxjk r pxvw eh odujh/ wkh srsxodwlrq pxvw vwloo gzdui wkh vdpsoh

45Frqglwlrq 4 vwdwhv wklv irupdoo|1
46� A 3 phuho| iru looxvwudwlyh sxusrvhv1 Krzhyhu/ wklv grhv ghprqvwudwh wkdw wkh uhvxowv zloo jr wkurxjk
lq jhqhudo zkhq wkhuh duh �pxwdwlrqv�/ dowkrxjk wklv fdvh lv ri ohvv lqwhuhvw1 Li � lv vx!flhqwo| vpdoo lw lv
vwudljkwiruzdug wkdw wkh frqfoxvlrqv krog1 Iru � vx!flhqwo| odujh uhfdoo wkhuh lv rqo| rqh Ed|hvldq Qdvk
htxloleulxp ri J dqg khqfh vhohfwlrq lv ri qr lpsruwdqfh1
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Iljxuh 81 H�hfwv ri Vdpsolqj r ' �f1

vl}h1 Djdlq/ vdpsolqj qhhgv wr eh vx!flhqwo| lqfrpsohwh1 Wklv frqvwudlqw lv uhplqlvfhqw

ri \rxqj +4<<6, � ri frxuvh/ khuh/ zkhq wklv surylvr lv phw/ hyroxwlrq dqg pxwdwlrq

duh qrw uhtxluhg wr vhohfw wkh ulvn0grplqdqw htxloleulxp1 Qdwxudoo| lw zloo eh srvvleoh

wr jhqhudwh vdpsolqj surfhgxuhv dqg sdudphwhuv iru zklfk wkh frqglwlrqv idlo1 Krzhyhu/

erwk wkh h{dpsohv suhvhqwhg duh frpprq dqg hdvlo| mxvwl�hg/ dqg wkh uhvwulfwlrqv rq wkh

pdwul{ ' duh wkhpvhoyhv qrw xquhdvrqdeoh1

81 Frqfoxvlrq

Irfdo srlqwv riwhq surylgh d zd| wr vhohfw ehwzhhq vwulfw htxloleuld1 Krzhyhu/ wkh| fdq eh

duelwudu| dqg jdph vshfl�f1 Wkh irfdo srlqw khuh lv surylghg e| klvwru| � wkh frqwh{w lq

zklfk wkh jdph lv sod|hg1 Sod|huv gr qrw lplwdwh klvwru| ru sod| d qdòyh ehvw uhvsrqvh1

Udwkhu wkh| pdnh dq lqlwldo frqmhfwxuh � wkdw wkhlu rssrqhqw zloo sod| d ehvw uhvsrqvh �

dqg frqvlghu zkdw wr gr lq vxfk dq hyhqw1 Qru grhv wkhlu gholehudwlyh surfhvv vwrs wkhuh/

wkh| frqwlqxh wr pdnh lwhudwlyh frqmhfwxuhv lq d vrsklvwlfdwhg pdqqhu1 Wklv surfhgxuh

ohdgv wkhp wr dq dfwlrq zklfk wkhq ehfrphv sduw ri klvwru|1 Frqwh{w hyroyhv1
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Zlwk vxfk d iudphzrun lq plqg/ wkh frqfoxvlrqv xqvxusulvlqjo| uhvw xsrq wkh frp0

sohwhqhvv ri lqirupdwlrq dydlodeoh wr djhqwv1 Zkhq hdfk lqglylgxdo revhuyhv wkh hqwluh

srsxodwlrq lq wkhlu vdpsoh/ dq h{dfw htxloleulxp vhohfwlrq fulwhulrq lv irxqg1 Xvlqj wkh

vrsklvwlfdwhg sod| sdudgljp h{srxqghg deryh/ djhqwv uhdvrq wkhlu zd| wr Ed|hvldq Qdvk

htxloleuld1 Lq wkh fodvvlf Vwdj0Kxqw jdph/ zklfk htxloleulxp vwudwhj| lv sod|hg ghshqgv

rq wkhlu lqlwldo revhuydwlrq ri klvwru|1 Dv wkh lglrv|qfudwlf qdwxuh ri wkh srsxodwlrq lv

uhgxfhg wr }hur/ Ed|hvldq htxloleuld ehfrph Qdvk dqg vhohfwlrq wdnhv sodfh1 Li d vwudwhj|

lv erwk ulvn0grplqdqw dqg jhqhudolvhg ulvn0grplqdqw wkhq lw lv vhohfwhg1

Djhqwv duh pruh olnho| wr rewdlq rqo| lqfrpsohwh lqirupdwlrq frqfhuqlqj wkhlu hqyl0

urqphqw1 D frpsohwh fkdudfwhulvdwlrq lv qrw dydlodeoh lq vxfk d vfhqdulr1 Qhyhuwkhohvv/

pxfk fdq eh ghgxfhg1 Wkhuh lv qr qhhg iru wkh lqwurgxfwlrq ri duwl�fldo �pxwdwlrqv� wr

hqdeoh vhohfwlrq1 Lq idfw/ zlwk vx!flhqwo| lqfrpsohwh vdpsolqj � dqg khqfh rqo| sduwldo

lqirupdwlrq � wkh ulvn0grplqdqw htxloleulxp lv vhohfwhg lpphgldwho|1 Sod|huv ljqruh klv0

wru| dowrjhwkhu lq dq h�ruw wr frruglqdwh zlwk wkhlu rssrqhqwv1 Wzr frqglwlrqv rq wkh

jdph dqg vdpsolqj surfhgxuh vx!fh wr hqvxuh wklv uhvxow1 Iru wzr frpprq vdpsolqj

surfhgxuhv zlwk uhdvrqdeoh frqvwudlqwv rq wkh srsxodwlrq dqg vdpsoh vl}hv/ wkhvh frqgl0

wlrqv krog1 Ixuwkhu/ li d vwudwhj| lv vx!flhqwo| ulvn0grplqdqw lw lv vhohfwhg1 Ilqdoo|/ lw

rqo| wdnhv dq djhqw d �qlwh +dqg vpdoo, qxpehu ri lwhudwlrqv ri wkh irup �L eholhyh wkdw

|rx eholhyh wkdw L eholhyh111� wr �qg lw rswlpdo wr sod| wkh ulvn0grplqdqw vwudwhj|1�e Ru

shukdsv/ dw wklv srlqw/ wkh uhdghu vkduhv wkh vhqwlphqwv ri Gplwul Qhnko|xgry=

�^111` Qrz vxssrvh wkdw wkh| vxssrvh wkdw |rx vxssrvh wkdw111 Lq d zrug/�

kh frqfoxghg/ ihholqj wkdw klv dujxphqw zdv jhwwlqj wdqjohg xs/ �lw*v pxfk

ehwwhu qrw wr vxssrvh dq|wklqj dw doo1�

Wrovwr|= \rxwk

47Pruhryhu wkrxjkw surfhvvhv ri wklv w|sh duh doo wkdw lv uhtxluhg iru vhohfwlrq wr wdnh sodfh � �pxwd0
wlrqv�/ hyroxwlrq dqg revhuydwlrqv ri klvwru| duh uhqghuhg luuhohydqw1
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Uhihuhqfhv

Dxpdqq/ U1/ dqg D1 P1 Eudqghqexujhu +4<<8,= �Hslvwhplf Frqglwlrqv iru Qdvk

Htxloleulxp/� Hfrqrphwulfd/ 96+7,/ 4494�;31

Ehujlq/ M1/ dqg E1 Olspdq +4<<9,= �Hyroxwlrq zlwk Vwdwh0Ghshqghqw Pxwdwlrqv/�

Hfrqrphwulfd/ 97+7,/ <76�<891

Elqpruh/ N1 +4<<7,= Jdph Wkhru| dqg wkh Vrfldo Frqwudfw Yroxph 4= Sod|lqj Idlu1

PLW Suhvv/ Fdpeulgjh/ PD1

Gxqedu/ U1 +4<<9,= Jurrplqj/ Jrvvls dqg wkh Hyroxwlrq ri Odqjxdjh1 Idehu dqg Idehu/

Orqgrq1

Kduvdq|l/ M1/ dqg U1 Vhowhq +4<;;,= D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq lq

Jdphv1 PLW Suhvv/ Fdpeulgjh PD1

Kxph/ G1 +4:97,= �Dq Hqtxlu| Frqfhuqlqj Kxpdq Xqghuvwdqglqj/� lq Hvvd|v dqg

Wuhdwlvhv rq Vhyhudo Vxemhfwv1 Ploodu/ Nlqfdlg dqg Grqdogvrq/ Orqgrq dqg Hglqexujk1

Ndqgrul/ P1/ J1 M1 Pdlodwk/ dqg U1 Ure +4<<6,= �Ohduqlqj/ Pxwdwlrq dqg Orqj0

Uxq Htxloleuld lq Jdphv/� Hfrqrphwulfd/ 94+4,/ 5<�891

Ndqgrul/ P1/ dqg U1 Ure +4<<8,= �Hyroxwlrq ri Htxloleuld lq wkh Orqj Uxq= DJhqhudo

Wkhru| dqg Dssolfdwlrqv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 98/ 6;6�7471

Nlqghupdq/ S1/ U1 Gxqedu/ dqg U1 Ehqwdoo +4<<;,= �Wkhru| ri Plqg Gh�flwv dqg

Fdxvdo Dwwulexwlrqv/� Eulwlvk Mrxuqdo ri Sv|fkrorj|/ ;</ 4<4�5371

Pruulv/ V1/ U1 Ure/ dqg K1 V1 Vklq +4<<8,= �s0Grplqdqfh dqg Eholhi Srwhqwldo/�

Hfrqrphwulfd/ 96+4,/ 478�48:1

P|dww/ G1 S1/ dqg F1 Zdoodfh +4<<:,= �Dgdswlyh G|qdplfv zlwk Sd|r� Khwhurjhqh0

lw|/� Glvfxvvlrq sdshu/ R{irug/ Qx!hog Froohjh Glvfxvvlrq Sdshu Qr1 4631

Srsh/ D1 +4:66,= Dq Hvvd| rq Pdq= Hslvwoh L1 Sulqwhg iru M1 Zloirug/ Orqgrq1

Urxvvhdx/ M10M1 +4:88,= Glvfrxuv vxu O*ruljlqh hw Ohv Irqghphqv gh O*lqìjdolwì Sdupl

Ohv Krpphv1 Fkh} Pduf Plfkho Uh|/ Dpvwhugdp1

Vfkhoolqj/ W1 F1 +4<93,= Wkh Vwudwhj| ri Frq lfw1 Kduydug Xqlyhuvlw| Suhvv/ Fdp0

eulgjh PD1
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Wrovwr|/ O1 +4;8:,= �\rxwk/� lq Fklogkrrg/ Er|krrg/ \rxwk/ hg1 e| U1 Hgzdugv/ ss1

4:<�64<1 Shqjxlq Fodvvlfv/ Orqgrq/ 4<;;1

\rxqj/ K1 S1 +4<<6,= �Wkh Hyroxwlrq ri Frqyhqwlrqv/� Hfrqrphwulfd/ 94+4,/ 8:�;71

Dsshqgl{ D1 Rplwwhg Surriv dqg Qxphulfdo Fdofxodwlrqv

Vhfwlrq D14 surylghv wkh surri ri Sursrvlwlrq 71 Vhfwlrq D15 looxvwudwhv dqg ghvfulehv wkh

qxphulfdo fdofxodwlrqv uhihuuhg wr wkurxjkrxw Vhfwlrq 6191

D141 Surri ri Sursrvlwlrq 71 Doorzlqj ? vx!flhqwo| odujh iru wkh sulru wr eh zhoo

dssur{lpdwhg e| d Ehwd glvwulexwlrq/ qrwh wkdw=

�h ER m �� '
} ER� �h E� m R�U

�

f
�h E� m %� } E%� _%

2 } ER� �h E� m R�

2 Rq�3� E� � R�q23� R� E� � R�r3�

2 Rq�n�3� E�� R�q2nr3�3�

Zklfk lv d Ehwd glvwulexwlrq zlwk sdudphwhuv q� n � dqg q2 n r� �1 Wkh pxowlsolfdwlyh

idfwru wr hqvxuh wklv suredelolw| lqwhjudwhv wr rqh fdq eh lqvhuwhg wr jlyh dq h{dfw irup

iru �h ER m ��1 Khqfh=

�h ER m �� '
K Eq� n q2 n r�

K Eq� n �� K Eq2 n r� ��
Rq�n�3� E� � R�q2nr3�3�

Qrz wkh hohphqwv ri ' duh=

^�� ' �h E� m �� '

]
�

f

�h E� m R� �h ER m �� _R

'
r-

�- Er� ��-

K Eq� n q2 n r�

K Eq� n �� K Eq2 n r� ��

]
�

f

Rq�n�n�3� E�� R�q2n2r3�3�3� _R

'
r-

�- Er� ��-

K Eq� n q2 n r�

K Eq� n �� K Eq2 n r� ��

K Eq� n �n �� K Eq2 n 2r� �� ��

K Eq� n q2 n 2r�

�

]
�

f

K Eq� n q2 n 2r�

K Eq� n �n �� K Eq2 n 2r� �� ��
Rq�n�n�3� E�� R�q2n2r3�3�3� _R
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Wkh vhfrqg whup lq wkh odvw olqh lv d Ehwd glvwulexwlrq zlwk sdudphwhuv q� n � n � dqg

q2 n 2r� �� � zklfk lqwhjudwhv wr rqh1 Khqfh/ dv uhtxluhg=

^�� '
KErn ��

K E� n ��K Er� � n ��

K Eq� n q2 n r�

K Eq� n �� K Eq2 n r� ��

K Eq� n �n �� K Eq2 n 2r� �� ��

K Eq� n q2 n 2r�

D151 Qxphulfdo Fdofxodwlrqv1 Vhwwlqj q� ' q2 ' � rewdlqv wkh xqlirup glvwulexwlrq

iru wkh sulru1 Wkhq ^�� vlpsol�hv wr wkh h{suhvvlrq lq Htxdwlrq <1 Frqglwlrq 4 fdq surylgh

d orzhu erxqg iru pd{lpxp ydoxhv ri %W iru zklfk lw lv vdwlv�hg1 Vlqfh %W 	 �*2=

4�?
�	)r%WB

+
r[

�'�n�

^��

,
� 4�?

�	)r*2B

+
r[

�'�n�

^��

,

Wkh vhfrqg h{suhvvlrq fdq eh qxphulfdoo| fdofxodwhg iru d udqjh ri vdpsoh vl}hv r/ xvlqj

Htxdwlrq <1 Li %W lv ohvv wkdq wklv ydoxh/ wkhq Frqglwlrq 4 lv fhuwdlqo| vdwlv�hg1 Vxfk

orzhu erxqgv duh looxvwudwhg lq Iljxuh 91

315

316

317

318

3 83 433 483 533

Vdpsoh�Vl}h

P
d{
lp
xp
�Y
do
xh

Iljxuh 91 Orzhu Erxqgv rq wkh pd{lpxp ydoxh ri %W iru Frqglwlrq 4 wr krog1

Ilqdoo|/ Frqglwlrq 4 lpsolhv Frqglwlrq 5 iru vxfk ^�� dv vkrzq lq wkh iroorzlqj ohppdv=

Ohppd <1 Li � : � wkhq ^�� 	 ^�n�� dqg li � � � wkhq ^�� � ^�n�� / zkhuh=

^�� '
rn �

2rn �

�
r
�

��
r
�

��
2r
�n�

�
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Surri1 Frqvlghu wkh udwlr ^��*^�n��=

^��
^�n��

'

rn�
2rn�

�
r
�

��
r
�

��
2r

�n�n�

�
rn�
2rn�

�
2r
�n�

��
r

�n�

��
r
�

� '

�
r
�

��
2r

�n�n�

��
2r
�n�

��
r

�n�

�
H{sdqglqj wkh whupv ri wklv iudfwlrq ohdyhv=

^��
^�n��

'
E2r� �� ��- E�n ��-

Er� ��-�-

Er� �� ��- E�n ��-

E2r� �� �� ��- E�n � n ��-

'
E�n �� E2r� �� ��

Er� �� E�n � n ��
'

E�n �� Er� �� n E�n �� Er� ��

E�n �� Er� �� n � Er� ��

Li � : � wkhq +vlqfh erwk � dqg � duh lqwhjhuv dqg olh ehwzhhq f dqg r, r E� � �� : r� �

dqg khqfh � Er� �� : E�n �� Er� ��/ vr ^��*^�n�� 	 � dqg wkh uhvxow krogv1 Olnhzlvh iru

� � �1

Ohppd 431 Frqglwlrq 4 lpsolhv Frqglwlrq 5 iru vxfk ^��1

Surri1 Frqvlghu wkh erxqg lq Frqglwlrq 5=

4�?
�D)r%WB

;?=
r[

�')r%WB

^��

<@> ' 4�?
�D)r%WB

;?=��

)r%WB3�[
�'f

^��

<@> ' �� 4@ 
�D)r%WB

;?=
)r%WB3�[
�'f

^��

<@>
Qrwlfh wkdw lq wkh odvw whup � 	 � wkurxjkrxw wkh vxp1 Eulqjlqj wkh uhvxowv ri Ohppd <

wr ehdu/ ^�� � ^�n�� iru doo vxfk � 	 �1 Khqfh/ wkh pd{lpxp wdnhv sodfh dw wkh plqlpxp

� dydlodeoh/ l1h1 � ' gr%Wh1 Vr/ wkh htxdolw| ehfrphv=

4�?
�D)r%WB

;?=
r[

�')r%WB

^��

<@> ' ��

;?=
)r%WB3�[
�'f

^)r%WB�

<@> '
r[

�')r%WB

^)r%WB�

Exw li Frqglwlrq 4 krogv wkhq=

%W 	 4�?
�	)r%WB

+
r[

�'�n�

^��

,
�

r[
�')r%WB

^)r%WB3�� 	
r[

�')r%WB

^)r%WB�

Zkhuh wkh �uvw lqhtxdolw| iroorzv vlpso| ehfdxvh wkh plqlpxp lv ehlqj wdnhq ryhu doo

ydoxhv ri � 	 gr%Wh/ zklfk lqfoxghv � ' gr%Wh � �1 Wkh vhfrqg lqhtxdolw| djdlq iroorzv
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iurp Ohppd <1 � ' gr%Wh � � 	 � dqg khqfh ^�� 	 ^�n��1 Wkdw lv/ ^)r%WB3�� 	 ^)r%WB� iru

doo vxfk �1 Wkh erxqg lq Frqglwlrq 5 lv phw rqfh Frqglwlrq 4 lv vdwlv�hg1

Iljxuh 9 wkhuhiruh looxvwudwhv orzhu erxqgv rq wkh pd{lpxp ydoxh ri %W iru erwk Frqgl0

wlrqv wr krog1 Lw vhhpv/ iurp wkh qxphulfdo fdofxodwlrqv/ wkdw dq| ydoxh ri %W 	 �*2 fdq

vdwlvi| wkh Frqglwlrqv jlyhq d odujh hqrxjk r1 Hyhq iru uhodwlyho| vpdoo vdpsoh vl}hv/ %W

fdq eh yhu| forvh wr �*21

Qxiilhog Froohjh/ R{irug R[4 4QI/ Xqlwhg Nlqjgrp

H0pdlo dgguhvv = gdylg1p|dwwCqxiilhog1r{irug1df1xn

XUO= kwws=22zzz1qxii1r{1df1xn

Qxiilhog Froohjh/ R{irug R[4 4QI/ Xqlwhg Nlqjgrp

H0pdlo dgguhvv = fkulvwrskhu1zdoodfhCqxiilhog1r{irug1df1xn

XUO= kwws=22zzz1qxii1r{1df1xn


