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Pd| 4<<:

Devwudfw1 D �qlwh srsxodwlrq ri djhqwv sod|lqj d 5 � 5 v|pphwulf jdph hyroyhv

e| dgdswlyh ehvw uhvsrqvh1 Wkh dvvxpswlrq wkdw sod|huv pdnh plvwdnhv lv gursshg

lq idyrxu ri rqh zkhuh sod|huv gl�hu/ yld sd|r� khwhurjhqhlw|1 Duelwudu| pxwdwlrqv

duh wkxv uhsodfhg zlwk dq hfrqrplfdoo| mxvwl�hg vshfl�fdwlrq1 Wkh ghswk dv zhoo dv

wkh zlgwk ri edvlqv ri dwwudfwlrq lv lpsruwdqw zkhq ghwhuplqlqj orqj0uxq ehkdylrxu1

Zlwk ydqlvklqj qrlvh dqg edodqfhg sd|r� yduldqfhv/ wkh ulvn grplqdqw htxloleulxp

lv vhohfwhg1 Xqedodqfhg yduldqfhv pd| uhvxow lq wkh vhohfwlrq ri rwkhu htxloleuld/

lqfoxglqj wkh sd|r� grplqdqw1 Wkh hujrglf h{wuhpd fruuhvsrqg h{dfwo| wr wkh

Ed|hvldq Qdvk htxloleuld ri wkh xqghuo|lqj wuhpeohg vwdjh jdph1 Wklv hqdeohv dq

dqdo|vlv ri wkh hujrglf glvwulexwlrq iru qrq0ydqlvklqj qrlvh dqg odujhu srsxodwlrqv1

41 Lqwurgxfwlrq

�Wkdw zdv h{fhoohqwo| revhuyhg/� vd| L zkhq L uhdg d sdvvdjh lq dqrwkhu

zkhuh klv rslqlrq djuhhv zlwk plqh1 Zkhq zh gl�hu/ wkhq L surqrxqfh

klp wr eh plvwdnhq1

Mrqdwkdq Vzliw= Wkrxjkwv rq Ydulrxv Vxemhfwv1

Wkh Qdvk htxloleulxp frqfhsw lq vwudwhjlf irup jdphv uhtxluhv sod|huv wr fkrrvh

sd|r� pd{lplvlqj dfwlrqv/ jlyhq wkhlu eholhiv/ dqg ixuwkhu lpsrvhv d frqvlvwhqf|

uhtxluhphqw rq wkh eholhiv ri doo sod|huv1 Wklv frqfhsw/ krzhyhu/ sodfhv vwurqj ud0

wlrqdolw| dqg hslvwhplf uhtxluhphqwv rq sod|huv1

�
Ixuwkhupruh/ pdq| jdphv kdyh

pxowlsoh Qdvk htxloleuld/ ohdglqj wr dq htxloleulxp vhohfwlrq sureohp li wkh sod| ri d

sduwlfxodu jdph lv wr eh suhglfwhg1

Prwlydwhg lq sduw e| glvvdwlvidfwlrq zlwk wkh uhtxluhphqwv ri Qdvk htxloleulxp

dqg zlwk d ghvluh wr vhohfw dprqj d pxowlsolflw|/ d uhvhdufk surjudpph kdv ghyho0

rshg dlplqj wr prgho wkh g|qdplfv ri erxqghgo| udwlrqdo djhqwv1 Lq xhqfhg e| wkh

hyroxwlrqdu| olwhudwxuh/ slrqhhulqj sdshuv vxfk dv Ndqgrul/ Pdlodwk dqg Ure +NPU/

^;`, dqg \rxqj ^47` vshfli| dgdswlyh g|qdplfv lq zklfk �qlwh srsxodwlrqv ri sod|huv

Gdwh= Wklv yhuvlrq +713, Pd| 9/ 4<<:1

Nh|zrugv1 Dgdswlyh g|qdplfv/ sd|r� khwhurjhqhlw|/ hyroxwlrq/ jhqhudolvhg ulvn grplqdqfh1

Zh judwhixoo| dfnqrzohgjh �qdqfldo vxssruw iurp wkh HVUF/ dzdugv U3375<9573;< dqg

U3375<867679 uhvshfwlyho|1 Wkdqnv duh gxh wr Ehq Frrshu/ Kxz Gl{rq/ Mrq Gzrudn/ Mxvwlq Mrkq0

vrq/ Sdxo Nohpshuhu/ Phj Ph|hu/ K|xq Vklq dqg Shwhu Vûuhqvhq iru khosixo frpphqwv1

4
Dxpdqq dqg Eudqghqexujhu ^4` suhvhqw d ghwdlohg dqdo|vlv ri wkhvh uhtxluhphqwv1 Qrw rqo| pxvw

sod|huv pd{lplvh jlyhq wkhlu eholhiv/ exw wkhuh pxvw dovr eh pxwxdo nqrzohgjh ri sd|r�v/ eholhiv

dqg frqmhfwxuhv1

4
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uhylvh wkhlu vwudwhjlhv shulrglfdoo|1 Wkh| revhuyh wkh glvwulexwlrq ri vwudwhjlhv lq wkh

srsxodwlrq dqg surfhhg wr sod| d ehvw uhvsrqvh1

2
D sxuho| ghwhuplqlvwlf g|qdplf uh0

pdlqv sdwk0ghshqghqw/ dqg wkh vhdufk iru vkdushu frqfoxvlrqv ohdgv wkhvh dxwkruv wr

vwxg| shuwxuehg Pdunry surfhvvhv1 Iroorzlqj wkh vshfl�fdwlrq ri d edvh qrq0hujrglf

g|qdplf/ shuwxuedwlrqv duh lqwurgxfhg/ |lhoglqj luuhgxfleoh Pdunry fkdlqv1 Wkh dv0

vrfldwhg hujrglf glvwulexwlrq lv wkhq fkdudfwhulvhg dv wkh shuwxuedwlrqv glh dzd|1 Iru

jhqhulf jdphv zlwk vwulfw Qdvk htxloleuld/ wkh olplwlqj surfhvv sodfhv doo zhljkw rq d

vlqjoh htxloleulxp1 Zlwklq wkh fodvv ri 2 � 2 v|pphwulf jdphv/ wkhvh prghov irfxv

rq wkh Kduvdq|l0Vhowhq ^9` ulvn0grplqdqw htxloleulxp1

Wkhvh prghov lqyroyh qdlyh eholhi irupdwlrq dqg dovr gurs wkh pd{lplvdwlrq k|0

srwkhvlv1 Wkh edvh g|qdplf vshfl�hv sd|r� pd{lplvdwlrq jlyhq eholhiv1 Eholhiv duh

edvhg phuho| rq revhuyhg iuhtxhqflhv/ dqg sod|huv duh wkxv uhtxluhg rqo| wr nqrz

wkhlu rzq sd|r�v1 Vxfk d surfhvv lv sdwk0ghshqghqw1 Iru h{dpsoh/ frqvlghu d 2 � 2

frruglqdwlrq jdph1 Dq hqwudqw wr d srsxodwlrq xqlirupo| sod|lqj rqh vwudwhj| zloo

uhvsrqg zlwk wkh vdph/ uhvxowlqj lq wkh fulwlfdo qdwxuh ri wkh lqlwldo srsxodwlrq vwdwh1

Wr rewdlq dq hujrglf surfhvv/ NPU ^;` dqg \rxqj ^47`/ dprqj rwkhuv/ lqwurgxfh

pxwdwlrqv/ khqfh hqvxulqj wkh luuhgxflelolw| ri wkh Pdunry fkdlq1 Wkh lqwhusuhwdwlrq

lv wkdw sod|huv pdnh plvwdnhv zkhq xsgdwlqj wkhlu vwudwhjlhv1 Orqj0uxq vhohfwlrq

uhvxowv duh rewdlqhg zkhq wkhvh pxwdwlrqv duh doorzhg wr ydqlvk lq wkh olplw1 Wkhvh

uhvxowv duh wkhuhiruh edvhg xsrq d zhdnhqlqj ri sd|r� pd{lplvdwlrq zklfk lv lqwhjudo

wr wkh qrwlrq ri Qdvk htxloleulxp1

Wkh u÷oh ri vxfk shuwxuedwlrqv lv fulwlfdo exw/ devhqw d uhdvrqdeoh prgho/ wkh vshf0

l�fdwlrq ri vwdwh0lqghshqghqw pxwdwlrqv lv duelwudu|1 Vwdwh0lqghshqghqw plvwdnhv

lpso| wkdw dq djhqw idlov wr sod| dq rswlpdo uhvsrqvh zlwk wkh vdph suredelolw| lu0

uhvshfwlyh ri vwudwhj| iuhtxhqflhv/ dq xqqdwxudo ihdwxuh lq d frruglqdwlrq vfhqdulr1

Wklv revhuydwlrq lv fhqwudo wr dq hohjdqw fulwltxh e| Ehujlq dqg Olspdq ^5`1 Wkh|

ghprqvwudwh wkdw pxwdwlrqv pd| eh fkrvhq vxfk wkdw dq| vwdwlrqdu| glvwulexwlrq ri

wkh edvh surfhvv lv wkh olplwlqj hujrglf glvwulexwlrq ri d shuwxuehg surfhvv1 Lq sdu0

wlfxodu/ dq| vwulfw Qdvk htxloleulxp ri d vwudwhjlf irup jdph lv vhohfwhg iru d vxlwdeoh

pxwdwlrq prgho1 Lq wkh oljkw ri wklv uhvxow/ wkh| dujxh +zlwk jrrg uhdvrq, wkdw dq|

vshfl�f prgho ri pxwdwlrqv pxvw eh mxvwl�hg> dq duelwudu| prgho zloo qrw vx!fh1

Lqwxlwlyho|/ wkh edvlq ri dwwudfwlrq iru hdfk htxloleulxp gulyhv orqj0uxq vhohfwlrq1

Xqlirup pxwdwlrq udwhv hqvxuh wkdw vxfk d edvlq kdv frqvwdqw ghswk1 Khqfh wkh zlgwk

ri wkh edvlq jryhuqv orqj0uxq ehkdylrxu1 Pxwdwlrq udwhv wkdw gl�hu e| vwdwh uhvxow

lq ydu|lqj edvlq ghswk1 Lw lv wkhq wkh ryhudoo yroxph ri wkh dwwudfwlrq edvlq wkdw

ghwhuplqhv wkh orqj0uxq rxwfrph1

Wkh hvvhqfh ri wkh luuhgxflelolw| ri wkh dgdswlyh surfhvv lv wkdw iru d jlyhq vwdwh/

gl�huhqw hqwhulqj ru uhylvlqj sod|huv pd| wdnh gl�huhqw dfwlrqv1 NPU ^;` dqg \rxqj

^47` jhqhudwh wklv e| dvvxplqj wkdw hqwudqwv pd| idlo wr rswlplvh wkurxjk rffdvlrqdo

huuru1 Wkh zhdnhqlqj ri sd|r� pd{lplvdwlrq yld plvwdnhv lv suhpdwxuh1 Lw lv pruh

sodxvleoh wr pdlqwdlq wkh pd{lplvdwlrq k|srwkhvlv dqg lqvwhdg doorz sod|huv wr gl�hu

lq wkhlu suhihuhqfhv ryhu rxwfrphv1 Wkh ehvw uhvsrqvh ri wzr glvwlqfw djhqwv lq dq

lghqwlfdo vlwxdwlrq pd| wkhuhiruh eh gl�huhqw1

5
Lq idfw/ NPU ^;` doorz d zlghu fodvv ri xqghuo|lqj ghwhuplqlvwlf g|qdplfv/ dqg \rxqj ^47` doorzv

qhz ru uhylvlqj sod|huv wr vdpsoh iurp d wuxqfdwhg klvwru| ri sod|1
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Wklv sdshu suhvhqwv dq dgdswlyh uhvsrqvh prgho zlwk sd|r� khwhurjhqhlw|1 Wuhp0

eohv duh dgghg wr d phdq sd|r� pdwul{/ dqg doorzhg wr ydu| dfurvv vwudwhj| sur�ohv1

Wklv fdswxuhv wkh lglrv|qfudwlf suhihuhqfhv ri lqglylgxdov1 Qrwlrqv ri edodqfhg dqg

xqedodqfhg wuhpeohv duh lqwurgxfhg/ fruuhvsrqglqj wr wkh uhodwlyh yduldelolw| ri sd|0

r�v1 Idflqj d vwudwhj| iuhtxhqf|/ dq djhqw sod|v d ehvw uhvsrqvh zlwkrxw huuru1 Wr wkh

revhuyhu/ krzhyhu/ wkh dfwlrq pd| dsshdu plvwdnhq uhodwlyh wr phdq sd|r�v1 Dssdu0

hqw �pxwdwlrqv� dulvh dv d qdwxudo frqvhtxhqfh ri wklv surfhgxuh1 Wkh dssurdfk kdv

d vwurqj hfrqrplf mxvwl�fdwlrq dqg pruhryhu jhqhudwhv vwdwh0ghshqghqw pxwdwlrqv1

�

Wkhvh pxwdwlrqv kdyh dwwudfwlyh surshuwlhv/ lq sduwlfxodu wkh| duh vpdoo iru xqlirup

srsxodwlrqv1 Sd|r� wuhpeohv duh ixoo| sdudphwulvhg xvlqj wkh qrupdo/ |lhoglqj suhflvh

uhvxowv1 Ixuwkhupruh/ wklv glvwulexwlrqdo dvvxpswlrq lv lqwxlwlyho| dsshdolqj1

Lq wkh dgdswlyh uhvsrqvh g|qdplf hpsor|hg/ d �qlwh srsxodwlrq lv vxemhfw wr

wxuqryhu1 Hdfk shulrg/ d udqgrpo| vhohfwhg djhqw lv uhsodfhg1 Wkh qhz hqwudqw/

htxlsshg zlwk d wuhpeohg sd|r� pdwul{/ sod|v d ehvw uhvsrqvh wr wkh h{lvwlqj vwudw0

hj| iuhtxhqf|1 Lpsolflw wr wklv vfkhpd/ dq xqghuo|lqj uhqhzdo surfhvv lv hqylvlrqhg lq

zklfk sod|huv shulrglfdoo| uhylvh wkhlu vwudwhjlhv ru duh uhsodfhg lq frqwlqxrxv wlph1

Elqpruh dqg Vdpxhovrq ^6` ghyhors wklv dssurdfk pruh irupdoo|1 Qrwh wkdw lq d

frqwlqxrxv wlph iudphzrun/ vlpxowdqhrxv uhylvlrqv +vxfk dv wkrvh xvhg lq NPU ^;`,

zrxog eh d phdvxuh0}hur hyhqw1

Wkh dqdo|vlv xvhv wkh judsk0wkhruhwlf whfkqltxhv ri Iuhlgolq dqg Zhqw}hoo ^8`/ vr

sur�wdeo| hpsor|hg lq hduolhu zrun/ wr fkdudfwhulvh wkh vwdwlrqdu| glvwulexwlrq ri

wkh dvvrfldwhg Pdunry surfhvv1 Wkh olplw lv wdnhq dv wuhpeoh yduldqfhv idoo wr }hur1

Dowkrxjk wkhvh frqyhujh wr }hur dw wkh vdph udwh/ wkh| hqgrjhqrxvo| jlyh ulvh wr

pxwdwlrqv frqyhujlqj wr }hur dw gl�huhqw udwhv1 Khqfh wkh revhuydwlrqv ri Ehujlq

dqg Olspdq ^5` duh shuwlqhqw1 Wkh sdudphwulf vshfl�fdwlrq ri wkh prgho doorzv

d frqyhqlhqw ghfrpsrvlwlrq ri wudqvlwlrq suredelolwlhv lqwr ghqvlwlhv dqg kd}dugv1

Dv|pswrwlf surshuwlhv ri kd}dug udwhv hqdeoh wkh ghulydwlrq ri dq h{dfw fulwhulrq iru

htxloleulxp vhohfwlrq1 Wklv frqglwlrq uholhv vroho| rq phdq sd|r�v dqg wkh edodqfh

ri wkh wuhpeohv1 Khxulvwlfdoo|/ wkh phdq sd|r�v ghwhuplqh wkh zlgwk ri dwwudfwlrq

edvlqv zklovw wkh wuhpeohv ghwhuplqh wkh ghswk1

Iru edodqfhg wuhpeohv lq wkh 2�2 frruglqdwlrq jdph/ wkh g|qdplf vhohfwv wkh ulvn0

grplqdqw htxloleulxp dv khwhurjhqhlw| ydqlvkhv1 Wklv uhlqirufhv wkh frqfoxvlrqv ri

suhylrxv dxwkruv iru wklv fodvv ri jdphv1 Li wuhpeohv duh xqedodqfhg/ krzhyhu/ wkh ulvn0

grplqdwhg htxloleulxp pd| eh vhohfwhg1 D frqfhsw ri jhqhudolvhg0ulvn0grplqdqfh lv

lqwurgxfhg wkdw ehwwhu suhglfwv wkh orqj0uxq rxwfrph iru vpdoo wuhpeohv1 Wklv frqfhsw

fdswxuhv wkh u÷oh ri sd|r� yduldelolw| lq ghwhuplqlqj wkh ulvnlqhvv ri htxloleuld1 Li dq

htxloleulxp lv erwk ulvn0grplqdqw dqg jhqhudolvhg0ulvn0grplqdqw/ wkhq lw lv vhohfwhg1

D ixuwkhu lvvxh wr dgguhvv lv wkh uhohydqfh ri wkh hujrglf glvwulexwlrq1 Dv qrwhg e|

Hoolvrq ^7` dqg rwkhuv/ iru vpdoo pxwdwlrqv dqg odujh srsxodwlrqv/ wkh wudqvlwlrq wlphv

ehwzhhq orqj0uxq htxloleuld duh odujh1 Hoolvrq pdunhgo| uhgxfhv wudqvlwlrq wlphv e|

lqwurgxflqj orfdo lqwhudfwlrq ri sod|huv/ zklfk khuh lv dqdorjrxv wr d vpdoo srsxodwlrq1

Zlwk wklv lq plqg/ uhvxowv iru ydqlvklqj khwhurjhqhlw| duh sduwlfxoduo| dssolfdeoh zkhq

6
Elqpruh dqg Vdpxhovrq ^6` dovr suhvhqw d prgho zlwk vwdwh0ghshqghqw pxwdwlrqv1 Wkh| surfhhg

gluhfwo| wr wkh vshfl�fdwlrq ri wkh hohphqwv ri d wulgldjrqdo Pdunry pdwul{ lq d vlqjoh0uhylvlrq

g|qdplf1 Khqfh wkhlu dssurdfk odfnv dq h{solflw hfrqrplf mxvwl�fdwlrq1
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wkh srsxodwlrq lv vpdoo1 Iru odujhu srsxodwlrqv/ wkh olplwlqj uhvxowv frqwlqxh wr krog/

exw duh ri ohvv lqwhuhvw1 Iru vxfk srsxodwlrqv wkh hujrglf glvwulexwlrq lv rqo| ri

lqwhuhvw iru qrq0ydqlvklqj qrlvh1

Iroorzlqj wklv revhuydwlrq/ wkh hujrglf glvwulexwlrq lv h{dplqhg iru �{hg srvl0

wlyh khwhurjhqhlw|1 Wkh mxglflrxv fkrlfh ri d sdudphwulf vshfl�fdwlrq doorzv vxfk dq

dssurdfk1 Wklv w|sh ri dqdo|vlv kdv ehhq devhqw iurp suhylrxv uhvhdufk1 Zlwk srv0

lwlyh qrlvh/ wkh glvwulexwlrq sodfhv srvlwlyh zhljkw rq doo vwdwhv dqg qr htxloleulxp

lv �vhohfwhg�1 Khqfh/ wkh h{wuhpd ri wkh lqyduldqw glvwulexwlrq duh ghwhuplqhg1 D

frqyhqlhqw lqwhjudo dssur{lpdwlrq wr urrwhg wuhh zhljkwv lv dydlodeoh/ zklfk ehfrphv

h{dfw iru d odujhu srsxodwlrq � suhflvho| wkh fdvh ri lqwhuhvw1 Wklv dssur{lpdwlrq

lv hpsor|hg wr vkrz wkdw wkh h{wuhpd ri wkh hujrglf glvwulexwlrq fruuhvsrqg wr wkh

Ed|hvldq Qdvk htxloleuld ri wkh xqghuo|lqj wuhpeohg vwdjh jdph1 Wkhuhiruh/ d vwurqj

uhodwlrqvkls ehwzhhq dgdswlyh ehkdylrxu dqg udwlrqdo sod| lv uhyhdohg1 Wklv uhodwlrq0

vkls lv ixuwkhu h{soruhg lq d frpsdqlrq sdshu/ P|dww dqg Zdoodfh ^44`1

W|slfdoo|/ wkh wuhpeohg vwdjh jdph kdv hlwkhu rqh ru wkuhh Ed|hvldq Qdvk htxloleuld1

Iru vx!flhqwo| vpdoo khwhurjhqhlw|/ wkhuh duh wkuhh1 Dv khwhurjhqhlw| ydqlvkhv/ wkh|

frqyhujh wr wkh wzr sxuh dqg rqh pl{hg Qdvk htxloleuld ri wkh xqshuwxuehg vwdjh

jdph1

e
Wkh qryho dssurdfk wdnhq khuh doorzv dq lqvshfwlrq ri wkh forvh uhodwlrqvkls

ehwzhhq wkh Ed|hvldq Qdvk htxloleuld dqg wkh hujrglf glvwulexwlrq ri wkh dgdswlyh

uhvsrqvh g|qdplf1 Wkh wzr Ed|hvldq Qdvk htxloleuld wkdw fruuhvsrqg wr wkh sxuh

htxloleuld olh dw wkh prgdo srlqwv ri wkh hujrglf glvwulexwlrq1 Wkh �pl{hg� Ed|hvldq

Qdvk htxloleulxp fruuhvsrqgv wr d orfdo plqlpxp1 Dv khwhurjhqhlw| jurzv/ doo exw

rqh ri wkhvh Ed|hvldq Qdvk htxloleuld hyhqwxdoo| ydqlvk1 Wkh uhpdlqlqj htxloleulxp

fruuhvsrqgv wr wkh ulvn0grplqdqw sxuh Qdvk htxloleulxp1 Wkxv d elprgdo hujrglf

glvwulexwlrq ehfrphv xqlprgdo iru vx!flhqwo| odujh khwhurjhqhlw|/ dqg wkh vxuylylqj

prgh olhv forvh wr wkh ulvn0grplqdqw vwudwhj|1

Wkh dujxphqw surfhhgv dv iroorzv1 Lq Vhfwlrq 5/ wkh prgho zlwk sd|r� shuwxued0

wlrqv lv suhvhqwhg/ wrjhwkhu zlwk d prwlydwlqj h{dpsoh ri SF dgrswlrq1 Wklv h{dpsoh

lv lq d vlplodu yhlq wr wkdw jlyhq e| Ndqgrul dqg Ure ^<`1 Wkh dqdo|vlv wdnhv sodfh

lq Vhfwlrq 61 Wkh vwdwlrqdu| glvwulexwlrqv iru ydqlvklqj khwhurjhqhlw| duh fkdudf0

whulvhg lq Vhfwlrq 6161 Xvlqj wkh sd|r� dvvxpswlrqv wkh orqj0uxq vhohfwlrq fulwhulrq

lv rewdlqhg1 Lq Vhfwlrq 617 wkh uhvxowv iru qrq0ydqlvklqj qrlvh duh suhvhqwhg dqg wkh

hujrglf glvwulexwlrq iru wklv fdvh fkdudfwhulvhg1 Uhwxuqlqj wr wkh h{dpsoh lq Vhfwlrq

7/ wkh uhvxowv duh glvfxvvhg dqg looxvwudwhg1 Wkhvh hohphqwv duh gudzq wrjhwkhu dorqj

zlwk vrph frqfoxglqj uhpdunv lq Vhfwlrq 81 Iru frqyhqlhqfh/ rplwwhg uhvxowv duh

froohfwhg lq dq dsshqgl{1

7
Wklv lv dqdorjrxv wr wkh sxul�fdwlrq dujxphqw ri Kduvdq|l ^:`1
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51 Wkh Prgho

Vhfwlrq 514 ghvfulehv wkh wuhpeohg vwdjh jdph sod|hg e| wkh djhqwv1 Wkh g|qdplf

yld zklfk wkh srsxodwlrq hyroyhv lv rxwolqhg lq Vhfwlrq 5151 Wr looxvwudwh wklv prgho/

dq h{dpsoh lv suhvhqwhg lq Vhfwlrq 5161

5141 Wkh Wuhpeohg Vwdjh Jdph1 Wkh vwduwlqj srlqw iru wkh dqdo|vlv lv wkh idploldu

v|pphwulf 2� 2 vwudwhjlf irup jdph zlwk jhqhulf sd|r�v=

4 5

4

@

@

S

K

5

K

S

_

_

Qrwlfh wkdw wklv jdph fdq eh uhsuhvhqwhg e| d 2� 2 pdwul{1

Gh�qlwlrq 41 Wkh phdq sd|r� pdwul{ lv gh�qhg dv=

\ '

�
@ K

S _

�

D sod|hu htxlsshg zlwk sd|r�v \/ hqwhulqj d srsxodwlrq lv d phdq sd|r� hqwudqw1

Frruglqdwlrq jdphv zloo eh ri sduwlfxodu lqwhuhvw/ dqg zloo eh wkh irfxv ri vxevhtxhqw

dqdo|vlv1 Wklv lv zkhq @ : S dqg _ : K1 Vxfk d jdph kdv wzr sxuh Qdvk htxloleuld/

E�c �� dqg E2c 2� zlwk dvvrfldwhg vhfxulw| sd|r�v K dqg S1 Wkh v|pphwulf pl{hg

htxloleulxp hqwdlov pl{lqj suredelolwlhv ri d%
W

c� � %

W

o zkhuh=

%

W

'

E_ � K�

E_ � K� n E@� S�

Qrwh wkdw htxloleulxp E�c �� ulvn0grplqdwhv E2c 2� li dqg rqo| li @� S : _ � K/ fruuh0

vsrqglqj h{dfwo| wr %

W

	

�

2
1

Wkh sd|r�v \ pd| eh ylhzhg dv wkh phdq sd|r�v iru dq| hqwhulqj sod|hu1 Dq|

sduwlfxodu djhqw kdv khwhurjhqhrxv suhihuhqfhv zklfk duh jhqhudwhg e| wkh dgglwlrq ri

sd|r� wuhpeohv1 Hdfk sd|r� lv vxemhfw wr dq lqghshqghqw Jdxvvldq glvwxuedqfh1
D
Wkh

yduldqfhv ri wkhvh glvwxuedqfhv pd| eh vwudwhj| sur�oh vshfl�f/ zlwk d frpprq vfdolqj

idfwru zklfk lv doorzhg wr ydqlvk iru olplwlqj uhvxowv1 Fohduo| wkhvh glvwxuedqfhv

kdyh d ixoo|0sdudphwulf irup1 Wklv/ krzhyhu/ lv d qdwxudo uhsuhvhqwdwlrq ri gl�hulqj

sd|r�v dfurvv sod|huv1 Lq sduwlfxodu/ rqh pljkw ylhz gl�huhqfhv ryhu d sduwlfxodu

sd|r� wr eh wkh uhvxowlqj vxp ri pdq| lqglylgxdo lglrv|qfudwlf idfwruv/ |lhoglqj wkh

qrupdo glvwulexwlrq dv d qdwxudo vshfl�fdwlrq1
S
Ixuwkhupruh/ wklv irupxodwlrq doorzv

fohdu forvhg0irup uhvxowv wr eh rewdlqhg1 Lq wkh oljkw ri Ehujlq dqg Olspdq ^5`/

ixoo jhqhudolw| ri wuhpeohv/ sduwlfxoduo| doorzlqj wuhpeohv wr ydu| e| vwdwh/ ohdgv wr

lqfrqfoxvlyh uhvxowv/ dqg khqfh wkh dssurdfk lv mxvwl�hg1

8
Wkh lqghshqghqfh dvvxpswlrq lv ixuwkhu glvfxvvhg lq Dsshqgl{ D141 Wkh uhvxowv duh xqd�hfwhg

e| wuhpeoh fruuhodwlrq1

9
Wkh odwhu dqdo|vlv ghprqvwudwhv wkdw wkh nh| ihdwxuhv duh wkh dv|pswrwlf surshuwlhv ri wkh

ghqvlwlhv dqg kd}dug udwhv ri wkh glvwxuedqfhv1 Wkxv dq| rwkhu glvwulexwlrq vkdulqj wkhvh ihdwxuhv

zloo ohdg wr vlplodu uhvxowv1
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Gh�qlwlrq 51 Gh�qh wkh sd|r� khwhurjhqhlw| pdwul{ [ dv=

[ '

�
j@ jK

jS j_

�

Dq hqwudqw kdv wuhpeohg sd|r� pdwul{
h
\ zkhuh=

h
\ '

�
�@

�
K

�S
�
_

�
'

�
@n j0@ Kn j0K

Sn j0S _n j0_

�

zkhuh 0� q � Efc j
2

�
�/ zlwk . d0�0�o ' f iru � 9' � dqg j lv d frpprq vfdolqj idfwru1

Qrwh wkdw wkh sd|r� khwhurjhqhlw| pdwul{ [ ghwhuplqhv wkh uhodwlyh vl}h ri wkh sd|r�

wuhpeohv1 Wkh ryhudoo vl}h lv ghwhuplqhg e| wkh vfdolqj idfwru j1 Iru odwhu frqyhqlhqfh/

wkh iroorzlqj gh�qlwlrqv duh lqwurgxfhg1

Gh�qlwlrq 61 Wkh sd|r� edodqfh ri \ dqg wkh wuhpeoh edodqfh ri [ duh uhvshfwlyho|=

b ' �� %

W

'

E@� S�

E@� S� n E_ � K�

dqg � '

Ej
2

@
n j

2

S
�

Ej
2
@
n j

2
S
� n Ej

2

K
n j

2

_
�

D jdph kdv edodqfhg wuhpeohv li � '
�

2
1 Rwkhuzlvh lw kdv xqedodqfhg wuhpeohv1

Gh�qlwlrq 71 Vwudwhj| � jhqhudolvhg0ulvn0grplqdwhv vwudwhj| 2 zkhqhyhu=

@� S

s
j

2
@
n j

2
S

:

_ � K

s
j

2

K
n j

2

_

Xvlqj wkh qrwlrqv ri edodqfh/ wklv lv htxlydohqw wr b*E�� b� :

s
�*E� � ��1 Dvvhp0

eolqj wkhvh frpsrqhqwv |lhogv wkh wuhpeohg vwdjh jdph=

Gh�qlwlrq 81 Gh�qh wkh wuhpeohg vwdjh jdph J dv wkh wulsoh=

J ' k\c[c jl

Qrwlfh wkdw J dovr uhsuhvhqwv d Ed|hvldq jdph ri lqfrpsohwh lqirupdwlrq1 Wklv re0

vhuydwlrq zloo suryh xvhixo lq Vhfwlrq 6171

5151 Wkh Dgdswlyh Uhvsrqvh G|qdplf1 Wdnh d �qlwh srsxodwlrq ri ? sod|huv1

Gxulqj d shulrg hdfk sod|hu uhshdwhgo| sod|v udqgrpo| vhohfwhg rssrqhqwv iurp wkh

uhpdlqlqj ? � � sod|huv1 Wkhlu vwudwhjlhv duh �{hg gxulqj hdfk shulrg1 Ghqrwh wkh

qxpehu ri sod|huv xvlqj vwudwhj| 4 lq d sduwlfxodu shulrg dv 5/ d phpehu ri wkh

�qlwh vwdwh vsdfh ~ ' ifc � � � c ?j1 Dw wkh hqg ri hdfk shulrg/ d udqgrpo| vhohfwhg

phpehu ri wkh srsxodwlrq ohdyhv/ dqg lv uhsodfhg e| dqrwkhu sod|hu zlwk d qhzo|

wuhpeohg sd|r� pdwul{
h
\1 Wklv sod|hu revhuyhv wkh vwudwhj| glvwulexwlrq dprqj wkh

lqfxpehqwv dqg vhohfwv d ehvw uhvsrqvh wr wklv iuhtxhqf|1

Dowkrxjk wkh g|qdplf lv ghvfulehg yld wkh hqwu| ri qhz sod|huv/ dq htxlydohqw

vfhqdulr lv rqh zkhuh phpehuv ri wkh srsxodwlrq shulrglfdoo| uhylvh wkhlu vwudwhj|1 Lq

wklv lqwhusuhwdwlrq lw lv dvvxphg wkdw wkh suhihuhqfhv ri dq xsgdwlqj lqglylgxdo zloo

kdyh fkdqjhg vlqfh wkh odvw uhylvlrq1 Wklv lv uhsuhvhqwhg dv d iuhvk gudz ri wkh sd|r�

pdwul{
h
\1 Iru vpdoo qrlvh wklv lv d uhdvrqdeoh dvvxpswlrq1 Lq wkh uhvxowv/ ehkdylrxu

lq wkh olplw dv j $ f lv h{dplqhg/ fruuhvsrqglqj h{dfwo| wr wklv fdvh1 Krzhyhu/

wkh dqdo|vlv dovr frqvlghuv qrq0ydqlvklqj j1 Khuh/ wkh surfhgxuh fdq eh mxvwl�hg e|
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qrwlqj wkdw sod|huv duh pruh olnho| wr uhylvh wkhlu vwudwhj| zkhqhyhu wkhlu suhihuhqfhv

fkdqjh1 Lq dfwxdo idfw/ wklv lv d uhdvrqdeoh lqwhusuhwdwlrq iru dq| vl}h ri j/ dqg vr lv

wkh suhihuuhg rqh1

D vhfrqg lvvxh lv wkh dvvxpswlrq wkdw rqo| d vlqjoh sod|hu uhylvhv wkhlu vwudwhj|

hdfk shulrg1 Lq NPU ^;`/ krzhyhu/ doo sod|huv lq wkh srsxodwlrq uhylvh vlpxowdqhrxvo|1

Orqh uhylvlrqv duh pruh uhdolvwlf1 Wr vhh wklv/ hpehg wkh prgho lq d frqwlqxrxv

wlph iudphzrun1 Frqvlghu lqglylgxdo sod|huv uhylvlqj shulrglfdoo| dffruglqj wr dq

xqghuo|lqj Srlvvrq surfhvv1 Lq wklv fdvh/ gxulqj dq| vpdoo shulrg ri wlph/ dw prvw

rqh uhylvlrq zloo eh revhuyhg zlwk kljk suredelolw|1 Wklv lv wkh dssurdfk ri Elqpruh

dqg Vdpxhovrq ^6`1

5161 Dq Looxvwudwlyh H{dpsoh1 D vlpsoh h{dpsoh lv rxwolqhg zklfk zloo odwhu looxv0

wudwh wkh pdlq uhvxowv1 Lq vslulw/ wklv iroorzv d ohdglqj h{dpsoh ri Ndqgrul dqg Ure

^<`1 Frqvlghu d srsxodwlrq ri ? dfdghplfv lq d uhvhdufk lqvwlwxwlrq1 Doo phpehuv xvh

shuvrqdo frpsxwhuv +SFv, wr frqgxfw wkhlu zrun/ dqg pd| dgrsw hlwkhu wkh LEP ru

Dssoh Pdflqwrvk +Pdf, vwdqgdugv1 Lqvwlwxwlrq phpehuv lqwhudfw gxulqj wkh frxuvh

ri wkhlu zrun/ dqg uhfhlyh sd|r�v dffruglqj wr wkhlu SF dqg wkdw dgrswhg e| wkhlu

froohdjxhv1 Wkh vwudwhjlf irup jdph iru phdq sd|r� djhqwv lv=

LEP Pdf

LEP

D

D

2

e

Pdf

e

2

S

S

Wkh sd|r�v duh fkrvhq dv d vw|olvhg uhsuhvhqwdwlrq ri wkh iroorzlqj fulwhuld= Sod|huv

ehqh�w iurp frpsdwlelolw|> jlyhq frpsdwlelolw|/ Pdf dgrswlrq uhvxowv lq kljkhu sur0

gxfwlylw| wkdq LEP dgrswlrq> wkh orvv iurp lqfrpsdwlelolw| lv ohvv vhyhuh iru LEP

xvhuv wkdq Pdf xvhuv gxh wr zlghu rxwvlgh vxssruw iru wkh LEP vwdqgdug1 Wklv jdph

kdv wzr sxuh vwudwhj| Qdvk htxloleuld fruuhvsrqglqj wr wkh wzr vwdqgdugv1 Qrwh wkdw

dowkrxjk Pdf lv sd|r� grplqdqw/ LEP lv ulvn0grplqdqw +%
W

'
2

D
	

�

2
,1 Wkh jdph lv

wkxv d Urxvvhdx ^45` vwdj0kxqw1

Xvlqj wkh irupdo qrwdwlrq ri Vhfwlrq 514/ wklv ehfrphv wkh wuhpeohg vwdjh jdph

J�� ' k\�� c[��c jl1 Ri sduwlfxodu lqwhuhvw duh wkh fdvhv [�� 5 i[� c[Lj zkhuh=

[� '

�
f �

� f

�
dqg [L '

�
f

�

e

2 f

�

fruuhvsrqglqj wr edodqfhg dqg xqedodqfhg uhvshfwlyho|1 Wkh vhfrqg frq�jxudwlrq lv

vshfl�hg wr uh hfw wkh lqfuhdvhg ulvn ri ehlqj d orqh Pdf xvhu1

Hdfk shulrg d udqgrpo| vhohfwhg phpehu ohdyhv wkh lqvwlwxwlrq dqg d uhsodfhphqw

fkrrvhv wkhlu frpsxwhu v|vwhp1 Dv dq dowhuqdwlyh lqwhusuhwdwlrq/ uhvhdufkhuv shul0

rglfdoo| uhsodfh wkhlu SFv1 Dw uhsodfhphqw wlph/ krzhyhu/ lw lv dvvxphg wkdw wkh

uhtxluhphqwv ri wkh uhvhdufkhu duh gl�huhqw iurp wkrvh dw wkh wlph ri wkh ruljlqdo

sxufkdvh/ dqg khqfh sd|r�v duh d iuhvk gudz iurp wkh sd|r� glvwulexwlrq1
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61 Dqdo|vlv

Wkh dqdo|vlv ehjlqv e| h{dplqlqj wkh sod| ri d qhz hqwudqw/ dqg frqfoxghv wkdw wkh

dgdswlyh uhvsrqvh g|qdplf lv dq luuhgxfleoh Pdunry fkdlq rq wkh vwdwh vsdfh ~1 Xvlqj

idploldu judsk0wkhruhwlf whfkqltxhv/ wkh lqyduldqw glvwulexwlrq lv fkdudfwhulvhg1 Olplwv

duh wdnhq dv khwhurjhqhlw| idoov1 Ilqdoo| wkh fdvh ri qrq0ydqlvklqj khwhurjhqhlw| lv

dqdo|vhg1

6141 Hqwudqw Uhvsrqvh dqg Pdunry Surshuwlhv1 Frqvlghu d qhz hqwudqw1 Uhs0

uhvhqw wkh iudfwlrq ri wkh ?� � lqfxpehqwv sod|lqj vwudwhj| � dv %1 Wkh sd|r�v iurp

vwudwhjlhv � dqg 2 duh uhvshfwlyho|=

+� ' %�@n E�� %�
�
K ' %@n E� � %�Kn %0@ n E�� %�0K

+2 ' %�Sn E� � %�
�
_ ' %Sn E�� %�_n %0

S
n E�� %�0

_

vr wkdw=

+� � +2 ' %E@� S� � E� � %�E_ � K� n %E0@ � 0S� n E�� %�E0K � 0_� +4,

Dq hqwudqw fkrrvhv vwudwhj| � zkhqhyhu +� : +2/ ru htxlydohqwo| +� � +2 : f1 Uhdu0

udqjlqj Htxdwlrq +4, wklv rffxuv zkhqhyhu=

%E0
S
� 0

@
� n E� � %�E0

_
� 0

K
� 	 %E@� S�� E�� %�E_� K� +5,

Wkh ohiw kdqg vlgh ri Htxdwlrq +5, lv qrupdoo| glvwulexwhg zlwk }hur phdq dqg yduldqfh

j
2
E%

2
Ej

2

@
n j

2

S
� n E� � %�

2
Ej

2

K
n j

2

_
��1 Idflqj iuhtxhqf| %/ wkh suredelolw| wkdw wkh

hqwudqw uhvsrqgv zlwk vwudwhj| � lv=

�h d�m%o ' x

#
d%E@� S�� E� � %�E_ � K�o

j

s
%
2
Ej

2
@
n j

2
S
� n E�� %�

2
Ej

2

K
n j

2

_
�

$

zkhuh x uhsuhvhqwv wkh vwdqgdug Jdxvvldq glvwulexwlrq1 Li � ri wkh lqfxpehqwv sod|

vwudwhj| �/ wkhq % ' �*E?� ��1 Wkh qrwdwlrq lv vlpsol�hg e| wkh iroorzlqj gh�qlwlrq=

Gh�qlwlrq 91 Gh�qh wkh edvlq ghswk dv V
2

�
zkhuh V� vdwlv�hv=

V� '

d�E@� S�� E?� �� ��E_� K�o

s
�
2
Ej

2
@
n j

2
S
� n E?� �� ��

2
Ej

2

K
n j

2

_
�

+6,

Xvlqj wklv qrwdwlrq/ vwudwhjlhv � dqg 2 duh fkrvhq zlwk suredelolwlhv xEV�*j� dqg

xE�V
�
*j� uhvshfwlyho|1

Wkh ehvw uhvsrqvh suredelolwlhv ghshqg rqo| rq wkh vwudwhj| iuhtxhqf| dprqj lq0

fxpehqwv1 E| dvvxpswlrq/ wkh sod|hu ohdylqj hdfk shulrg lv fkrvhq dw udqgrp1 Wkh

qhz vwudwhj| iuhtxhqf| wkxv ghshqgv rqo| rq wkh suhylrxv vwdwh1 Vlqfh wkh qrupdo

glvwulexwlrq kdv ixoo vxssruw/ hlwkhu vwudwhj| pd| fkrvhq1 Khqfh dq| vwdwh pd| eh

uhdfkhg lq d �qlwh qxpehu ri vwhsv zlwk srvlwlyh suredelolw|1 Vxppdulvlqj=

Sursrvlwlrq 41 Wkh dgdswlyh uhvsrqvh g|qdplf lv d krprjhqhrxv Pdunry surfhvv

rq wkh �qlwh vwdwh vsdfh ~1 Pruhryhu/ lw kdv d xqltxh lqyduldqw +hujrglf, glvwulexwlrq1

Surri1 Qr vwdwhv duh wudqvlhqw1 Vwdqgdug uhvxowv vkrz wkdw wkh surfhvv kdv d xqltxh

lqyduldqw glvwulexwlrq � vhh iru lqvwdqfh Wkhruhp 4415 ri Vwrnh| dqg Oxfdv ^46`1



DGDSWLYH G\QDPLFV <

Wkh wudqvlwlrq pdwul{ � fruuhvsrqgv wr wkh Pdunry fkdlq rq ~1 Wkh iroorzlqj ohppd

jlyhv d frqyhqlhqw fkdudfwhulvdwlrq1

Ohppd 41 Wkh wudqvlwlrq suredelolwlhv R
��

ri wkh Pdunry pdwul{ � vdwlvi|=

R
��

'

;
?

=

d�*?o x E�V
�3�*j� � ' �� �

d�*?o x EV
�3�*j� n dE?� �� *?o x E�V

�

*j� � ' �

dE?� �� *?o x EV
�

*j� � ' �n �

<
@

> +7,

dqg duh }hur hovhzkhuh1

Surri1 Vwduw lq vwdwh �1 Wkh surfhvv fdqqrw pryh wr � 	 ��� ru � : �n�/ vlqfh wkhuh

lv d orqh uhsodfhphqw1 D pryh wr vwdwh �n� uhtxluhv wkh orvv ri d vwudwhj| 2 sod|hu dqg

wkh jdlq ri d vwudwhj| � sod|hu1 Wkh iruphu rffxuv zlwk suredelolw| E? � ��*?1 Wkh

ehvw uhvsrqvh ri dq hqwudqw wr wkh iuhtxhqf| �*E?� �� lv vwudwhj| � zlwk suredelolw|

xEV
�

*j�1 D vlplodu dujxphqw hvwdeolvkhv wkh fdvhv � ' � dqg � ' �� �1

H{dpsoh 41 Wkh frpsohwh Pdunry pdwul{ iru wkh fdvh ? ' � dqg j ' � lv=

� '

�

�

5
997

�x E�Vf� �x EVf� f f

x E�Vf� x EVf� n 2x E�V�� 2x EV�� f

f 2x E�V�� 2x EV�� n x E�V2� x EV2�

f f �x E�V2� �x EV2�

6
::8

6151 Wkh Hujrglf Glvwulexwlrq1 Wkh Pdunry pdwul{ lv fkdudfwhulvhg e| lwv pdlq/

vxe dqg vxshu gldjrqdov1 Jlyhq wklv frqyhqlhqw wulgldjrqdo irup/ wkh vwdwlrqdulw|

htxdwlrq >� ' > pd| eh vroyhg iru wkh hujrglf glvwulexwlrq1 Iroorzlqj suhylrxv

zrun/ krzhyhu/ wkh judsk0wkhruhwlf dssurdfk ri Iuhlgolq dqg Zhqw}hoo ^8` lv hpsor|hg1

Wkhvh whfkqltxhv zhuh xvhg e| NPU ^;`/ \rxqj ^47` dqg Hoolvrq ^7` dprqj rwkhuv/

dqg doorz dq lpphgldwh dqg lqwxlwlyh forvhg vroxwlrq1

Wkh Iuhlgolq dqg Zhqw}hoo ^8` dssurdfk frqvwuxfwv d gluhfwhg judsk rq wkh vwdwh

vsdfh ~ zlwk hgjh zhljkwv fruuhvsrqglqj wr Pdunry wudqvlwlrq suredelolwlhv1 Wkh

gluhfwhg hgjh vhw . � ~ � ~/ kdv zhljkwv R G . :$ -
n
/ zkhuh wkh �uvw dqg vhfrqg

frruglqdwhv uhsuhvhqw vrxufh dqg wdujhw qrghv uhvshfwlyho|1 D wuhh urrwhg dw 5 lv d vhw

ri hgjhv � � ~ � ~ vxfk wkdw hdfk qrgh � 9' 5 kdv d xqltxh vxffhvvru1 Doo vhtxhqfhv

ri hgjhv ohdg wr 5/ zklfk kdv qr vxffhvvru1 Wkh froohfwlrq ri wuhhv urrwhg dw 5 lv M
5

1

Wkh zhljkw ri vxfk d wuhh � lv wkhq=

�
�

'

\

E�c��M�

R
��

Iroorzlqj d vwdqgdug qrwdwlrq/ vxp ryhu doo wuhhv urrwhg dw 5 wr rewdlq=

^
5

'

[

�MM5

�
�

+8,

Dw hdfk vwhs ri wkh Pdunry fkdlq/ d urxwh rshqv iurp hdfk qrgh wr dqrwkhu1 Wklv

|lhogv d gluhfwhg hgjh vhw rq wkh vwdwh vsdfh1 Uhvwulfwlqj wr urrwhg wuhhv jlyhv urxwh

vhwv zklfk hyhqwxdoo| ohdg wr d vshfl�hg qrgh 51 Dsshqgl{ E jlyhv d ghulydwlrq

dqg h{sodqdwlrq ri wkh iroorzlqj ohppd/ gxh wr Iuhlgolq dqg Zhqw}hoo ^8/ Fkdswhu 9/

Ohppd 614` dqg eulh | glvfxvvhg lq NPU ^;`1
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Ohppd 51 Wkh lqyduldqw glvwulexwlrq > vdwlv�hv=

>
5
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^
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S
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T
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R
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R
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Wklv ohppd surylghv dq lpphgldwh forvhg irup iru wkh lqyduldqw glvwulexwlrq1 Wkh

uhodwlyh zhljkwv ri dq| wzr vwdwhv lq wklv glvwulexwlrq pd| eh dvvhvvhg e| frqvlghulqj

wkh udwlr ^
5

*^
5

�1 Dsshqgl{ E dovr frqwdlqv pruh ghwdlohg glvfxvvlrq ri wklv whfkqltxh1

Lq wkh frqwh{w ri wkh dgdswlyh uhvsrqvh g|qdplf/ Htxdwlrq +8, wdnhv d vlpsoh

irup1 Vlqfh wkh wudqvlwlrq pdwul{ � lv wulgldjrqdo/ revhuyh wkdw dvvrfldwhg wr hdfk

vwdwh wkhuh lv d xqltxh srvlwlyho| zhljkwhg urrwhg wuhh1

Ohppd 61 Iru wkh dgdswlyh uhvsrqvh g|qdplf=

^
5

'

\

f$�	5

R
�E�n��

\

5	�$?

R
�E�3��

Surri1 Ehjlq dw vwdwh f1 Zlwk srvlwlyh suredelolw| wkh gluhfwhg judsk fdq uhpdlq dw

f +fuhdwlqj d orrs, ru surfhhg wr vwdwh �1 Iurp vwdwh �/ uhwxuqlqj wr vwdwh f djdlq

fuhdwhv d orrs/ dqg khqfh wkh rqo| srvlwlyho| zhljkwhg sdwk hqwdlov surfhhglqj wr qrgh

21 Qrgh 5 lv uhdfkhg hyhqwxdoo|1 D v|pphwulf dujxphqw krogv ehjlqqlqj dw qrgh ?1

� � � � �

S�����

S�����

S�����S�����

Iljxuh 41 Wuhh Urrwhg dw 5 ' � zlwk ]hur Zhljkw

� � � � �
S�����S�����S�����S�����

Iljxuh 51 Wuhh Urrwhg dw 5 ' � zlwk Srvlwlyh Zhljkw

Iljxuhv 4 dqg 5 looxvwudwh wklv uhvxow judsklfdoo|1 Iljxuh 4 ghslfwv d wuhh iru wkh fdvh

? ' e urrwhg dw 5 ' � zlwk }hur zhljkw1 Wzr ri wkh hgjhv ohdsiurj qrghv/ uhvxowlqj

lq d }hur hohphqw lq wkh surgxfw ri wkh wudqvlwlrq suredelolwlhv1 Iljxuh 5 vkrzv wkh

xqltxh srvlwlyho| zhljkwhg urrwhg wuhh iru wklv qrgh1

Frpelqh Ohppd 6 zlwk wkh wudqvlwlrq suredelolwlhv iurp Htxdwlrq +7, wr rewdlq=

^5 '
�

?
?

\

f$�	5

E? � ��x

�
V
�

j

� \
5	�$?

�x

�
�

VE�3��

j

�
+9,

Wklv fkdudfwhulvdwlrq vlpsol�hv ixuwkhu iru wkh h{wuhph vwdwhv ? dqg f1 Wkhvh fruuh0

vsrqg wr wkh surgxfwv ri vxshu dqg vxe0gldjrqdo hohphqwv uhvshfwlyho|1
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Ohppd 71 Dw wkh h{wuhph vwdwhv 5 5 ifc ?j/ wkh lqyduldqw glvwulexwlrq vdwlv�hv=

^?

^f

'

\

f$�$?3�

xEV�*j�

x E�V�*j�

'

\

f$�$?3�

x EV�*j�

� � xEV�*j�

+:,

Surri1 Wkh srzhu dqg idfwruldo whupv fdqfho1 Uh0lqgh{ wkh htxdwlrq wr |lhog +:,1

6161 Orqj0Uxq Htxloleulxp zlwk Ydqlvklqj Khwhurjhqhlw|1 Dowkrxjk Htxd0

wlrqv +9, dqg +:, jlyh frqyhqlhqw irupv iru wkh lqyduldqw glvwulexwlrq/ wljkwhu uhvxowv

duh dydlodeoh lq wkh olplw1 Suhylrxv dxwkruv kdyh frqvlghuhg wkh olplw ri wkh hujrglf

glvwulexwlrq dv wkh suredelolw| ri d plvwdnh idoov wr }hur1 Wkh dqdorjxh lq wklv prgho

lv ydqlvklqj khwhurjhqhlw|/ wdnlqj j $ f1 H{dfw frqglwlrqv duh hvwdeolvkhg iru wkh

vhohfwlrq ri dq htxloleulxp zlwk ydqlvklqj wuhpeohv1

Irfxv wkurxjkrxw zloo eh rq wkh fdvh ri wzr sxuh vwudwhj| Qdvk htxloleuld1 Uhfdoo

wkdw wkh rswlpdo uhvsrqvh iru d phdq sd|r� hqwudqw lv wr sod| vwudwhj| � zkhq idflqj

d iuhtxhqf| % : %

W

1 Iru frqyhqlhqfh gh�qh �

W

' g%

W

E?� ��h/ wkh ohdvw lqwhjhu � vxfk

wkdw � � %

W

E? � ��1 D phdq sd|r� hqwudqw sod|v vwudwhj| � zkhq � � �

W

lqfxpehqwv

sod| vwudwhj| �1 Dv j $ f wkh v|vwhp sodfhv pruh zhljkw rq fhuwdlq vwdwhv1 Wkh

iroorzlqj whuplqrorj| irupdolvhv wklv qrwlrq=

Gh�qlwlrq :1 Iru ydqlvklqj khwhurjhqhlw|/ 5 grplqdwhv 5

�

zkhqhyhu *�4

j<f

^5*^5
� '41

Wkh iroorzlqj ohppd zloo dovr eh ri xvh=

Ohppd 81 iV�j
?3�

�'f
vdwlvi| d vlqjoh furvvlqj surshuw|1 Jhqhulfdoo| V� : f/ � � �

W

1

.

Surri1 Wkh vljq ri V� lv ghwhuplqhg e| wkh qxphudwru ri +6,/ dqg wkh uhvxow krogv1

Frqvlghu wkh uhfxuuhqw fodvvhv ri dq xqshuwxuehg Pdunry fkdlq1 Lw lv vwdqgdug wkdw

iru vxlwdeo| shuwxuehg surfhvvhv wkh hujrglf glvwulexwlrq irfxvhv doo zhljkw rq wkhvh

fodvvhv dv shuwxuedwlrqv jr wr }hur1 Wkh uhfxuuhqw fodvvhv fruuhvsrqg wr wkh h{wuhph

vwdwhv 5 5 ifc ?j1 Khqfh d pl{wxuh vwdwh lv grplqdwhg iru ydqlvklqj khwhurjhqhlw|=

Sursrvlwlrq 51 5 5 ifc ?j grplqdwhv dq| pl{wxuh vwdwh iru ydqlvklqj khwhurjhqhlw|1

Surri1 Iru 5 � �

W

xvh Htxdwlrq +9, wr irup ^?*^51 Uh0lqgh{lqj wkh ghqrplqdwru=

*�4

j<f

^?

^5

' *�4

j<f

T
5$�	?

E? � ��x EV�*j�

T
5	�$?

�x

�
�V

E�3��*j

� ' *�4

j<f

\

5$�	?

E?� ��

E�n ��

x EV�*j�

�� xEV�*j�

Qrz V� : f dqg khqfh x EV�*j�$ � dv j$ f1 Wkh ghqrplqdwru lq hdfk whup whqgv

wr }hur/ dqg khqfh *�4

j<f

^?*^5 '41 Iru 5 	 �

W

/ frpsduh ^5 wr ^

f
1

Wkh pdlq uhvxow ghwhuplqhv zklfk ri wkh h{wuhph vwdwhv lv grplqdqw1 Iruphu prghov

kdyh vkrzq wkdw wkh vwudwhj| zlwk wkh zlghvw edvlq ri dwwudfwlrq lv vhohfwhg1 Lq wkh

fxuuhqw prgho wkh ghswk ri wkh edvlq/ V

2

�
/ dovr sod|v d nh| u÷oh1 Wkhuhiruh/ wkh edvlq

yroxph lv ri fulwlfdo lpsruwdqfh=

:
Doo wkh uhvxowv krog iru qrq0jhqhulf fdvhv/ lq zklfk �l� @ 31
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Gh�qlwlrq ;1 Gh�qh wkh edvlq yroxph iru vwudwhjlhv � dqg 2 uhvshfwlyho| dv=

�
?

�
'

�

?

[
�
W$�$?3�

V
2

�
dqg �

?

2
'

�

?

[
f$�	�W

V
2

�

Wkh htxloleulxp vhohfwhg lv ghwhuplqhg e| wkh uhodwlyh zhljkw ri wkh h{wuhph urrwhg

wuhhv1 Wkh zhljkw ri vxfk d wuhh lv wkh surgxfw ri rqh vwhs wudqvlwlrq suredelolwlhv1

Hdfk ri wkhvh suredelolwlhv lv d fxpxodwlyh qrupdo whup x ru � � x1 Wkhvh pd| eh

uhzulwwhq dv wkh udwlr ri d qrupdo ghqvlw| dqg d kd}dug udwh1 Hpsor|lqj dv|pswrwlf

surshuwlhv ri wkhvh hohphqwv/ wkh pdlq uhvxow rewdlqv=

Sursrvlwlrq 61 Iru ydqlvklqj khwhurjhqhlw|/ wkh vwudwhj| zlwk wkh odujhvw edvlq yro0

xph lv vhohfwhg1 Wkdw lv/ vwudwhj| � grplqdwhv vwudwhj| 2 li dqg rqo| li �
?

�
: �

?

2
1

Surri1 Vhsdudwh wkh surgxfw ri Htxdwlrq +:, wr rewdlq=

^
?

^f

'

T
�D�

W
x EV

�
*j�T

�	�
W E�� x EV

�
*j��

T
�	�

W xEV�*j�T
�D�

W E� � xEV
�
*j��

Xvlqj wkh vlqjoh furvvlqj surshuw| iurp Ohppd 8/ wkh qxphudwru dqg ghqrplqdwru ri

wkh ohiw kdqg whup whqg wr xqlw|1 Vwudwhj| vhohfwlrq lv wkxv ghwhuplqhg e| wkh olplw

ri wkh uljkw kdqg whup=

*�4
j<f

T
�	�

W x EV�*j�T
�D�

W E� � xEV
�
*j��

Qrwlfh wkdw erwk qxphudwru dqg ghqrplqdwru whqg wr }hur1 Uh0zulwh wklv udwlr dv=T
�	�

W xEV�*j�T
�D�

W E�� xEV�*j��
'

T
�	�

W �EV�*j�T
�D�

W �EV�*j�
�

T
�D�

W �EV�*j�* E�� xEV�*j��T
�	�

W �EV�*j�*xEV�*j�

Wkh �uvw whup lv h{solflwo|=T
�	�

W �EV�*j�T
�D�

W �EV�*j�
' E2Z�

E?32�W�*2
i T

#
�

S
�	�

W V
2

�
�
S

�D�
W V

2

�

2j
2

$
+;,

Frqvlghu d w|slfdo hohphqw lq wkh qxphudwru ri wkh vhfrqg whup=

*�4
j<f

�EV�*j�

�� xEV
�
*j�

' *�4
j<f

V�

j

+<,

Uhfdoo wkh kd}dug udwh �E��*E� � xE��� ri wkh qrupdo glvwulexwlrq1 E| d vwdqgdug

uhvxow wklv lv dv|pswrwlfdoo| olqhdu dv �$41

H
Vlqfh V

�
: f iru � � �

W

/ +<, krogv1 Dq

lghqwlfdo dujxphqw krogv iru wkh ghqrplqdwru/ zkhuh V
�
	 f1 Khqfh=

*�4
j<f

T
�	�

W �EV�*j�*xEV�*j�T
�D�

W �EV�*j�* E� � xEV
�
*j��

' *�4
j<f

j
�
W

j
?3�

W

T
�	�

W V�T
�D�

WE�V��

zklfk lv sro|qrpldo lq j1 Wkh �uvw whup +;, lv h{srqhqwldo lq j1 Wkh olplw ehfrphv=

*�4
j<f

^?

^f

' *�4
j<f

#s
2Z

j

$
?32�

W

i T

#
�

S
�	�

W V
2

�
�
S

�D�
W V

2

�

2j
2

$ T
�	�

W V�T
�D�

WE�V��
+43,

;
Wklv uhvxow lv uhsurgxfhg lq Dsshqgl{ D15 dv Ohppd 91
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Wkh h{srqhqwldo whup grplqdwhv dv|pswrwlfdoo|/ dqg khqfh wkh olplw glyhujhv zkhq0

hyhu wkh qxphudwru ri wkh iudfwlrqdo whup lq wkh h{srqhqw lv qhjdwlyh1 Zh frqfoxgh=

*�4
j<f

^?Ej�

^fEj�
' n4/

[

�D�
W

V
2

�
:

[

�	�
W

V
2

�

zklfk lv h{dfwo| wkh uhtxluhg lqhtxdolw|1

Htxdwlrq +43, lqyroyhv sro|qrpldo dqg h{srqhqwldo whupv lq j1 Li wkh vhohfwhg htxl0

oleulxp +iru h{dpsoh/ vwudwhj| �, lv ulvn0grplqdqw/ wkhq erwk whupv glyhujh wr n4/

uhlqiruflqj vhohfwlrq1 Li wkh vhohfwhg htxloleulxp lv qrw ulvn0grplqdqw +? 	 2�
W

,/ krz0

hyhu/ wkhq wkhvh whupv frpshwh1 Wkhuhiruh/ d vpdoohu j lv uhtxluhg wr dssur{lpdwh

wkh olplw1 Iru wkh wzr sod|hu fdvh wkh uhvxow lv sduwlfxoduo| fohdu1

Fruroodu| 41 Iru ? ' 2 vwudwhj| � grplqdwhv iru ydqlvklqj khwhurjhqhlw| zkhqhyhu

lw lv jhqhudolvhg0ulvn0grplqdqw1 Htxlydohqwo|=

_ � K

s
j
2

K
n j

2

_

	

@� S

s
j
2
@
n j

2
S

+44,

Surri1 Li ? ' 2 wkhq �
W

' �1 Wkh edvlq yroxphv duh wkhq=

�
?

�
'

V
2

�

2
'

�

2

E@� S�
2

j
2
@
n j

2
S

dqg �
?

2
'

V
2

f

2
'

�

2

E_� K�
2

j
2

K
n j

2

_

zklfk xsrq lqvshfwlrq |lhog wkh ghvluhg lqhtxdolw|1

Iurp Htxdwlrq +44, lw lv fohdu wkdw lq d jdph zlwk edodqfhg wuhpeohv +� '
�

2
,/

htxloleulxp E�c �� lv vhohfwhg li dqg rqo| li %
W

	
�

2
1 Wklv fruuhvsrqgv h{dfwo| wr ulvn0

grplqdqfh1 Wkh iroorzlqj fruroodu| vkrzv wkdw wklv krogv iru wkh jhqhudo ? sod|hu

srsxodwlrq1 Wkh surri lv uhohjdwhg wr Dsshqgl{ D161

Fruroodu| 51 Frqvlghu d frruglqdwlrq jdph zlwk edodqfhg wuhpeohv1 Vwudwhj| � grp0

lqdwhv iru ydqlvklqj khwhurjhqhlw| li dqg rqo| li lw lv ulvn0grplqdqw1

Iru edodqfhg wuhpeohv wklv uhd!upv wkh uhvxowv ri suhylrxv dxwkruv1 Krzhyhu/ wkh

vhohfwlrq ri d ulvn0grplqdqw htxloleulxp pd| idlo yld wkh lqwurgxfwlrq ri dv|pphwu|

lq sd|r� khwhurjhqhlw|1 Lq Vhfwlrq 7 dq looxvwudwlrq ri wklv surshuw| lv surylghg1

Wkhvh uhvxowv duh sduwlfxoduo| dssolfdeoh wr vpdoo srsxodwlrqv/ zkhuh wudqvlwlrq

wlphv duh orz1 Lqwxlwlyho|/ d vpdoo qxpehu ri frqwuduldq hqwudqwv lv vx!flhqw wr

wls wkh surfhvv wrzdug wkh rssrvlqj edvlq ri dwwudfwlrq1 Zlwk odujhu srsxodwlrqv

wudqvlwlrq wlphv fdq hvfdodwh1 Irupdoo|/ krzhyhu/ wkh uhvxowv ri wklv vhfwlrq frqwlqxh

wr krog1 Pruhryhu/ wkh edvlq yroxph frqglwlrq ri Sursrvlwlrq 6 lv zhoo dssur{lpdwhg

e| dq lqwhjudo iru vx!flhqwo| odujh ?1 Wkh iroorzlqj gh�qlwlrq lv xvhixo=

Gh�qlwlrq <1 Wkh dv|pswrwlf edvlq ghswk lv VE%�
2
/ zkhuh=

VE%� '
d%E@� S�� E�� %�E_� K�o

s
%
2 Ej2

@
n j

2
S
� n E� � %�2 Ej

2

K
n j

2

_
�

Khqfh V
�
' VE�*E?� ���1 Vlploduo|=
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Gh�qlwlrq 431 Wkh dv|pswrwlf edvlq yroxphv iru vwudwhjlhv 4 dqg 5 uhvshfwlyho| duh=

�
"

�
'

]
�

%
W

VE%�
2
_% dqg �

"

2
'

]
%
W

f

VE%�
2
_%

Qrwlfh wkdw *�4?<"�
?

�
' �

"

�
dqg *�4?<"�

?

2
' �

"

2
1 Iru vx!flhqwo| odujh srsx0

odwlrqv/ vwudwhj| � lv vhohfwhg zkhqhyhu �
"

�
: �

"

2
1 Wkh h{solflw vroxwlrqv wr wkhvh

lqwhjudov duh jlyhq lq Dsshqgl{ D171 Wkh| ghshqg rqo| rq wkh sd|r� edodqfh b dqg

wkh wuhpeoh edodqfh �1

f

f��

f�2

f��

f�e

f�D

f�S

f�.

f�H

f�b

�

f f�� f�2 f�� f�e f�D f�S f�. f�H f�b �

q�@�5

q�@�8

q�@�58

q�@�.lqi

Vwudwhj|�4

Vhohfwhg

Vwudwhj|�5

Vhohfwhg

Iljxuh 61 Vwudwhj| Vhohfwlrq Uhjlrqv dqg Erxqgdulhv iru Ydu|lqj ?1

Iljxuh 6 looxvwudwhv wkh vhohfwlrq fulwhulrq iru ydulrxv srsxodwlrq vl}hv1 D wuhpeohg

vwdjh jdph J lv fkdudfwhulvhg e| lwv sd|r� edodqfh b dqg lwv wuhpeoh edodqfh �1

Wkh olqh sorwwhg iru hdfk ? uhsuhvhqwv �
?

�
' �

?

2
1 Wr wkh uljkw ri wklv olqh vwudwhj|

4 lv vhohfwhg1 Vwudwhj| 4 lv ulvn0grplqdqw wr wkh uljkw ri wkh yhuwlfdo olqh1 Lw lv

jhqhudolvhg0ulvn0grplqdqw wr wkh uljkw ri wkh olqh iru ? ' 21 Qrwlfh wkdw li d vwudwhj| lv

erwk ulvn0grplqdqw dqg jhqhudolvhg0ulvn0grplqdqw wkhq lw lv vhohfwhg1 Ulvn0grplqdqfh

frqwlqxhv wr surylgh d uhdvrqdeoh edvlv iru vhohfwlrq/ exw wkh jhqhudolvhg grplqdqfh

surshuw| lv qhhghg iru vx!flhqf|1 Wkhuh duh uhjlrqv ri wkh edodqfh vsdfh iru zklfk

d ulvn0grplqdqw vwudwhj| lv qrw vhohfwhg/ luuhvshfwlyh ri srsxodwlrq vl}h1 Vhohfwlrq

ghshqgv xsrq ? lq wkh uhjlrq ehwzhhq wkh olqhv iru ? ' 2 dqg ? '41

6171 Orqj0Uxq Htxloleulxp zlwk Qrq0Ydqlvklqj Khwhurjhqhlw|1 Dv wkh Ho0

olvrq ^7` fulwltxh pdnhv fohdu/ wdnlqj pxwdwlrqv +ru lq wklv fdvh/ khwhurjhqhlw|, wr wkh
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olplw juhdwo| dpsol�hv wkh wudqvlwlrq wlphv ehwzhhq wkh orqj0uxq htxloleuld1 Wklv lv

sduwlfxoduo| dfxwh iru odujh srsxodwlrqv1 D odujh qxpehu ri lglrv|qfudwlf hqwudqwv lv

uhtxluhg wr wls wkh srsxodwlrq rxw ri d edvlq ri dwwudfwlrq1 Iru vpdoo qrlvh dqg odujh

srsxodwlrqv/ lqlwldo frqglwlrqv duh d pruh dssursuldwh irfxv ri dwwhqwlrq1 Khqfh/ lq

wklv vhfwlrq khwhurjhqhlw| lv �{hg dw vrph j : f1 Wkh hujrglf glvwulexwlrq lv fkdu0

dfwhulvhg iru odujhu ?/ dv wklv doorzv d frqyhqlhqw lqwhjudo dssur{lpdwlrq wr wkh wuhh

zhljkwv1 Iroorzlqj wklv phwkrg/ wkh prghv ri wkh glvwulexwlrq duh fdofxodwhg dqg wkh

vkdsh ri wkh glvwulexwlrq lv h{dplqhg1

Uhfdoo wkdw wkh hujrglf glvwulexwlrq lv ghwhuplqhg e| wkh uhodwlyh zhljkwv ri urrwhg

wuhhv1 Gh�qh %� ' �*?1 Wkh zhljkw ^5 ri wkh xqltxh urrwhg wuhh dw qrgh 5 lv jlyhq e|

Htxdwlrq +9,1 Ghqrwlqj ^5 ' ^E%5c ?�=
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\
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�
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Wkh vxppdwlrqv lq wkh h{srqhqw duh zhoo dssur{lpdwhg e| lqwhjudov iru odujhu ?1

Khqfh/ �{lqj ?/ ^E%c ?� lv dssur{lpdwho| ^E%�=

^E%� ' i T
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f

*L}E�� +�x

�
VE+�

j

�
_+ n

]
�

%
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VE+�
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�
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+45,

Gl�huhqwldwlqj wr �qg wkh h{wuhpd ri wkh hujrglf glvwulexwlrq rewdlqv=

Sursrvlwlrq 71 Iru odujhu ?/ wkh h{wuhpd ri wkh hujrglf glvwulexwlrq fruuhvsrqg h{0

dfwo| wr wkh Ed|hvldq Qdvk htxloleuld ri wkh wuhpeohg vwdjh jdph J1

Surri1 Idflqj d iuhtxhqf| %/ d sod|hu*v rswlpdo uhvsrqvh lv vwudwhj| 4 zlwk suredelolw|

xEVE%�*j�1 Ed|hvldq Qdvk htxloleuld fruuhvsrqg wr �{hg srlqwv ri %$ x EVE%�*j�1

Frqvlghu qrz wkh h{wuhpd ri Htxdwlrq +45,1 Wkh �uvw ghulydwlyh lv }hur zkhq=

*L}E�� %�x

�
VE%�

j

�
' *L} %

�
�� x

�
VE%�

j

��
/ % ' x EVE%�*j�

Wkxv wkh �uvw rughu frqglwlrq lv vdwlv�hg dw �{hg srlqwv ri xEVE%�*j�1

Sursrvlwlrq 81 Grzqfurvvlqjv ri xEVE%�*j� fruuhvsrqg wr orfdo pd{lpd/ xsfurvv0

lqjv wr orfdo plqlpd1

Surri1 Hydoxdwlqj wkh vhfrqg ghulydwlyh ri ^E%� dw d �{hg srlqw jlyhv=

^

��
E%� I f/

�
�

%

n

�

� � %

��
V

�
E%�

j

�

�
VE%�

j

�
� �

�
I f

Wkh vljq lv ghwhuplqhg e| wkh vhfrqg whup lq wklv h{suhvvlrq1 D grzqfurvvlqj +xs0

furvvlqj, ri xEVE%�*j� rffxuv h{dfwo| zkhq wklv whup lv qhjdwlyh +srvlwlyh,1

Khqfh/ wr h{dplqh wkh prghv ri wkh hujrglf glvwulexwlrq lw lv vx!flhqw wr dqdo|vh wkh

Ed|hvldq Qdvk Htxloleuld ri J1 Wkh iroorzlqj sursrvlwlrq lv wdnhq iurp P|dww dqg

Zdoodfh ^44`/ dqg hvwdeolvkhv vrph ri wkh surshuwlhv ri wkhvh htxloleuld1 Wkh surri lv

frqwdlqhg lq Dsshqgl{ D181
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Sursrvlwlrq 91 Iru j vx!flhqwo| vpdoo wkhuh duh wkuhh Ed|hvldq Qdvk htxloleuld1

Iru j vx!flhqwo| odujh wkhuh lv d vlqjoh htxloleulxp1

Khxulvwlfdoo|/ vxssrvh wkdw vwudwhj| 4 lv ulvn0grplqdqw/ vr wkdw %
W

	
�

2
1 Wkhq wkhuh

lv dozd|v dw ohdvw rqh �{hg srlqw deryh %
W

1 Wkh rwkhu �{hg srlqwv +li dq|, olh ehorz

%
W

1 Wr vhh wklv/ qrwlfh wkdw VE%
W

� ' f1 Khqfh xEVE%
W

�*j� '
�

2
iru doo j1 Fohduo|/

xEVE%
W

�*j� : %
W

/ dqg wkxv wkhuh lv d �{hg srlqw deryh %
W

1 Wklv lv dssduhqw iurp

Iljxuh 7 zklfk sorwv xEVE%
W

�*j� dqg lwv �{hg srlqwv iru wzr gl�huhqw ydoxhv ri j1

3

314

315

316

317

318

319

31:

31;

31<

4

3 314 315 316 317 318 319 31: 31; 31< 4

Vpdoo�Qrlvh

Odujh�Qrlvh

|�@�{Il{hg�Srlqw

{-

Il{hg�Srlqwv

Iljxuh 71 Il{hg Srlqwv ri x EVE%�*j�1

Wkh grzqfurvvlqjv ri x EVE%�*j� fruuhvsrqg wr wkh prghv ri ^E%�1 Dq xsfurvvlqj

fruuhvsrqgv wr d orfdo plqlpxp1 Zkhq vwudwhj| 4 lv ulvn0grplqdqw wkhuh lv d vlqjoh

prgh wr wkh uljkw ri %
W

iru odujh j1 Iru vpdoo j wkhuh lv dovr d orfdo plqlpxp dqg d

prgh wr wkh ohiw1 Wkxv/ iru vx!flhqwo| vpdoo j/ wkh hujrglf glvwulexwlrq lv elprgdo1

Wkhvh prghv fruuhvsrqg wr wkh wzr h{wuhph Ed|hvldq Qdvk htxloleuld/ zklfk lq wxuq

fruuhvsrqg wr wkh sxuh vwudwhj| Qdvk htxloleuld dv khwhurjhqhlw| ydqlvkhv1 Wkhuh lv

d orfdo plqlpxp ehwzhhq wkh wzr prghv/ fruuhvsrqglqj wr wkh wklug Ed|hvldq Qdvk

htxloleulxp1 Dv khwhurjhqhlw| ydqlvkhv/ wklv frqyhujhv wr wkh pl{hg vwudwhj| Qdvk

htxloleulxp ri wkh xqshuwxuehg vwdjh jdph1 Dv j jurzv wzr ri wkh Ed|hvldq Qdvk

htxloleuld hyhqwxdoo| glvdsshdu1 Wkh hujrglf glvwulexwlrq ehfrphv xqlprgdo1 Wkh

rqo| prgh wr vxuylyh lv wkh rqh wr wkh uljkw ri %
W

1 Uhfdoo wkdw wklv lv wkh prgh

wkdw fruuhvsrqgv wr wkh ulvn0grplqdqw htxloleulxp dv khwhurjhqhlw| ydqlvkhv1 Wkhvh

surshuwlhv duh ehvw glvfxvvhg zlwk uhihuhqfh wr dq h{dpsoh1 Lq Vhfwlrq 7 hujrglf

glvwulexwlrqv duh sorwwhg iru wkh h{dpsohv lqwurgxfhg lq Vhfwlrq 5161
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71 Glvfxvvlrq

Khuh wkh uhvxowv ri wkh suhylrxv vhfwlrq duh glvfxvvhg dqg looxvwudwhg1 Vhfwlrq 714 frq0

vlghuv wkh fdvh ri ydqlvklqj khwhurjhqhlw|1 Edvlqv ri dwwudfwlrq duh judskhg iru erwk

edodqfhg dqg xqedodqfhg wuhpeohv/ xvlqj wkh h{dpsoh J�� ri vhfwlrq 5161 Vhfwlrq 715

frqvlghuv wklv vdph h{dpsoh iru qrq0ydqlvklqj khwhurjhqhlw|1 Judsklfdo looxvwudwlrqv

fohduo| ghprqvwudwh wkh frqqhfwlrq ehwzhhq hujrglf glvwulexwlrqv dqg Ed|hvldq Qdvk

htxloleuld1

7141 Ydqlvklqj Khwhurjhqhlw|1 Frqvlghu �uvw wkh fdvh ri edodqfhg wuhpeohv +[�,1

Iroorzlqj Fruroodu| 5/ wkh ulvn0grplqdqw htxloleulxp +LEP, lv vhohfwhg iru ydqlvklqj

khwhurjhqhlw|1

3 314 315 316 317 318 319 31: 31; 31< 4

���Srsxodwlrq�Vkduh�ri�LEP
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LEP

Pdf

Iljxuh 81 Dv|pswrwlf Edvlqv ri Dwwudfwlrq iru Edodqfhg Wuhpeohv [�

Wkh dv|pswrwlf edvlqv ri dwwudfwlrq duh looxvwudwhg lq Iljxuh 8/ fohduo| vkrzlqj wkdw

LEP kdv wkh odujhu edvlq dqg lv wkxv grplqdqw1 Iroorzlqj wkh dqdo|vlv vr idu/ lw lv

fohdu wkdw wkh edodqfhg wuhpeoh SF dgrswlrq jdph lv htxlydohqw wr d sxuh frruglqdwlrq

jdph zlwk=

\
�

��
'

�
� f

f 2

�
dqg [

�

�
'

�
f �

� f

�

Xvlqj wklv irupxodwlrq/ dq lqwxlwlyh h{sodqdwlrq iru wkh uhvxow lv dydlodeoh1 Iluvw irfxv

rq d wzr sod|hu srsxodwlrq1 Frqvlghu d uhvhdufkhu hqwhulqj dq lqvwlwxwlrq zlwk dq

lqfxpehqw LEP xvhu1 Iru wkh hqwudqw wr dgrsw Pdf/ wkh uhvhdufkhu*v lglrv|qfudwlf

suhihuhqfh iru orqh Dssoh xvh pxvw h{fhhg �1 Li wkh LEP xvhu h{lwv dw wkh hqg ri

wkh shulrg/ wkh surfhvv wlsv lqwr wkh Pdf htxloleulxp1 Ehjlqqlqj zlwk dq lqfxpehqw
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Pdf xvhu/ krzhyhu/ wkh lglrv|qfudwlf suhihuhqfh ri wkh hqwudqw kdv rqo| wr h{fhhg 2

wr hqdeoh wkh wls1

Wkh frqfoxvlrqv duh uhyhuvhg iru wkh fdvh ri xqedodqfhg wuhpeohv +[L,1 Wkh sd|r�0

grplqdqw htxloleulxp +Pdf, lv vhohfwhg iru ydqlvklqj khwhurjhqhlw|/ iru doo srsxodwlrq

vl}hv1 Qrwh wkdw wklv lv wkh jhqhudolvhg0ulvn0grplqdqw htxloleulxp1

3 314 315 316 317 318 319 31: 31; 31< 4
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LEPPdf

Iljxuh 91 Dv|pswrwlf Edvlqv ri Dwwudfwlrq iru Xqedodqfhg Wuhpeohv [L 1

Dv fdq eh vhhq iurp Iljxuh 9/ dowkrxjk wkh LEP edvlq lv zlghu/ wkh Pdf edvlq lv idu

ghhshu/ ohdglqj wr Pdf grplqdqfh1 Rqfh djdlq/ wklv uhvxow pd| eh xqghuvwrrg xvlqj

d wudqvirupdwlrq wr d sxuh frruglqdwlrq jdph=

\
�

��
'

�
� f

f 2

�
dqg [

�

L
'

�
f f�.D

2 f

�

D qhz hqwudqw idflqj dq LEP lqfxpehqw vwloo kdv d kljk kxugoh wr mxps lq rughu wr

dgrsw wkh Pdf vwdqgdug1 Krzhyhu/ orqh Pdf xvhuv duh qrz pruh lglrv|qfudwlf/ vr

wkdw wkh suredelolw| ri dq hqwudqw vhohfwlqj djdlqvw wkh lqfxpehqw vwdqgdug lv kljkhu

iru LEP lqfxpehqwv wkdq iru Pdf1 Lw lv wkxv hdvlhu wr wls rxw ri dq LEP htxloleulxp1

Khwhurjhqhlw| pd| eh uhlqwhusuhwhg lq d pxwdwlrq iudphzrun1 Uhfdoo wkdw lq vwdwh

� : �

W

d phdq0sd|r� hqwudqw dgrswv vwudwhj| �1 Lq wklv prgho d �pxwdwlrq� rffxuv

zkhq wkh hqwudqw sod|v vwudwhj| 21 Wklv lv qrw d plvwdnh> udwkhu wkh sod|hu kdv

vx!flhqwo| lglrv|qfudwlf suhihuhqfhv1 Wklv kdsshqv zlwk suredelolw| � � xEV�*j�1
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Sursrvlwlrq :1 Wkh prgho jhqhudwhv vwdwh0ghshqghqw �pxwdwlrqv�1

Surri1 Iru vwdwhv � : � : �
W

/ frqvlghu wkh udwlr ri pxwdwlrq suredelolwlhv=

� � xEV�*j�

� � xEV�*j�

'

� EV�*j� * E� �x EV�*j��

� EV�*j� * E� �x EV�*j��

i T

�
�

V
2

�
� V

2

�

2j
2

�

Ohw j $ f1 Dv lq Sursrvlwlrq 6/ wkh kd}dug whupv duh dv|pswrwlfdoo| olqhdu/ khqfh

wkh h{srqhqwldo whup grplqdwhv1 Jhqhulfdoo| V
2

�
9' V

2

�
dqg vr wkh h{srqhqwldo whup lv

f ru4 lq wkh olplw1 Wkxv �pxwdwlrqv� gr qrw frqyhujh wr }hur dw wkh vdph udwh1

Ehujlq dqg Olspdq ^5` kdyh vkrzq wkdw wkh suhvhqfh ri vwdwh0ghshqghqw pxwdwlrqv fdq

lq xhqfh wkh htxloleulxp vhohfwhg1 Lq rughu wr pdnh xvhixo suhglfwlrqv wkhuhiruh/ wkh|

vxjjhvw wkdw d uhdvrqdeoh hfrqrplf prgho vkrxog xqghuolh wkh �pxwdwlrq� surfhvv1

Wklv lv vxfk d prgho1

7151 Qrq0Ydqlvklqj Khwhurjhqhlw|1 Wkh vhohfwlrq uhvxowv glvfxvvhg lq wkh suhyl0

rxv vhfwlrq surylgh jrrg suhglfwlrqv iru vpdoo srsxodwlrqv1 Iljxuh : sorwv ydulrxv

hujrglf glvwulexwlrqv iru wkh SF dgrswlrq jdph zlwk xqedodqfhg wuhpeohv1 Iru ? ' D

dv j $ f wkh glvwulexwlrq txlfno| sodfhv odujh zhljkw rq wkh vhohfwhg vwudwhj|1

����Vkduh�ri�LEP�+vljpd�@�4,

q�@�63 q�@�93 q�@�<3

���Vkduh�ri�LEP�+q�@�8,

vljpd�@�4 vljpd�@�4158 vljpd�@�418

Iljxuh :1 Hujrglf Glvwulexwlrqv iru [L 1

Iru odujhu srsxodwlrqv/ krzhyhu/ wkh olplwlqj uhvxowv duh ohvv xvhixo1 Iru j ' �/ doorz0

lqj wkh srsxodwlrq wr jurz vkliwv zhljkw edfn wrzdugv wkh ulvn0grplqdqw htxloleulxp1

Wkh uhvxowv ri Vhfwlrq 617 duh pruh dssolfdeoh xqghu wkhvh flufxpvwdqfhv1

Iljxuh ; �{hv wkh srsxodwlrq vl}h dw ? ' �f lq wkh SF dgrswlrq jdph zlwk xq0

edodqfhg wuhpeohv1 Wkh hujrglf glvwulexwlrq lv sorwwhg iru wkuhh ydoxhv ri j1 Ehorz/

wkh �{hg srlqwv ri x EV�*j� duh judskhg1 Wkh forvh frqqhfwlrq ehwzhhq wkh Ed|hvldq

Qdvk htxloleuld dqg wkh hujrglf glvwulexwlrq dv ghulyhg lq Sursrvlwlrq 7 lv looxvwudwhg1

Xsfurvvlqjv fruuhvsrqg wr wkh prghv dqg grzqfurvvlqjv wr orfdo plqlpd1 Wklv kdv
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dq lqwxlwlyh h{sodqdwlrq1 Frqvlghu dq lqfxpehqw srsxodwlrq zlwk iuhtxhqf| frp0

srvlwlrq vxfk wkdw sursruwlrq % sod|v vwudwhj| 4/ d Ed|hvldq Qdvk htxloleulxp1 Dq

hqwudqw kdv yduldeoh sd|r�v/ dqg wkhuhiruh sod|v vwudwhj| 4 zlwk suredelolw| %1 Wkxv

wkh srsxodwlrq frpsrvlwlrq lv qrw h{shfwhg wr fkdqjh1 Ixuwkhupruh/ li wkh lqfxp0

ehqw iuhtxhqf| lv forvh wr d grzqfurvvlqj/ wkhq wkh uhvsrqvh suredelolw| zloo eh hyhq

forvhu1 Wkh srsxodwlrq frpsrvlwlrq lv wkxv h{shfwhg wr pryh wrzdug wkh Ed|hvldq

Qdvk htxloleulxp1 Wkh rssrvlwh dssolhv wr dq xsfurvvlqj1 Khqfh wkh iruphu duh

prghv dqg wkh odwwhu plqlpd ri wkh hujrglf glvwulexwlrq1

vljpd�@�415

vljpd�@�41:

vljpd�@�515

Ed|hvldq�Qdvk

Htxloleuld���

Hujrglf

Glvwulexwlrqv

Iljxuh ;1 Hujrglf Glvwulexwlrqv dqg Ed|hvldq Qdvk Htxloleuld +? ' �f,1

Zkhq ulvn0grplqdqfh frlqflghv zlwk jhqhudolvhg0ulvn0grplqdqfh +iru h{dpsoh/ zkhq

wuhpeohv duh edodqfhg,/ wkh vhohfwhg htxloleulxp zlwk ydqlvklqj khwhurjhqhlw| fr0

lqflghv zlwk wkdw xqghu qrq0ydqlvklqj khwhurjhqhlw|1 Zkhq ulvn0grplqdqfh dqg

jhqhudolvhg0ulvn0grplqdqfh glyhujh/ krzhyhu/ suhglfwlrqv duh ohvv fohdu0fxw1 Dowkrxjk

wkh jhqhudolvhg0ulvn0grplqdqw htxloleulxp pd| eh vhohfwhg iru vpdoo j ru vpdoo ?/

zkhq wkh srsxodwlrq lv odujh dqg qrlvh lv qrq0}hur/ ulvn0grplqdqfh lv rqfh djdlq wkh

fulwhulrq ri fkrlfh1 E| lqvshfwlrq ri Iljxuhv : dqg ;/ wkh hujrglf prgh wkdw olhv

forvhu wr wkh ulvn0grplqdqw htxloleulxp jdlqv zhljkw dv wkh srsxodwlrq lqfuhdvhv1 Dv

j jurzv/ wklv lv wkh rqo| prgh wr vxuylyh1
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81 Frqfoxvlrq

Wklv sdshu lv prwlydwhg e| wkh eholhi wkdw lqglylgxdov gl�hu udwkhu wkdq huu1 Dowkrxjk

sod|huv fhuwdlqo| pdnh plvwdnhv rq rffdvlrq/ gl�huhqw vwudwhj| vhohfwlrqv lq lghqwlfdo

vfhqdulrv duh pruh olnho| gxh wr lglrv|qfudwlf suhihuhqfhv1 Gudzlqj rq erwk qrqfr0

rshudwlyh dqg hyroxwlrqdu| jdph wkhru|/ wkh dgdswlyho| udwlrqdo dssurdfk wdnhq e|

rwkhu dxwkruv lv d sur�wdeoh rqh1 Krzhyhu/ gursslqj wkh dvvxpswlrq wkdw sod|huv

pd{lplvh lv suhpdwxuh lq d prghoolqj frqwh{w1

D vlpsoh prgho ri dgdswlyh g|qdplfv lv srvlwhg1 Lw fdswxuhv wkh qrwlrq ri gli0

ihulqj suhihuhqfhv yld wkh lqwurgxfwlrq ri sd|r� wuhpeohv1 E| vshfli|lqj uhdvrqdeoh

sdudphwulf glvwulexwlrqv iru wkhvh wuhpeohv/ d kljko| wudfwdeoh prgho zlwk vkdus frq0

foxvlrqv lv rewdlqhg1 Lq sduwlfxodu/ wkh uhodwlyh yduldelolw| ri sd|r�v fdq eh fulwlfdo

wr htxloleulxp vhohfwlrq lq 2� 2 v|pphwulf frruglqdwlrq jdphv1 Wkh prgho hqgrjh0

qrxvo| jhqhudwhv vwdwh0ghshqghqw �pxwdwlrqv� zklfk frqyhujh wr }hur dw gl�huhqw

vshhgv lq gl�huhqw vwdwhv1 Khqfh wkh fulwltxh ri Ehujlq dqg Olspdq ^5` lv dssolfd0

eoh1 Wkh ulvn0grplqdqw htxloleulxp qhhg qrw eh vhohfwhg wkhuhiruh/ exw lq idfw lq

wkh suhvhqfh ri uhdvrqdeoh hfrqrplfdoo| ghulyhg dvvxpswlrqv/ lw frqwlqxhv wr sod| dq

lpsruwdqw u÷oh1

Suhylrxv prghov h{dplqh htxloleulxp vhohfwlrq dv pxwdwlrq udwhv whqg wr }hur1

Khuh/ ydqlvklqj khwhurjhqhlw| lv dqdorjrxv1 Iru edodqfhg wuhpeohv wkh uhvxowv vxssruw

wkrvh rewdlqhg e| NPU ^;` dqg \rxqj ^47`/ zlwk wkh vhohfwlrq ri wkh ulvn0grplqdqw

htxloleulxp1 Zlwk xqedodqfhg wuhpeohv/ krzhyhu/ wklv pd| qrw eh wkh fdvh1 Dq

h{dfw frqglwlrq lv ghulyhg iru dq htxloleulxp wr eh vhohfwhg1 Lw lv qrw phuho| wkh

zlgwk ri dwwudfwlrq edvlqv wkdw lv fulwlfdo/ exw dovr wkh ghswk ri vxfk edvlqv1 Lq

frqvhtxhqfh/ jhqhudolvhg0ulvn0grplqdqfh lv d pruh dssursuldwh fulwhulrq1 Lw lv ehvw

dssolhg lq vfhqdulrv zlwk vpdoo srsxodwlrqv zkhuh wudqvlwlrq wlphv duh uhdvrqdeoh1

Hujrglf glvwulexwlrqv duh h{dplqhg iru qrq0ydqlvklqj khwhurjhqhlw|1 Iru odujhu

srsxodwlrqv lw lv vkrzq wkdw wkh hujrglf prghv fruuhvsrqg wr Ed|hvldq Qdvk htxloleuld

ri wkh wuhpeohg vwdjh jdph1 Xvlqj wklv uhvxow iru odujhu qrlvh/ ulvn0grplqdqfh ehfrphv

wkh nh| ghwhuplqdqw ri orqj0uxq ehkdylrxu/ ixuwkhu vwuhqjwkhqlqj wkh frqfoxvlrqv ri

hduolhu zrun1

Wkh dssurdfk wdnhq khuh pdlqwdlqv wkh dvvxpswlrq wkdw djhqwv pd{lplvh sd|r�v1

Sod|huv duh qrw ixoo| udwlrqdo krzhyhu/ dv wkh| sod| d ehvw uhvsrqvh wr dq lqfxpehqw

iuhtxhqf|1 Wklv lv uhdvrqdeoh/ dv sod|huv hqjdjh lq uhshdwhg sod| lq d vorzo| hyroylqj

srsxodwlrq1 NPU ^;` pd| eh lqwhusuhwhg vlploduo|1 Li djhqwv sod| rqo| rqfh iroorzlqj

dq revhuydwlrq ri klvwru| +dv lq \rxqj ^47`,/ wkhq wklv lv ohvv dssursuldwh1 Lq vxfk

dq hqylurqphqw juhdwhu udwlrqdolw| rq wkh sduw ri wkh sod|huv pljkw eh h{shfwhg1 Lq

uhodwhg zrun/ P|dww dqg Zdoodfh ^44` doorz iru juhdwhu vrsklvwlfdwlrq1 Lq wkdw sdshu/

sod|huv xvh klvwru| dv d vwduwlqj srlqw iru lwhudwlyh uhdvrqlqj1 Wklv surfhvv ohdgv wr

wkh vhohfwlrq ri d Ed|hvldq Qdvk htxloleulxp frqwlqjhqw rq wkh sdvw1 Klvwru|/ zklfk

surylghv wkh frqwh{w iru ghflvlrq pdnlqj/ hyroyhv dv d uhvxow1 Wkh phwkrgv ri Vhfwlrq

6 suryh xvhixo lq wkh vxevhtxhqw dqdo|vlv1

Lq frqfoxvlrq/ iru wrr orqj hyroxwlrqdu| jdph wkhru| kdv iroorzhg lwv elrorjlfdo

urrwv lq hfrqrplf dssolfdwlrq1 Frpprqdolw| ri sd|r�v pd| eh dssursuldwh lq d el0

rorjlfdo frqwh{w1 Dv Pd|qdug Vplwk ^43` dujxhv= �� � �Gduzlqldq �wqhvv surylghv d
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qdwxudo dqg jhqxlqho| rqh0glphqvlrq vfdoh1� Xqlirup suhihuhqfhv duh d ohvv uhdvrq0

deoh suhplvh lq dq hfrqrplf iudphzrun1 Vwdwh0lqghshqghqw pxwdwlrq ri vwudwhjlhv

lv dovr d vhqvleoh frpsrqhqw ri d elrorjlfdo prgho1 Qhlwkhu vwdwh lqghshqghqfh qru

�pxwdwlrq� ri vwudwhjlhv fdq eh vxssruwhg e| hpslulfdo revhuydwlrq lq hfrqrplfv1

Wklv sdshu frqvwlwxwhv dq dwwhpsw wr jurxqg hyroxwlrqdu| uhvxowv lq hfrqrplf dv0

vxpswlrq1 Ghvslwh wkh fkdqjh lq prghoolqj sdudgljp gxh wr wkhvh dowhudwlrqv/ wkh

uhvxow lv qrw vr gl�huhqw1 Wkh frqvhtxhqfh lv d uhqhzhg hpskdvlv rq ulvn0grplqdqfh/

dqg frqvhqvxv lv uhdfkhg1

Uhihuhqfhv

^4` U1 Dxpdqq dqg D1 P1 Eudqghqexujhu/ Hslvwhplf frqglwlrqv iru Qdvk

htxloleulxp/ Hfrqrphwulfd/ 96 +4<<8,/ ss1 4494�;31

^5` M1 Ehujlq dqg E1 Olspdq/ Hyroxwlrq zlwk vwdwh0ghshqghqw pxwdwlrqv/ Hfrqr0

phwulfd/ 97 +4<<9,/ ss1 <76�<891

^6` N1 J1 Elqpruh dqg O1 Vdpxhovrq/ Pxggolqj wkurxjk= Qrlv| htxloleulxp

vhohfwlrq1 Pd| 4<<91

^7` J1 Hoolvrq/ Ohduqlqj/ orfdo lqwhudfwlrq dqg frruglqdwlrq/ Hfrqrphwulfd/ 94

+4<<6,/ ss1 437:�43:41

^8` P1 L1 Iuhlgolq dqg D1 G1 Zhqw}hoo/ Udqgrp Shuwxuedwlrqv ri G|qdplfdo

V|vwhpv/ Vsulqjhu0Yhuodj/ Ehuolq2Qhz \run/ 4<;71

^9` M1 Kduvdq|l dqg U1 Vhowhq/ D Jhqhudo Wkhru| ri Htxloleulxp Vhohfwlrq lq

Jdphv/ PLW Suhvv/ Fdpeulgjh/ 4<;;1

^:` M1 F1 Kduvdq|l/ Jdphv zlwk udqgrpo| glvwxuehg sd|r�v= D qhz udwlrqdoh

iru pl{hg0vwudwhj| htxloleulxp srlqwv/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/

5 +4<:6,/ ss1 4�561

^;` P1 Ndqgrul/ J1 M1 Pdlodwk/ dqg U1 Ure/ Ohduqlqj/ pxwdwlrq dqg orqj0uxq

htxloleuld lq jdphv/ Hfrqrphwulfd/ 94 +4<<6,/ ss1 5<�891

^<` P1 Ndqgrul dqg U1 Ure/ Hyroxwlrq ri htxloleuld lq wkh orqj uxq= D jhqhudo

wkhru| dqg dssolfdwlrqv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 98 +4<<8,/ ss1 6;6�7471

^43` M1 Pd|qdug Vplwk/ Hyroxwlrq dqg wkh Wkhru| ri Jdphv/ Fdpeulgjh Xqlyhuvlw|

Suhvv/ 4<;51

^44` G1 S1 P|dww dqg F1 Zdoodfh/ Vrsklvwlfdwhg sod| zlwk sd|r� khwhurjhqhlw|/

uhvhdufk qrwh/ Qx!hog Froohjh/ Iheuxdu| 4<<:1

^45` M10M1 Urxvvhdx/ Wkh lqhtxdolw| ri pdq/ lq Urxvvhdx*v Vrfldo Frqwudfw dqg

Glvfrxuvhv/ J1 Froh/ hg1/ M1 P1 Ghqw/ Orqgrq/ 4<46/ ss1 48:�5791 Iluvw sxeolvkhg

4:881

^46` Q1 O1 Vwrnh|/ U1 H1 Oxfdv/ dqg H1 F1 Suhvfrww/ Uhfxuvlyh Phwkrgv lq

Hfrqrplf G|qdplfv/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/ 4<;<1

^47` K1 S1 \rxqj/ Wkh hyroxwlrq ri frqyhqwlrqv/ Hfrqrphwulfd/ 94 +4<<6,/ ss1 8:�

;71
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Dsshqgl{ D1 Rplwwhg Uhvxowv

Wklv dsshqgl{ surylghv surriv rplwwhg iurp wkh pdlq wh{w1

D141 Fruuhodwhg Wuhpeohv1 Lw lv fohdu wkdw wkh wuhpeohg vwdjh jdph lv htxlydohqw

wr d sxuh frruglqdwlrq jdph zlwk sd|r� dqg wuhpeoh pdwulfhv=

\ '

�
@ f

f _

�
dqg [ '

�
j@ f

f j_

�

Uhwdlq wkh hduolhu dvvxpswlrqv/ h{fhsw fruuhodwh 0@ dqg 0_ zlwk frh!flhqw 41 Idflqj

d iuhtxhqf| %/ dq hqwudqw uhvsrqgv zlwk vwudwhj| � zkhqhyhu=

E�� %�0_ � %0@ 	 %@� E�� %�_

Wkh ohiw kdqg vlgh lv qrz glvwulexwhg dv=

�

�
fc j

2
�
%

2
j

2

@
n E� � %�

2
j

2

_
� 2%E�� %�4j@j_

��

Edvlq ghswk V

2

�
qrz vdwlv�hv V� ' 	V E�*E?� ��� zkhuh=

	VE%� '

%@� E�� %�_s
%

2
j

2
@
n E�� %�

2
j

2

_
� 2%E� � %�4j@j_

Xvlqj wklv jhqhudolvdwlrq/ doo wkh uhvxowv frqwlqxh wr krog1

D151 Dv|pswrwlf Olqhdulw| ri Qrupdo Kd}dugv1

Ohppd 91 Wkh kd}dug �E%�*E� � xE%�� lv dv|pswrwlfdoo| olqhdu dv %$41

Surri1 Dsso|lqj o*K÷slwdo*v uxoh=

*�4

%<"

�
�E%�

� �xE%�

� %

�
' *�4

%<"

�E%�� %E� � xE%��

�� xE%�

' *�4
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xE%�� �

��E%�

' f

zklfk jlyhv wkh ghvluhg uhvxow1

D161 Fruroodu| 5 � Vhohfwlrq zlwk Edodqfhg Wuhpeohv1

Surri1 Iru vlpsolflw| ri h{srvlwlrq/ dqg zlwkrxw orvv ri jhqhudolw|/ wdnh S ' K ' f1

Zlwk edodqfhg wuhpeohv/ wkh edvlq yroxph frqglwlrq ehfrphv=
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Frqvlghu wkh uljkw kdqg whup1 Pdnh d fkdqjh ri yduldeoh � ' ? � �� � wr |lhog=
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2
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Li vwudwhj| � lv ulvn0grplqdqw/ wkhq @ : _ dqg �
W
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W

1 Wkh frqglwlrq ehfrphv=

[

f$�	�W

E�@�E?� �� ��_�
2
�EE?� �� ��@��_�

2

�
2
n E?� �� ��

2
	

[

�
W
$�$?3�3�W

E�@�E?� �� ��_�
2

�
2
n E?� �� ��

2



57 P\DWW DQG ZDOODFH

Wkh uljkw kdqg vlgh ri wklv h{suhvvlrq lv srvlwlyh1 Pxowlso| rxw wkh qxphudwru lq hdfk

ri wkh ohiw kdqg whupv=

E�@� E?� �� ��_�

2
� EE? � �� ��@� �_�

2
' E�

2
� E?� �� ��

2
�E@
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� _
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Wklv lv qhjdwlyh vlqfh @

2
: _

2
dqg �

2
	 E? � � � ��

2
iru � 	 �

W

1 Lq frqfoxvlrq wkhq>

wkh lqhtxdolw| krogv/ |lhoglqj vx!flhqf|1 Qhfhvvlw| iroorzv vlqfh li @ 	 _ wkh vdph

surfhgxuh hvwdeolvkhv wkh grplqdqfh ri vwudwhj| 21

D171 Dv|pswrwlf Edvlq Yroxph1 Lq Vhfwlrq 616/ wkh dv|pswrwlf edvlq yroxph lv

frqvlghuhg1 Uhfdoo �

"

�
'

U
�

%
W
VE%�

2
_% dqg �

"

2
'

U
%
W

f
VE%�

2
_%1 Xvlqj wkh whuplqrorj|

ri Vhfwlrq 5/ wkh dv|pswrwlf edvlq ghswk ri Gh�qlwlrq < lv sursruwlrqdo wr=

hVE%�2 ' Eb%� E�� b�E�� %��

2

�%

2
n E� � ��E� � %�

2
+46,

Xvlqj wklv irupxodwlrq/ dq h{solflw irup iru wkh lqwhjudo

U hVE%�2_% lv dydlodeoh1

Sursrvlwlrq ;1 Wkh edvlq yroxph vdwlv�hv=

]
hVE%�2_% ' %n

b

2
� � � 2b� n 2�
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+
%� E�� ��s
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,

n Eb � �� *L}

�
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2
n E� � ��E�� %�

2
�
n frqvwdqw

Surri1 Gl�huhqwldwh wkh deryh wr rewdlq wkh h{suhvvlrq iurp Htxdwlrq +46,1

Xvlqj wklv h{solflw irup/ wkh edvlq yroxphv �

"

�
dqg �

"

2
pd| eh fdofxodwhg1 Wkh sorw

ri Iljxuh 6 iru ? ' n4 lv rewdlqhg e| vroylqj �

"

�
' �

"

2
iru ydoxhv b dqg �1

D181 Sursrvlwlrq 9 � Il{hg Srlqwv ri xEVE%�*j�1

Surri1 Il{hg srlqwv ri xEVE%�*j� fruuhvsrqg wr urrwv ri=

s E%� ' x

�
VE%�

j

�
� %

Qrwlfh wkdw s

�

E%� ' � EVE%�*j�V
�

E%�*j � �1 Dv j $ 4/ s

�

E%� $ �� xqlirupo| iru

% 5 dfc �o1 Wkxv/ iru vx!flhqwo| odujh j/ s E%� lv ghfuhdvlqj hyhu|zkhuh1 Khqfh s E%�

rqo| kdv rqh urrw orfdo wr % '
�

2
1

Zkhq j $ f/ s E%�$ � � % li % : %

W

dqg s E%�$ �% li % 	 %

W

/ vr wkhuh fdqqrw

eh d �{hg srlqw xqohvv lw lv orfdo wr ifc %
W

c �j1 Frqvlghu wkh lqwhuydo f � % � 01

Iru vx!flhqwo| vpdoo j/ s E%� lv ghfuhdvlqj lq wklv lqwhuydo1 Pruhryhu/ s Ef� : f dqg

s E0� 	 f1 Wkhuhiruh wkhuh lv h{dfwo| rqh urrw lq wklv lqwhuydo1 D vlplodu dujxphqw

dssolhv wr �� 0 � % � �1

Qrz frqvlghu %

W

� 0 � % � %

W

n 01 Wkhq s E%
W

� 0� 	 f dqg s E%
W

n 0� : f1

Djdlq wkhuh lv dw ohdvw rqh urrw lq wkh lqwhuydo1 x EVE%�*j� lv vwulfwo| lqfuhdvlqj1 D

�{hg srlqw ri x EVE%�*j� fruuhvsrqgv wr d �{hg srlqw ri lwv lqyhuvh1 Orfdo wr %

W

wkh ghulydwlyh ri wkh lqyhuvh lv ohvv wkdq rqh1 Wklv orfdolw| h{sdqgv dv j jhwv vpdoo1

Zlwklq wklv uhjlrq wkhuh fdq eh rqo| rqh �{hg srlqw ri wkh lqyhuvh dqg khqfh lq wklv

lqwhuydo wkh urrw ri s E%� lv xqltxh1



DGDSWLYH G\QDPLFV 58

Dsshqgl{ E1 Hujrglf Glvwulexwlrqv dqg Urrwhg Wuhhv

Khuh d eulhi h{sodqdwlrq ri wkh judsk0wkhruhwlf phwkrgv xvhg lq Vhfwlrq 6 lv surylghg1

E141 Pdsv ehwzhhq Pdunry vwdwhv1 Frqvlghu d krprjhqhrxv Pdunry fkdlq rq

wkh vwdwh vsdfh ~ ' ifc �c � � � c ?j zlwk jhqhulf phpehu 51 Uhsuhvhqw wkh wudqvlwlrq

suredelolwlhv e| wkh E?n��� E?n�� Pdunry pdwul{ � ' dR��o/ vdwlvi|lqj R�� � f dqgS
�
R�� ' � iru doo �/ zkhuh dv xvxdo R�� ' �h d5|n� ' �m5| ' �o1
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Iljxuh <1 D ixqfwlrq } G ~ :$ ~ iru ? ' D

Frqvwuxfw d ixqfwlrq } G ~ :$ ~ iurp wkh vwdwh vsdfh lqwr lwvhoi/ dqg ghqrwh wkh vhw

ri doo vxfk ixqfwlrqv dv C1 Dq hyhqw dw wlph | pd| eh ylhzhg dv d vhohfwlrq ri d pds

iurp wkh vhw C/ dv looxvwudwhg lq Iljxuh <1 Wdnlqj wkh srzhu vhw 2
C
dv wkh dssursuldwh

dojheud/ d �qlwh phdvxuh pd| eh frqvwuxfwhg rq wklv vsdfh=

> d}o '
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D qrwlrq ri zhljkw lv lpphgldwh1

Gh�qlwlrq 441 Gh�qh wkh zhljkw ri d ixqfwlrq } 5 C e| wkh phdvxuh > d}o1

Wklv h{whqgv wr jlyh >
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' > i} G }E�� ' �j/ wkh wrwdo zhljkw ri doo ixqfwlrqv zklfk

pds � wr �1 Xvlqj wklv=
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Surri1 Vlqfh wkh whupv ri wkh vxppdwlrq gr qrw ghshqg rq wkh uhvwulfwlrq ri }E��=
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E151 JudskUhsuhvhqwdwlrq1 Wkh pds } pd| eh uh0lqwhusuhwhg judsk0wkhruhwlfdoo|1

Frqvwuxfw d gluhfwhg judsk rq wkh qrghv iruphg e| wkh Pdunry vwdwhv1 Wkhq C uhs0

uhvhqwv wkh vhw ri doo gluhfwhg judskv vxfk wkdw hdfk qrgh kdv d xqltxh vxffhvvru1

Wklv uh0irupxodwlrq lv looxvwudwhg lq Iljxuh 43/ zkhuh wkh judsk fruuhvsrqglqj wr wkh

ixqfwlrq } ri Iljxuh < lv looxvwudwhg1 Vlploduo|/ > d}o lv wkh zhljkw ri wkh wuhh }1

�

�

�

� �

�

Iljxuh 431 Judsk uhsuhvhqwdwlrq ri } G ~ :$ ~

Qrwlfh/ krzhyhu/ wkdw wkh judsk ri Iljxuh 43 frqwdlqv wzr f|fohv1 Khqfh wkh qrghv

suhvhqw lq wkh olplw ghshqg rq wkh vwduwlqj qrgh1 Wklv lv qrw wuxh/ krzhyhu/ li d

uhvwulfwlrq wr gluhfwhg sdwkv zlwk d xqltxh forvhg orrs lv lpsrvhg1

Gh�qlwlrq 451 Gh�qh C5 dv wkh vhw ri gluhfwhg judskv zlwk xqltxh vxffhvvruv iru

hdfk qrgh/ vxfk wkdw wkh xqltxh forvhg orrs frqwdlqv wkh vwdwh 51

�

�

�

� �

�

Iljxuh 441 Judsk zlwk d xqltxh forvhg orrs frqwdlqlqj vwdwhv fc �c2c �

Lq Iljxuh 44 prgl�fdwlrqv duh pdgh wr Iljxuh 43/ jlylqj d judsk zlwk d vlqjoh forvhg

orrs1 Qrwh wkdw wklv forvhg orrs frqwdlqv wkh qrghv f/ �/ 2 dqg � dqg khqfh } 5 C5 iru

5 lq wklv udqjh1 Lqwxlwlyho|/ dw hdfk wlph frruglqdwh lq wkh surfhvv/ dq hyhqw rffxuv

fruuhvsrqglqj wr } 5 C1 Li } 5 C5 wkhq wkh uhvxowlqj sdwk ohdgv wrzdug vwdwh 51

Frqvlghu qrz wkh zhljkw ri } 5 C5=
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Qrwlfh wkdw wkh surgxfw lq wklv vhfrqg h{suhvvlrq lv wkh zhljkw ri wkh judsk iruphg

e| gursslqj wkh hgjh 5$ }E5�1 Wklv |lhogv d wuhh urrwhg dw 5> vwduwlqj iurp dq| qrgh

wkh gluhfwhg hgjhv irup d sdwk ohdglqj wr qrgh 51 Ghqrwh vxfk d wuhh dv=

� 5 M5 / � ' iE�c }E��� G � 9' 5�} 5 C5j

Wkxv M5 jlyhv wkh vhw ri wuhhv urrwhg dw 51 Wklv ohdgv wr=

>E�� '
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� �'5

R�}E��

jlylqj wkh zhljkw dvvrfldwhg zlwk wkh wuhh1 Ixuwkhupruh/ wkh wrwdo zhljkw ri doo wuhhv

urrwhg dw 5 lv=

^5 '

[

�MM5

\

� �'5

R��E��

zkhuh wkh qrwdwlrq �E�� lv htxlydohqw wr }E�� zlwk wkh h{fhswlrq ri qrgh 5/ iru zklfk

lw lv qrw gh�qhg1 Lw lv hdv| wr vhh/ wkhq/ wkdw fruuhvsrqglqj wr dq| } 5 C5 wkhuh lv d

xqltxh wuhh urrwhg dw 5 vxfk wkdw=

> d}o ' R5}E5�

\

� �'5

R��E��

Pruhryhu/ dq| wuhh urrwhg dw 5 pd| eh h{whqghg wr dq dssursuldwh phpehu ri C5 e|

dgglqj dq hgjh iurp 51 Wklv lv looxvwudwhg lq Iljxuh 451 Wkh vrolg hgjhv ghslfw d wuhh

urrwhg dw qrgh 5 ' 2/ dqg wkh eurnhq hgjhv uhsuhvhqw srvvleoh h{whqvlrqv wr irup d

phpehu ri C51

�

�

�
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�

Iljxuh 451 D wuhh � 5 M2 urrwhg dw 5 ' 2 dqg vrph h{whqvlrqv

Fohduo|/ vxfk dq h{whqvlrq surfhgxuh pd| eh xqghuwdnhq iru dq| wuhh urrwhg dw qrgh

51 Khqfh=
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Wr rewdlq wkh zhljkw ri doo judskv lq C
5
/ vxp wr rewdlq=
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Iljxuh 461 D wuhh � 5 M� urrwhg dw 5 ' � dqg dq h{whqvlrq wr } 5 C
2

D wuhh zdv rewdlqhg iurp } 5 C5 e| ghohwlqj dq hgjh ohdglqj iurp 51 Qrwlfh wkdq dq

dowhuqdwlyh zrxog eh wr uhpryh dq hgjh ohdglqj wr 51 Iru lqvwdqfh=
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Lw lv fohdu/ wkhq/ wkdw C5 pd| eh frqvwuxfwhg e| frqvlghulqj vhwv ri wuhhv urrwhg dw

rwkhu qrghv/ dqg wkh dgglqj dq hgjh iurp wkh urrw qrgh ri hdfk ri wkhvh wuhhv wr wkh

qrgh 51 Wklv lghd lv looxvwudwhg lq Iljxuh 461 Wkxv=
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Qrwlfh wkhq wkdw
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R�5^�1 Wklv ehfrphv=
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Iruplqj wkh yhfwru ^ ' d^5o wklv h{suhvvlrq lv ^ ' �^1 Exw wkhq ^ lv d vfdohg hujrglf

glvwulexwlrq1 Wkh iroorzlqj ohppd +gxh wr Iuhlgolq dqg Zhqw}hoo ^8`, lv rewdlqhg1

Ohppd ;1 Wkh hujrglf glvwulexwlrq ri wkh Pdunry fkdlq >

W

vdwlv�hv=
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Qrwlfh wkdw dq hujrglf surfhvv lv uhtxluhg/ vlqfh rwkhuzlvh doo urrwhg wuhhv zrxog kdyh

}hur zhljkw/ dqg wkh deryh h{suhvvlrq zrxog eh loo0gh�qhg1

Qxiilhog Froohjh/ R{irug R[4 4QI/ XN

H0pdlo dgguhvv= gdylg1p|dwwCqxi1r{1df1xn

Qxiilhog Froohjh/ R{irug R[4 4QI/ XN

H0pdlo dgguhvv= fkulvwrskhu1zdoodfhCqxi1r{1df1xn


