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1. Introduction

The concern of the present paper is the problem of multidimensional inequality
measurement. Suppose we are asked to evaluate the overal level of inequality in
society not just on the basis of one good/attribute -- or a one-dimensiona item of
information -- for each person or household (e.g. each person's or household's
income), but on the basis of several goods/attributes -- or a multidimensional vector of
information -- for each person or household (e.g. a vector whose different components
represent a person's or households's income, level of education, level of access to
health care etc.). Given different multidimensional distributions (each of which
assigns to each person or household in society a corresponding vector of
goodg/attributes), the problem of multidimensional inequality measurement is, in
essence, to specify what it means to say that one such distribution is more unequal
than another and, as far as possible, to rank different distributions in an order of
inequality.

To illustrate, consider the following four distributions:

education heath income education  health income
person 1 9 10 11 person 1 5 10 1
Xl = person2 5 7 2 ) X2 = person2 3 5 11 )
person 3 3 5 1 person 3 9 7 2
education hedth income education  health income
person 1 70 84 72 person 1 54 84 32
Yl = person2 54 7.2 3.6 ) Y2 = person2 4.6 6.4 7.2 .
person 3 46 64 32 person 3 70 72 36

What can we say about the relative levels of inequality in these distributions? Using
traditional one-dimensional methods of inequality measurement (for a comprehensive
survey, see Sen, 1997), we can probably say that, if we consider each of the three
dimensions of education, health and income separately, the Y-distributions are less
unequal than the X-distributions. But can we say more?

The problem of multidimensional inequality measurement can be -- and, historicaly,
has been -- approached in two stages. Stage (i) is to state certain dominance criteria
that specify the conditions under which one multidimensional distribution should be
taken to be "clearly" at least as equal as another. In many cases, however, these
dominance criteria may induce only partial orderings on the set of alternative
distributions. So, if one requires rankings even in cases which are left undecided by
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the specified dominance criteria, stage (ii) is to define an inequality index, consistent
with these dominance criteria, that maps each multidimensional distribution to a real
number and thereby induces a complete ordering on the set of alternative distributions.

The study of multidimensional inequality was pioneered by Fisher (1956), who
developed the idea of a multidimensional distribution matrix, and, more recently, by
the seminal contributions of Kolm (1977), Atkinson and Bourguignon (1982) and
Walzer (1983). Amongst Kolm's proposals with regard to stage (i) are the criteria that
have become known as uniform majorization (in essence, a multidimensional
generalization of the well-known Pigou-Dalton criterion) and directional/price
majorization (a criterion that involves multiplying multidimensional distributions by
price vectors and comparing the resulting one-dimensiona distributions). These
criteria are primarily sensitive to the uniform inequality of a multidimensiona
distribution across people. Kolm's criteria capture the idea that distribution Y; is less
unegual than distribution X;, and that distribution Y, is less unequal than distribution
Xo. Atkinson and Bourguignon have drawn our attention to the intuition that
multidimensional inequality also depends on how systematic the correlation between
distributions of different good</attributes (and especially between inequalities in
different dimensions) is and have developed appropriate dominance criteria. Since
inequalities in different dimensions are more systematically cross-correlated in
distributions X; and Y; than in distributions X, and Y,, respectively, distribution X,
should thus be considered less unequal than distribution X, and distribution Y, should
be considered less unequal than distribution Y;. In a similar spirit, the political theorist
Walzer developed the conception of complex equality, according to which overall
equality consists not so much in local equality within each dimension (distributive
sphere in Walzer's terminology), but in the extent to which local inequalities in
different dimensions cancel each other out, by advantaging and disadvantaging
different people in different dimensions. So complex equality would be better realized
in distributions X, and Y, than in distributions X; and Y;, respectively. Note that
separate one-dimensional inequality evaluation in each dimension is insufficient to
take account of problems of cross-correlation: distributions X; and X, have identical
local levels of inequality in each of the three separate dimensions, and so do
distributions Y; and Ya.

Although these pioneers primarily addressed stage (i), their work inspired subsequent
proposals as to how one could approach stage (ii) and construct fully-fledged
multidimensional inequality indices (e.g. Maasoumi, 1986; Tsui, 1995, 1999,
Koshevoy and Modler, 1997). While al these proposed inequality measures make use
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of the dominance criteria proposed by Kolm, the Atkinson-Bourguignon-Walzer
intuition that a multidimensional inequality measure should also be sensitive to the
cross-correlation between inequalities in different dimensions has only recently
received explicit attention in the design of such measures®. Tsui (1999) formally
introduced a correlation-sensitive majorization criterion into the debate and showed
that this new criterion, together with Kolm's uniform majorization criterion and a
standard set of axioms, leads to the class of multidimensional generalized entropy
measures. However, Tsui's result uses a version of the somewhat controversial axiom
of (additive) decomposability, which, by requiring us to ignore some -- arguably
useful -- information in a distribution, is known to rule out all but entropy-based
measures in various economic and information-theoretic contexts (see Sen, 1997,
chapter A.5, for adiscussion of this axiom).

It is therefore worth asking whether it is possible to design other multidimensional
inequality measures that satisfy both Kolm's criteria and the correlation-sensitive
majorization criterion introduced by Tsui, thereby respecting the intuition that (a)
uniform inequalities across people and (b) cross-correlations between inequalities in
different dimensions matter (i.e. the intuition that (a) Y; is more equal than Xy, and Y,
Is more equal than X5, and (b) X, is more equal than X;, and Y, is more equal than Y;).

The present paper seeks to answer this question. Its purpose is methodological and
substantive. On the methodological side, the paper presents a rather general way of
defining multidimensional inequality indices by first transforming multidimensional
distributions into suitable 'welfare-concentration curves (a term from Kolm, 1977)
and then constructing a multidimensional inequality index on the basis of a suitable
one-dimensional aggregation function that takes these 'welfare-concentration curves
as its input and that respects the generalized Lorenz-ordering of these curves. On the
substantive side, this method is then used to construct two examples of
multidimensional inequality indices, and it is shown that these indices satisfy al of the
above mentioned desiderata. One example is a generalization of the Gini coefficient,
the other is a generalization of Atkinson's one-dimensional measure of inequality
(Atkinson, 1970). It is also shown that an extension of Kolm's less frequently invoked

?In terms of the conditions stated below, it can easily be verified that condition (CIM)
is violated by the inequality indices proposed in Tsui's 1995 paper subtitled, somewhat
misleadingly in view of Atkinson & Bourguignon (1982), "The Atkinson-Kolm-Sen
Approach”: Tsui's relative inequality index (1995, theorem 1.), for instance, can assign a
lower value to X; than to X; and alower value to Y; than to Yz, contrary to the Atkinson-
Bourguignon-Walzer intuition that systematic cross-correlations between inequalitiesin
different dimensionsincrease overal inequality.
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criterion, directional/price majorization, namely non-negative directional/price
majorization, already captures the Atkinson-Bourguignon-Walzer intuition about
cross-correlation: we shall prove that the correlation-sensitive majorization criterion
introduced by Tsui (1999) is in fact a (proper) sub-criterion of non-negative
directional/price majorization.

After some basic definitions (section 2.), it will be requisite to survey various
dominance criteria and explore their logical interrelations (section 3.); we shall then
explain the present use of ‘welfare-concentration curves (section 4.), and we shall
finally turn to the construction of fully-fledged inequality indices (section 5.).

2. Definitions and Basic Axioms

Let N = {1, 2, ..., n} be a set of persons or households (for simplicity, hereafter
‘persons), and K = {1, 2, ..., K} a set of goods/attributes, dimensions or distributive
spheres.

A multidimensional distribution isan n” k matrix X = (x;) over the non-negative redl
numbers such that the sum of each column is non-zero, where X;; represents person i's
share of good/attribute j. Let M (n,k) be the set of al such matrices. The row vectors
X1, Xo, ..., Xy represent different persons vectors of good/attributes. The distributions
X1, X5, Y1 and Y, above are examples of multidimensional distributions for n=3 and
k=3.

A multidimensional inequality index isafunction|”: M (nk) ® R, where1"(X) 3 1"(Y)
Is interpreted to mean "the overall level of multidimensional inequality in distribution

Xisat least as great as that in distribution Y".

The following basic axioms are straightforward generalizations of their familiar one-
dimensional counterparts (see Tsui, 1999):

CONTINUITY (C). 1" is a continuous function.

ANONYMITY (A). For any n" n permutation matrix P permuting the rows of X, I"(X) =
1"(P X).
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NORMALIZATION (N). If al rows of a distribution X are identical (i.e. the distribution
in each dimension is perfectly equal), 1"(X) = 0.

REPLICATION INVARIANCE (RI). Given a n” k distribution matrix X, let Y be the
n*r” k distribution matrix defined by

X

Y= (X) (with r 'replications of X).
XK
X

Then 1™ (Y) = 1"(X).

RATIO-SCALE INVARIANCE (RS). For any n" n diagonal matrix L=diag(l 1, | 2, ..., | 1)
(with each | ;>0), I"(L X) = 1"(X).

These axioms by themselves, however, are insufficient to guarantee that a
multidimensional inequality index is in any substantive sense 'egalitarian’, i.e. that it
respects the various intuitions about multidimensional inequality briefly introduced in
the introduction. For this reason, our present list of axioms needs to be supplemented
with the dominance criteria capturing these intuitions.

3. Dominance Criteria

In the present section, we will survey some of the most important dominance criteria
proposed in the literature and explain how they are logicaly interrelated. In this
context, we will prove a new result showing that the correlation-sensitive criterion
introduced by Tsui (1999) is a subcriterion of non-negative directional majorization.

Each of the dominance criteria to be stated represents a proposed answer to the
guestion of when a distribution X is"clearly" at least as equal as, and can therefore be
said to (at least weakly) dominate, adistribution Y.

The first two dominance criteria to be stated have been suggested by Kolm (1977) and
are essentially generalizations of the one-dimensional Pigou-Dalton criterion,
according to which any transfer from a poorer person to a richer person increases
inequality, other things remaining equal. Accordingly, if a distribution X can be
obtained from a distribution Y by uniformly redistributing attributes so as to reduce
the 'inequality-gap' between two or more persons, then X dominates Y. Define a
Pigou-Dalton matrix to be an n" n matrix P = | *E + (1-1 )*Q, where E isthe n" n
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identity matrix and Q is a permutation matrix which transforms other matrices by
interchanging two rows.

UNIFORM PIGOU-DALTON MAJORIZATION (UPD). (X,Y)] UPD and X<ppY
("distribution X dominates distribution Y according to (UPD)") if and only if X = TY
where T is afinite product of Pigou-Dalton matrices. XAyppY (“distribution X strictly
dominates distribution Y according to (UPD)") if, in addition, X cannot be derived
from Y by permuting the rows of Y.

Define a bistochastic matrix to be an n” n matrix B = (b;) such that, for al j, ab;=1,
and for al i, éjbijzl.

UNIFORM MAJORIZATION (UM). (X,Y)T UM and X<%,Y if and only if X = BY,
where B is a bistochastic matrix. XAy Y if, in addition, X cannot be derived from Y

by permuting the rows of Y.

It is easily verified that, for the examples of multidimensional distributions given in
the introduction, Y;AyuX; and YoAyuXo.

Moreover, (UPD) isasubrelation of (UM):

Proposition 3.1. (Kolm, 1977; Tsui, 1999) UPDI UM (whenever kE2, UPD=UM).

To introduce Kolm's criterion of directional/price majorization (1977), we first need
to introduce the one-dimensional concept of generalized Lorenz-dominance, in short

GL-dominance.

We shall say that the vector (s, S, ..., sn)T R" GL-dominates® the vector (ty, t, ...,
t) 1 R"if, fordl |,

23S Az pt

3This is the concept of generalized Lorenz-dominance because, when we compare the
vectors (si, S, ..., &) and (ty, ta, ..., tn) here, we do not consider their normalized Lorenz
curves as in the standard definition of Lorenz-dominance, i.e. we do not normalize (s, S, ...,
Sy and (ty, ty, ..., ty) by multiplying them by the inverses of the means of the s and of thet;,
respectively. For adiscussion of generalized Lorenz dominance, see Shorrocks (1983) and
Sen (1997, appendix A.3).
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where (S4, S», ..., Sp) and (t'y, t's, ..., t') are permutations of (s, S, ..., S,) and (i, to, ...,
t,), respectively, such that s.£s.£...£s,, and t.£t.£...£t. The relation of GL-
dominance is said to be strict if at least one of the above inequalitiesis strict.

Intuitively, the generalized Lorenz curve of an (income) vector (s, S, ..., S,) can be
obtained by, firstly, rewriting the vector (si, S, ..., S)) 8 (S1, S», ..., Sn) such that the
incomes of the n persons are arranged in an increasing order s,£S,£...£S,,; secondly,
by plotting the proportion of persons '/, ranging from 0 = %/, to 1 = "/,, on the x-axis
against the total income aij (1, 2, .. 3Si controlled by the poorest I, of society (the
poorest | persons) on the y-axis and connecting these points with line-segments. Then
(S, S ey ) GL-dominates (ty, to, ..., t,) if the generalized Lorenz curve of (s;, S, ...,
s, lies nowhere below that of (i, ty, ..., t,), and the dominance is strict if the two
curves do not coincide.

DIRECTIONAL/PRICE MAJORIZATION (DM). (X,Y) T DM and XY if and only if,
for al price vectors al R¥, the vector Xa GL-dominates the vector Ya. XApyY if, in
addition, X cannot be derived from Y by permuting the rows of Y.

The logical connection between the previous dominance criteria and directional/price
majorization is characterized by the following proposition:

Proposition 3.2. (Kolm, 1977; Bhandari, 1995) UMI DM.

We can extend the dominance relation of (DM) by restricting the set of relevant price
vectors to all non-negative ones.

NON-NEGATIVE DIRECTIONAL/PRICE MAJORIZATION (DM+). (X,Y)T DM+ and
XY if and only if, for al price vectors al R,%, the vector Xa GL-dominates the
vector Ya. XApp. Y if, in addition, X cannot be derived from Y by permuting the rows
of Y.

Obviously, DMi DM+. Below we shdll in fact see that DMI DM+.

Tsui (1999) introduced a dominance criterion that explicitly captures the Atkinson-
Bourguignon-Walzer intuition about cross-correlation. If the only difference between
two multidimensional distributions X and Y is that there is a stronger positive
correlation between advantaged positions within different dimensions and aso
between disadvantaged positions within different dimensions under Y than under X
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(i.e. under Y, someone who is well-off in one dimension is more likely to be well-off
across the board than under X; and, under Y, someone who is badly off in one
dimension is more likely to be badly off across the board than under X), then X
dominates Y:

Define a correlation increasing transfer as follows (Boland & Proschan, 1988). Given
tWO row Vectors X = (X1, X, ..., %) and y = (Y1, Yo, ..., Vi), let x Uy = (min(xq, Y1),
min(xz, Y2), ..., (MiN(X, yi)), and let x Uy = (max(xy, y1), Max(Xz, y2), ..., Max(Xq Yi)). A
distribution Y can be derived from a distribution X by a correlation increasing transfer
if, for some row indicesi andj (itj), yi = x Ux and y; = x U x, and, for al ml {i, j},
Xm = Ym Such a transfer is strict if Yt X and Y is not just the result of swapping the
rowsi andjin X.

CORRELATION INCREASING MAJORIZATION (CIM). (X,Y) T CIM and X%,y Y if and
only if Y can be derived from X by a permutation of rows and a finite sequence of
correlation increasing transfers. XAgnY if, in addition, at least one of these
correlation increasing transfersis strict.

For the examples of multidimensional distributions given in the introduction, X; and
Y, can be derived, respectively, from X, and Y, by a sequence of strict correlation
increasing transfers, whence X,AquX: and YoAgm Yi.

The following proposition shows that (UM) (including its subrelation (UPD)) and
(CIM) are logically independent.

Proposition 3.3. (Tsui, 1999) UMCCIM={(X,Y) : X can be derived from Y by a
permutation of rows}, i.e. there exists no pair of distributions X and Y such that
XAumY and XA Y.

We will now prove that (CIM) defines a subrelation of (DM+), but not of (DM), a
logical connection that may not be at first sight obvious (whence DM* DM+ and, since
DMi DM+, DMI DM+).

Proposition 3.4. CIMI DM+,

Proof. Since UMECIM, but UMI DM+, CIM DM+. It is thus sufficient to prove that
CIMi DM+. Suppose XY, i.e. there exists afinite sequence X = QXo, Xy, ..., Xm =
Y such that, for each i, X;.; can be derived from X; by a correlation increasing transfer
and Q is a row-permutation matrix. We need to show that, for al price vectors al R.X
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Xa GL-dominates Ya. Let al R.X. Since X can be obtained from X, by a permutation of
rows, the generalized Lorenz curves of Xa and Xea are identical, and, trivialy, Xa
(weakly) GL-dominates Xpa. We will now show that, for each i, X;a GL-dominates
Xi+1a Write X; = (b;j) and X1 = (cjj). Now there exist row-indices p and q (p g) such
that, for each j, ¢, = min(by;, by) and ¢ = max(by;, by) and, for al r1 {p, g} and al j,
G = by. Then, for al ri {p, g}, the r'™ components of Xa and X;.,a conincide and
equal byia;+ba,+...+bya,. However,
pth component of Xi.1a = min(bp,bgr)ag+min(by,,bgz)az+...+min(bg, by ax
£ p™ component of Xia = by ay+bpsau+... oy,
" component of Xia = bya;+ogas+...+bydy
£ g™ component of X;,;a = max(bp1,0q1)as+max(byz,bq2) ax+. .. +max(Bp, by) .
Hence the generalized Lorenz curve of X;.;a lies nowhere above that of Xia, and Xia
GL-dominates X;.;a. But GL-dominance is transitive, and so X GL-dominates Y. Since
this holds for any al R.X, X.Y. If, in addition, XAgwY, then X and Y cannot be
permutations of each other, and thus XApp.Y, too. Q.E.D.

Proposition 3.5. CIMEDM. In fact, whenever Y can be obtained from X by a strict
correlation-increasing transfer, (X,Y)I DM.

Proof. Suppose Y can be obtained from X by a strict correlation-increasing transfer.
Then there exist row indicesi and j (i) suchthat y; = x; Ux and y; = x; U x;, and, for
al ml {i, j}, Xn=Yym Moreover, Yt X and Y is not just the result of swapping the rows i
and j in X. Then, for at least two column indices, p and g, it must be the case that
Xip>Xp and Xig<Xq (if necessary swap the labels i and j). Assume, for a contradiction,
(X,Y)] DM. Then, for al al R¥ Xa GL-dominates Ya. Consider the price vector a
whose p" and " components equal (-ap) and aq, respectively, where a,, aq > 0 (e. .
a,=a,=1) and whose other entries are all 0. By assumption, Xa GL-dominates Ya (note
that Xa and Ya differ from each other only inrowsi and j). Thisimplies that
either
row i of Ya = yiy(-ap) + Yigdq = Xip(-ap) + Xigq
£ row i of Xa = Xip(-a,) + Xigdq »
row j of Xa = X(-ap) + Xie@g
£ row j of Ya = yjy(-ap) + Yje@q = Xip(-8p) + Xje@q
or
row j of Ya = yjp(-ap) + Yiq8q = Xip(-ap) + XeBq
£ row i of Xa = Xp(-ap) + Xig8q ,
row j of Xa = X(-ap) + Xie@g
£ row i of Ya =yip(-ap) + Yig@q = Xip(-ap) + Xig@yq
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From the first set of inequalities, we get
(i) Xip® Xipys XicEXiq »

and, from the second set of inequalities, we get
(i) XiEXiqr Xip® Xp-

Now (i) contradicts x>, and (ii) contradicts x<Xq Consequently, (X,Y)I DM.
Q.E.D.

To summarize, the logical connections between the stated dominance criteria are as
follows:

UPDI UMI DM _
| DM+ (with UPD=UM whenever k£2).
CIM

In particular, (DM+) is the only one of the stated dominance criteria that is sensitive
both to the uniform inequality of a multidimensional distribution across people and to
the cross-correlation between inequalities in different dimensions of goods/attributes.

4. Welfare Concentration Curves

We have already defined what it means to say that one vector in R" GL-dominates
another. Given a distribution matrix X, the basic idea of the present section is, first, to
use a suitable function u : R, ® R, to aggregate each person's row-vector of
goodd/attributes into an overall evaluation figure for this person (representing how
well-off this person is in terms of his or her share of goods across the different
dimensions) and, second, to assess the resulting vector of evaluation figures by
considering its generalized Lorenz curve, to be called the welfare concentration curve
of the distribution X for the aggregation function u.

For any two distribution matrices X and Y and an aggregation function u, we can then
ask whether the corresponding welfare concentration curve of X lies nowhere below
that of Y, i.e. whether (u(xy), u(xo), ..., u(x,)) GL-dominates (u(yi), u(y>), ..., u(yn)).

The following three propositions give us some important information about what
properties the aggregation function u : R,*® R, must satisfy in order for the relation
of GL-dominance between corresponding welfare concentration curves to include UM
(including UPD), CIM and DM+ (including DM).
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Let X and Y be two multidimensional distribution matrices with row vectors Xi, Xo, ...,
X, and Vi, Vo, ..., Y, respectively. Given a functionu : R, ® R,, we shall say that X
(strictly) u-dominates Y if (u(Xy), u(xo), ..., u(x,)) (strictly) GL-dominates (u(y.), u(y-),
ey U(Yn)).

Proposition 4.1. (Kolm, 1977) Let u : R,*® R, be continuous, increasing and strictly
concave. If X=2,1Y, then X u-dominates Y: and if XAy Y, then X strictly u-dominates
Y.

A functionu: R,*® R, issaid to be L-superadditive if, for any two vectorsx and y in
R.X u(xUy) + (xUy) 3 u(X) + u(y). It can be shown that, if the second partial derivatives
of u exist, uis L-superadditive if and only if, for al i,j (it J),

ﬂzu}tli t21 neey tk)
Y% ¥a¥a31%¥ 3 0
tTt;

(Marshall & Olkin, 1979; Tsui, 1999).

Proposition 4.2. (Tsui, 1999) Let u : R,*® R, be increasing, L-superadditive and of
the form u(t) = f(ty) + f(tp) + ... + f(t), for al ] R.* (withf: R, ® R.). If XY, then
X u-dominates Y: and if XAg Y, then X strictly u-dominates Y.

Proposition 4.3. Let u : R,X® R, be continuous, increasing, strictly concave and of
the form u(t) = fy(ty) + fo(t) + ... + fi(t), for al tT R, (with fi: R. ® Ry, for eachj). If
X\+Y, then X u-dominates Y; and if XApy.Y, then X strictly u-dominates Y.

Proof. Let u: R.“® R, be any increasing concave function of the form u(t) = fy(t;) +
fo(ty) + ... + fi(ty), for al tl R,. Suppose that X dominates Y according to (DM+).
Then, for all price vectors al R.X, the vector Xa GL-dominates the vector Ya. In
particular, for eachjin{1, 2, ..., K}, putting & = (dy, dy, ..., di) withd; = 1 for i=j and d
=0 foral it], Xa = (X, Xgjy -, Xj) GL-dominates Ya = (Y, Y2y ---» Yrj), and, for any
increasing and concave function f;, & fi(x;) 3 afi(y;). Then &fi(x1) + &ifa(xi2) + ... +
aifix) ® &ifulyid) + aifalyin) + ... + aifi(yi), and thus &;u(x) ® &;u(y;). But since this
holds for any increasing concave u of the form u(t) = fi(t;) + fa(t) + ... + fil(ty), X is
"weakly more equal" than Y according to Kolm's definition (1977), and by Kolm's
theorem 7., for the relation "weakly more equal” (see Kolm's remark on p. 8), (u(xy),
u(x), ..., U(x,)) GL-dominates (u(yi), u(ys), ..., u(y,)) for any such u, including any u
satisfying the conditions of proposition 4.3.. If, in addition, u is strictly concave, as
assumed in proposition 4.3., the generalized Lorenz curves of (u(Xy), u(xo), ..., u(x,))
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and (u(y.), u(y2), ..., u(y,)) coincide only if X and Y are permutations of each other.
Q.E.D.

Isit possible to find a function u such that the corresponding relation of u-dominance
includes all of UM (including UPD), DM+ (including DM) and CIM? By propositions
4.1., 4.2. and 4.3, a function u has the required properties if it is continuous,
increasing, strictly concave, L-superadditive and of the form u(t) = f(ty) + f(tp) + ... +
f(ty), for al ti R.*. More generally, since UM, CIM I DM+ (see section 3.), whenever
u satisfies the conditions of proposition 4.3., the relation of u-dominance already
includes al of DM+, CIM, DM, UM, UPD.

Are these conditions satisfiable? The answer to this question is positive: the function
u(t) = &1 2 .. wt (with 0 < r < 1) satisfies the conditions of propositions 4.1., 4.2.
and 4.3.%, and u(t) = &;i (1 2 .. w1 (with 0 < r; < 1, for each j), satisfies the conditions
of proposition 4.3..

We are now in a position to define a partial ordering on the set of al multidimensional
distributions which includes all of the majorization criteria discussed in section 3.: let
u(t) =& (12 .. (with0 <r; <1, for each j) and define X to be “at least as equal as'
("more equal than") Y if X (strictly) u-dominates Y, i.e. if (u(xy), u(xp), ..., u(X,)
(strictly) GL-dominates (u(y1), u(ys), ..., u(yn))-

5. Defining Multidimensional Inequality Indices

For each of the dominance criteria (UPD), (UM), (DM), (CIM) and (DM+), we shall
say that a multidimensional inequality index 1" satisfies the given criterion if, for any
two distributions X and Y, 1"(Y) 3 I"(X) whenever X dominates Y according to the
given criterion, and I1"(Y) > 1"(X) whenever X strictly dominates Y according to this
criterion.

The main question of this paper can now be formulated more precisely: How, if at all,
can we define a multidimensional inequality index satisfying all of (C), (A), (N), (RI),
(RS), (UPD), (UM), (CIM), (DM) and (DM+)? From Tsui (1999), we know that this
set of axioms -- excluding (DM) and (DM+), which Tsui did not consider -- is

“The function u is clearly increasing, continous and of the required additive form. Its
strict concavity can be shown by observing that its Hessian matrix D“u(t) is a diagonal matrix
which has strictly negative eigenvalues and is thus negative definite for every t R/ ItsL-
superadditivity can be shown by observing that, for all it j, T2u(ty, ta, ..., t/Ttqt; = O.



-13-

consistent, for it is possible to define a suitable class of multidimensiona inequality
measures satisfying all of them, Tsui's example being a class of multidimensional
generalized entropy measures. But, as briefly mentioned above, Tsui aso invokes an
axiom of decomposability which requires that, for any partition of the set of persons N
into two subgroups N; and N,, overall inequality be a function of (weighted) within-
group inequality for each of N; and N, and between-group inequality determined on
the basis of the mean distributions (vectors of column means) for each of N; and N..
While useful for many purposes, inequality indices satisfying decomposability must
ignore certain types of information about a distribution (see Sen, 1997, chapter A.5,
for a discussion). In particular, in the case of multidimensional inequality
measurement (and especialy on a Walzerian conception of (in)equality), the question
of how well-off each person in each dimension of good</attributes is in comparison
with every other person may be as important as the question of how well-off a person
Isin relation to a subgroup of society and how well-off this group, in aggregate, isin
relation to other groups. A decomposable inequality index, however, cannot use the
former type of information. For this reason, the present section seeks to explain how
to construct multidimensional inequality indices other than those derived by Tsui
using decomposability, yet respecting all of the above stated desiderata.

Essentially, the idea is to use the above defined function u to convert each
multidimensional distribution X into a one-dimensional distribution (u(xy), u(x), ...,
u(x,)) and then to apply a suitable generalized-Lorenz-consistent aggregation
function® to map (U(X1), U(X), ..., U(X,) to a real number, to be interpreted as the
overall level of inequality 1"(X) under X. By the generalized-Lorenz-consistency of the
aggregation function, we would have 1"(Y)® 1"(X) whenever (u(x,), u(x), ..., u(X,))
GL-dominates (u(y.), u(y,), ..., u(yn)), i.e. whenever X is considered to be at least as
equal as Y by the partial ordering defined at the end of the previous section.

However, an inequality index constructed like this would violate (RS): it would not be
invariant under positive linear transformations of the column vectors of a distribution.
In order to capture the idea of relative inequality measurement represented by (RS), an
inequality index must be sensitive only to the relative distribution of goods within
each dimension and not to the total size of the 'cake' in each dimension. Thus, when
we evaluate the overall level of inequality in a distribution X, what we are really

°An aggregation function f : R"® R is generalized-Lorenz-consistent if, for all
vectors (i, &, ..., Sh) and (ty, ta, ..., tn), whenever (s, S, ..., Sh) GL-dominates (ty, t, ..., tn),
f(s1, S, ...y Sn) £ (11, to, ..., ty) (in fact, thisis the definition for an 'inequality’-context; in a
'‘welfare-context, '£' would be replaced with 2 ).
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looking at is the level of inequality in an adjusted matrix X°, where X° is the result of
scaling the column vectors in X in such away that the mean of each column equals 1:

Given adistribution X = (x;), let m, m, ..., nk be the means of the k columns of X, i.e.
for each j, m=",*& (1.2 ..mX;. Then X induces a compensation matrix X° defined by
X°® = (x;/m). Thei,j-th entry in X® represents the proportion of good/attribute j held by
person i.

We shall say that an inequality index I" : M (n,k) ® R is u-dominance-consistent with
respect to a given function u : R, ® R, if, for al distributions X and Y, 1"(X)3 1"(Y)
whenever Y° u-dominates X° and 1"(X)> 1"(Y) whenever Y strictly u-dominates X°.

It is important to note that, for each of the dominance criteria (UPD), (UM) and
(CIM), the dominance of a matrix X over a matrix Y is logically sufficient for the
dominance of the adjusted matrix X° over the adjusted matrix Y°.

Proposition 5.1. For each of the dominance criteria (UPD), (UM) and (CIM) and any
two distributions X and Y, if X (strictly) dominates Y according to the chosen
criterion, then X° (strictly) dominates Y¢ according to the same criterion.

Proof. First of al, note that, under each of (UPD), (UM) and (CIM), a necessary (but
clearly not sufficient) condition for a distribution X to dominate a distribution Y is that
the means of the k columns of X, m, m, ..., m, are identical to those of Y (the
transformations induced by Pigou-Daton matrices, bistochastic matrices and
correlation increasing transfers preserve the sums of column vectors).

If X can be obtained by permuting the rows of Y, the same row-permutation(s) can be
used for transforming Y° into X°. We may therefore turn directly to strict dominance.
Suppose XAyppY (or XAywY). Then X = TY, where T is a finite product of Pigou-
Dalton matrices (or T is a bistochastic matrix) and X cannot be obtained by permuting
therowsof Y. Let X1, X5, ..., Xxand y 1, Y o, ..., Y.k be the column vectors of X and Y,
respectively. For each j, x ; = Ty, and hence (Um)x; = (Um)Ty,; = T(Um)y ), i.e. X°
= TY, hence X*yppY© (Or X*ymY) Moreover, this dominance is strict: X° = (X))
cannot be obtained by permuting the rows of Y° = (%), since the same row-
permutation(s) would then be suitable for transforming Y = (y%m) into X = (x5m),
contradicting the assumption that XAuepY (or XAunmY).

Suppose XAg v Y. Then Y can be derived from X by a permutation of rows and a finite
sequence of correlation increasing transfers at least one of which is strict. Now, for
each column vector x; of X, the ordering of this vector's components is invariant
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under multiplication by (1/m), and hence X° = (x;/m) can be transformed into Y° =
(y;i/m) by the same correlation increasing transfers (one of which is strict) and row-
permutations by which X can be transformed into Y. Hence X°Agiv Y. Q.E.D.

If X dominates Y according to (DM) (or (DM+)), on the other hand, this does not in
general imply that X° also dominates Y® according to (DM) (or (DM+)). For instance,
if Y=2X, then YApy. X, but X°=Y¢, whence it is not the case that Y°Agy.X°. However,
if our main focus is on the relative distribution of goods within each dimension rather
than the total amount of goods in each dimension, we can use the following criteria
instead of (DM) and (DM+):

DIRECTIONAL/PRICE MAJORIZAION OF COMPENSATION MATRICES (DM®).
(X,Y)I DM€ if and only if (X%, YOI DM.

DIRECTIONAL/PRICE MAJORIZAION OF COMPENSATION MATRICES (DM+°).
(X,Y)I DM+€if and only if (X, YOI DM+,

Proposition 5.1. and the results of section 3. are easily seen to imply that

UPDI UMI DM€
c | DM+¢ (with UPD=UM whenever k£2).
IM

But then proposition 5.1. and the results of section 4. imply that, whenever u : R, ®
R. is continuous, increasing, strictly concave and of the form u(t) = fy(ty) + fo(tp) + ... +
f(t), for al tl R, a u-dominance-consistent inequality index satisfies (UM)
(including (UPD)), (CIM) and (DM +°) (including (DM©))°.

We will now define two u-dominance-consistent inequality indices satisfying (C), (A),
(N), (R1), (RS), (UPD), (UM), (DM®), (DM+°) and (CIM).

The first one is a generalization of the well-known one-dimensional Gini coefficient.
Asbefore, let U(t) = éji (1,2 .., k}tjrj (Wlth 0< r < 1, for each J)

First note the following lemma:

®Such an inequality index will not, in general, satisfy (DM) and (DM+). But if -- as
emphasized -- our focus is on relative distributions, rather than the total amounts, of goods,
and if compensation matrices rather than unadjusted distribution matrices should therefore
form the basis for inequality comparisons, it is plausible (indeed requisite) to replace (DM)
and (DM+) with (DM®) and (DM+°), respectively.
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Lemma5.2. If u: R.*® R, iscontinuous, increasing and strictly concave,
max{ /¥ &,u(%) : X, X, ..., X5, are the row-vectors of some X%}
exists and equals m.max = U(t), wheret=(1, 1, ..., 1).

Proof. Let B be the bistochastic n” n matrix al of whose entries equal 1/n. Given any
Y=(y;) T M (nK), note that BY® = X = (x;), where X (=X°) is the n" k matrix al of
whose entries equal 1. But, since u is continuous, increasing and strictly concave,
theorem 3 in Kolm (1977) implies that a;u(x%) 2 &;u(y%). Thus n*u(1, 1, ..., 1) 3
a;u(y?), andu(l, 1, ..., 1) 3 Y.*&;u(y"). Q.E.D.

Given a distribution X, with row-vectors X, Xo, ..., X, let X5, x%, ..., X5, be the row-
vectors of the compensation matrix X° induced by X. Consider the area between the
generalized Lorenz curve of (U(x%), u(x%), ..., u(x%,)) and the line of perfect equality,
also definable as the generalized Lorenz curve of (u(d, 1, ..., 1), u(1, 1, ..., 1), ..., u(d,
1, ..., 1)), representing a perfectly equal distribution (from lemma 5.2., we can infer
that the former generalized Lorenz curve lies below that line); then define the
generalized Gini-coefficient to be the ratio between this area and the entire triangular
area underneath the line of perfect equality.

Some algebraic manipulation yields the following definition:

Definition 5.3. The multidimensional generalized Gini coefficient is the function 1" :
M (nk) ® R, defined by

1"X)=1- 32} * (1-G(u(X%), u(XS), ..., u(x7))

max

(Where u(t) = &ji 1,2, ..t M= Y*8u0%), M= u(L, 1, .., 1), and G: R."® R,
Is the one-dimensional Gini-coefficient, defined by

Gy, to, ..., ty) =1- %f}f/g;/g_: &il (12 .mani (12 .. pmint, ty),
see Sen, 1997, chapter 2)
1 o o
I*ai(@i (1.2 . wfi(i/m))
=1y S S, (1-GUOED), UGS), -..) UGED)

o

aji (12 ..k

(expanding the Gini-coefficient)
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Aitrr2 . w2 aMin@ia  wfia/m), i 2 wfi(Xe/M)

- 1 ST Gy Y S,
ajiq2,...khHLHN

(putting u(t) = &j1 (1,2, ..t with0 <r; <1, for eachj)

airio, mni . aMnN@iiLa, wCa/m)T, &2 g (Xy/m)
SR AR AR AN T AR A A

k*n

Theorem 5.4. The multidimensional generalized Gini coefficient satisfies (C), (A),
(N), (R1), (RS), (UPD), (UM), (DM®), (DM+°) and (CIM).

Proof. (C): Consider the formulation

Q) = 1 %% (L-GUGCL), UOE), - UOED)),

-max

and note that the function which maps each X to X® and the functions which map each
X to the vector (u(x%y), u(x%), ..., u(x5,)) and to m, and G are all continuous (and M.max
is constant), and hence, by the chain rule for continuity, sois|".

(A): Given an n” n permutation matrix P permuting the rows of X, first note that (P X)*
= P X®. But now it is sufficient to observe that both m, = ,*&;,u(x%) and G(u(‘y),
u(x%), ..., u(x5)) areinvariant under permutations of X%, X%, ..., X

(N): If al rows of adistribution X are identical, X® is the matrix al of whose entries
equal 1. Then m, = M. and G(t, t, ..., 1) =0 witht = u(l, 1, ..., 1), whence I"(X) = 0.
(RI): Given an” k matrix X, let Y be the n*r” k matrix defined by

X

Y= (X) (with r 'replications’ of X),
XK
X

and first note that

XC

Xt = (X") (with r 'replications' of X°).
XK
XC

Now let Y%, Y%, ..., Y5+n be the row-vectors of Y then, for each ji {0, 1, ..., r-1} and
each |T {1, 2, ..., n}, ycj*m_i = XCi, and

(V) = 1- 3/4/523;? 59:5 955 (1-G(UYD), UKD, .o UV ),

aji{1,2, .., k]
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1 ) c
T * (r*agi ¢ U(X
— 1Y 3'/252;/4”%/4&/4'2/21* (1-G(UOE), UGS), .oy UCE)),
aji{1,2, .. k]

(since G isreplication invariant -- see Sen (1997), pp. 139/ 140)

= 1"(X).
(RS): It is sufficient to observe that, for any n” n diagona matrix L=diag(l 1, | 2, ..., | 1)
(with each | ;>0), (L X)° = X".
To prove that 1" satisfies (UPD), (UM), (DM®), (DM+°) and (CIM), it is sufficient to
prove that 1" is u-dominance-consistent. Given our definition of u, 1" will then satisfy
(DM+9), including (DM°), (UM), (UPD) and (CIM), as established above. But it is
known that, for any s=(s;, S, ..., Sv), t = (t3, B, ..., tn)T R", whenever s GL-dominates
t, (1:*&i8)* (1-G(sy, S - ) 3 (1o*8it)* (1-G(ty, ta, ..., t,)) (> if the dominance is
strict) (see Sen (1997), pp. 136 / 137). This implies that /,*&;u(x%)*(1-
G(U(XD),U(XD),- (X)) 2 M &iU(Y5)* (1-GU(Y™1),u(Y2),-., u(Yr))) whenever X° u-
dominates Y° (*>' if the u-dominance is strict); and hence 1"(X)£ 1"(Y) whenever X° u-
dominates Y° (*>' if the u-dominance is strict). Thus 1" is u-dominance-consistent as
required. Q.E.D.

The second u-dominance-consistent inequality index to be defined can be interpreted
as a generalization of Atkinson's one-dimensional measure of inequality. In the
present case, the idea is to define a social evaluation function W which maps each
compensation matrix X° to an 'equally distributed equivalent compensation figure', i.e.
a strictly positive real number m such that W(X%) = m = W(Y), where Y is the n" k
matrix al of whose entries equa m. The overal level of inequality under a
distribution X is then identified with the normalized difference between the 'equally
distributed equivalent compensation figure' of a perfectly equal distribution and the
‘equally distributed equivalent compensation figure' of X°.

The function W will be required to be a suitable 'social extension' of the (personal)
aggregation functionu : R,*® R.. DefineW: M (n,k) ® R, asfollows. Thistime, let
u(t) =&ji (12 ..t (With0<r < 1). Given adistribution matrix X with row-vectors x;,
X2, vevy Xn,y €L

WX) = (V¥ &iChFui)) )Y = Mo & a2 (W& 1,2, X))

where 0 <r, s< 1. Then W satisfies the demanded properties: in particular, for any
matrix X, W(X) = m = W(Y), where Yisthe n” k matrix all of whose entries equal m.
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Before we can define the inequality index, we need to state two lemmas:

Lemma55. If w: R, ® R, is continous, increasing and strictly concave and C is a
fixed strictly positive constant,

max{ /. *&wW(t) : t=(ty, t, ..., t) T R.", whered t, £ C}
exists and equals W(“/y,).

Proof. Let B be the bistochastic n” n matrix all of whose entries equal 1/n. Given any t
= (ty, tp, ..., ) suchthat a;t; £ C, let e = (C-a;t))/n, and let t' = (t'y, t's, ..., ') with t; =
t+e. Then &t} = C, and since wisincreasing, '/,*& w(t;) 3 */,*&;w(t;). Note that B(t",
t'5, ooy 1=, s ..., ©In), Where the vectors are interpreted as column vectors. But
since w is continuous, increasing and strictly concave, standard results (e.g. Sen, 1997,
theorem 3.1) imply that & w(%/,) 3 &w(t;), and therefore W(/,) = Y. *&wW(“/,) 3
Yxawty) 3 Yxa&wt). Q.E.D.

Lemma 5.6. Wi, = max{ W(X") : X®is a compensation matrix} = 1.

Proof. By lemma5.2.,
max{ &;u(x5) : X1, X%, ..., X’ are the row-vectors of some X%}
=u(l, 1, ..., 1) = n*k,
whence, by lemma5.5.,

max{ Y/ *&,u(")® 1 X°1, X5, ..., X5, are the row-vectors of some X%
=max{ Y/ r&wWt) : t=(t,, tp, .., t) T R, wheredt, £ n*k}
= ("% = kS, (with w(t) = t°)

and some easy manipulation yields the desired result. Q.E.D.

Lemma 5.6. confirms our intuition that the maximal value attained by the function W
for some compensation matrix X° equals 1, which is the 'equally distributed equivalent
compensation figure' of the matrix all of whose entriesequal m=m=...=m= 1.

Definition 5.7. A multidimensional generalization of Atkinson's one-dimensional
inequality index is given by the function 1": M (n,k) ® R, where

n ng? 1 %23 1/ %28 rs\1/(r*s)
"(X)=1- 3\/;{//4 Vo =1- (1*8i (12 . (WF a5 12 g (%/M)')°) ;

max

where0<r, s<1.
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Theorem 5.8. The above defined multidimensional generalization of Atkinson's one-
dimensional inequality index satisfies (C), (A), (N), (RI), (RS), (UPD), (UM), (DM®),
(DM+°) and (CIM).

Proof. (C): Consider the formulation
In(x) =1- (l/n*é- it {1,2,...,n} (1/k*é-ji {1,2,...Kk (Xij/m)r)ﬁﬂ(r*s)

and note that the function which maps each X to X°, as well as all other ‘components
of this function are themselves continuous functions; by the chain rule for continuity,
I" is continuous.

(A): The invariance of |I" under permutations of the row-vectors xi, X, ..., Xn,
equivalent to permutations of the n terms (i*&ji (1.2, .. 1y (%/M)"), is obvious.

(N): If all rows of adistribution X are identical, again note that X® is the matrix all of
whose entries equal 1. But we have seen above that, in this case, W(X®) = 1, and hence
1"(X) = 0.

(R): Given an” k matrix X, define Y and Y¢ as in the proof of theorem 5.4. (just use p
instead of r to denote the number of replications of X). Then

* _ ° ° (r*

1""CY) = 1= Morn* &t gy (& 1,21 )Y
— o o 1/ *
=1- (on* P &t (1, (N8 (1,2 (X5)))V

=1-(Y.*&; (.. n}(llk*éji (12 ...,k}(XCij)r)ﬁﬂ(r*S) =1"(X).

(RS): As before, it is sufficient to observe that, for any n"n diagonal matrix
L=diag(l 1, ! 5 ..., | ) (with each | >0), (L X)° = X".

To prove that 1" satisfies (UM), (UPD), (DM+°), (DM and (CIM), it is again
sufficient to prove that 1" is u-dominance-consistent. First define E : R," ® R, bethe
function

E(t) = *&t° withO<s< 1.

Now a result by Shorrocks (1983) implies that, since E(t) is symmetric, replication
Invariant, increasing, strictly concave, and additive, the following holds: for any s, t1

R.", E(s) ® E(t) whenever s GL-dominates t (>' if the dominance is strict). But this
means that /;*&;u(x)® 3 Y*&;u(y’)® (and hence 1"(Y) 3 I"(X)) whenever X° u-
dominates Y° (>' if the dominance is strict), and thus I" is u-dominance consistent.
Q.E.D.
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6. Conclusion

In the present paper, | have first surveyed a number of dominance criteria representing
different answers to the question of when one multidimensional distribution is more
unequal than another: uniform Pigou-Dalton majorization (UPD), uniform
majorization  (UM), directional/price  majorization  (DM®),  non-negative
directional/price majorization (DM+) and correlation increasing majorization (CIM),
and | have shown that they are logically interrelated in the following way ("I " (" ")
means "is a (proper) subrelation of"):
UPDI UM DM“

oM | DM+ (with UPD=UM whenever k£2).

It is important to note that, whilst (UPD), (UM) and (DM) are sensitive to the
uniform inequality of a multidimensional distribution across people, only (CIM) and,
as | have shown, (DM+) are sensitive to the cross-correlation between inequalities
in different dimensions.

| have secondly proposed a new method of constructing multidimensional inequality
indices. Given a multidimensional distribution matrix (subsequently normalized such
that the mean of each column, i.e. dimension of good<attributes, equals 1), the first
step isto use a suitable function u : R,X® R, to aggregate each person's row-vector of
goodd/attributes into an overall evaluation figure for this person (representing how
well-off this person is in terms of his or her share of goods across the different
dimensions) and thus to transform a multidimensional distribution into a one-
dimensional distribution of evaluation figures. The second step is to note that, for our
definition of u, the generalized Lorenz ordering of these one-dimensional distributions
of evaluation figures respects all of the dominance criteria (for the origina
multidimensional distributions) surveyed above. The third step is to define a
multidimensional inequality index (and thereby to extend the dominance-induced
partial orderings on the set of al multidimensiona distributions to a complete
ordering) by using a suitable generalized-Lorenz-consistent aggregation function to
map each one-dimensional distribution of evaluation figures to a single real number,
representing the overall level of inequality in the given multidimensional distribution.

To illustrate the proposed method, | have defined two new classes of
multidimensional inequality indices:
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(@) amultidimensional generalization of the Gini-coefficient:
for each distribution X = (x;;) T M (nk) with column meansm, m, ..., M,

mi {1, L2

X;/m) )
"(X) = 1- %%@i%%%%%%%s@ 9 S S
where0 <r; <1, for each j; and

(b) amultidimensional generalization of Atkinson's one-dimensional inequality
index:
for each distribution X = (x;;) T M (n,K) with column means m, n, ..., N,

1"(X) =1 - (V*&q (12 .., n}(l/k*éji (12 .. k}(Xij/n})r)ﬁﬂ(r*S),

where0O<r,s<1.

Both (a) and (b) satisfy continuity, anonymity, normalization (in fact, they always take
values in the interval [0, 1]), replication invariance and ratio-scale invariance.
Moreover, they respect al of (UM), (UPD), (DM, (DM+%) and (CIM) and thereby
capture both Kolm's and Atkinson, Bourguignon and Walzer's intuitions about
multidimensional inequality: firstly, they are sensitive to how uniformly unequal the
distribution of goods/attributes across people is (by virtue of satisfying (UPD), (UE)
and (DM®)), and, secondly, they are sensitive to how systematically inequalities in
different dimensions are cross-correlated (by virtue of satisfying (CIM) and (DM+)).

The results of this paper may thus point towards new ways of operationalizing the
ideas pioneered by Kolm (1977), Atkinson and Bourguignon (1982) and Walzer
(1983).
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