
Rq wkh glvwulexwlrq ri whvwv iru frlqwhjudwlrq udqn
Ehqw Qlhovhq

Qx!hog Froohjh/ R{irug R[4 4QI/ XN
Hpdlo= ehqw1qlhovhqCqxi1r{1df1xn

kwws=22zzz1qx�1r{1df1xn2xvhuv2qlhovhq2
55 Pd| 4<<:/ uhylvhg= 5< Mxqh 4<<;

Devwudfw= Wklv sdshu dqdo|vhv wkh olnholkrrg whvw iru wkh k|srwkhvlv ri uh0
gxfhg frlqwhjudwlrq udqn lq d Jdxvvldq yhfwru dxwruhjuhvvlyh prgho1 Lq �qlwh
vdpsohv wkh uhmhfwlrq suredelolw| iru wkh k|srwkhvlv pd| eh txlwh gl�huhqw
iurp wkh surplvhg dv|pswrwlf vl}h1 Dq h{sodqdwlrq lv irxqg lq wkh idfw wkdw
wkh whvw lv qrw vlplodu1 D qhz dv|pswrwlf glvwulexwlrq zklfk ghshqgv frqwlq0
xrxvo| rq wkh qxlvdqfh sdudphwhuv lv vxjjhvwhg1 Wklv fdswxuhv wkh ixqfwlrqdo
irup ri wkh h{dfw glvwulexwlrq dqg jlyhv d udwkhu jrrg dssur{lpdwlrq1 Wkh
lghd lv glvfxvvhg iru vrph orz glphqvlrqdo h{dpsohv1

41 Lqwurgxfwlrq
Hpslulfdo hylghqfh ri hfrqrplf htxloleuld fdq eh irxqg e| frlqwhjudwlrq
dqdo|vlv xvlqj wkh lghd wkdw d olqhdu frpelqdwlrq ri wzr vwrfkdvwlfdoo| wuhqg0
lqj surfhvvhv pd| eh vwdwlrqdu|1 Rqh ri pdq| whvwv iru wkh qxpehu ri frlq0
whjudwlqj uhodwlrqv lv vxjjhvwhg e| Mrkdqvhq +4<;;/ 4<<8d,1 Wklv whvw kdv
dsshdo dv d olnholkrrg udwlr whvw lq d Jdxvvldq yhfwru dxwruhjuhvvlyh prgho
dowkrxjk lw lv edvhg rq dq dv|pswrwlf glvwulexwlrq dssur{lpdwlrq ri wkh whvw
vwdwlvwlf1 Vlpxodwlrq vwxglhv ri wkh whvw vkrz wkdw xqghu wkh k|srwkhvlv wkh
uhmhfwlrq suredelolw| ri wkh whvw pd| eh txlwh gl�huhqw iurp wkh surplvhg
dv|pswrwlf vl}h1 Dv dq h{dpsoh frqvlghu wkh prqh| ghpdqg dqdo|vlv iru
Ghqpdun e| Mrkdqvhq dqg Mxvholxv +4<<3,1 Rqh ri wkhlu whvwv lv iru wkh k|0
srwkhvlv ri dw prvw rqh frlqwhjudwlqj uhodwlrq1 Sdudphwulf errwvwuds vkrzv
wkdw wkh uhmhfwlrq suredelolw| hydoxdwhg dw wkh pd{lpxp olnholkrrg hvwlpdwru
lv durxqg 55( zkhq wkh dv|pswrwlf vl}h lv 8(1

Wkh vwdwlvwlfdo prgho lqyroyhv d zlgh udqjh ri sdudphwhuv/ krzhyhu/ wkh
vwdwlvwlfdo dqdo|vlv rqo| kdv d uhdvrqdeoh lqwhusuhwdwlrq li wkh �uvw gl�huhqfhv
ri wkh surfhvv dqg wkh frlqwhjudwlqj yhfwru duh vwdeoh1 Dowkrxjk wkh whvw vwd0
wlvwlf frqyhqlhqwo| kdv rqh dv|pswrwlf glvwulexwlrq xqghu wkhvh dvvxpswlrqv

3Frpphqwv iurp J1 Eèugvhq/ G1U1 Fr{/ V1 Mrkdqvhq/ K1 Oÿwnhsrko dqg D1 Udkehn duh

judwhixoo| dfnqrzohgjhg1
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wkh whvw fdqqrw hyhq eh uhjdughg dv dv|pswrwlfdoo| vlplodu1 Li wkh dvvxps0
wlrqv duh ylrodwhg/ gl�huhqw dv|pswrwlf glvwulexwlrqv pd| dsso|1 Lq idfw/ wkh
�qlwh vdpsoh glvwulexwlrq ri wkh whvw vwdwlvwlf ghshqgv frqwlqxrxvo| rq qxl0
vdqfh sdudphwhuv dqg lw lv dssur{lpdwhg e| d vwhs ixqfwlrq1 Wkh dv|pswrwlf
dssur{lpdwlrq lv frqvhtxhqwo| srru qhdu wkh vwhsv ri wkdw ixqfwlrq1

Li wkh qxlvdqfh sdudphwhuv duh qrw wrr forvh wr wkh vwhsv lw vhhpv dv
wkrxjk wkh dv|pswrwlf glvwulexwlrq fdq eh lpsuryhg vxffhvixoo| e| d Eduwohww
fruuhfwlrq1 Iru wkh prqh| ghpdqg h{dpsoh phqwlrqhg deryh wkh vl}h lv
lpsuryhg iurp 55( wr 8(1 Wkh lghd ri Eduwohww +4<6:, hqwdlov vfdolqj zlwk wkh
udwlr ri wkh dv|pswrwlf h{shfwdwlrq dqg wkh �qlwh vdpsoh h{shfwdwlrq/ zklfk
ghshqgv rq wkh qxlvdqfh sdudphwhuv1 Wkhuhiruh wkh dssurdfk lv dqdo|wlfdoo|
udwkhu ghpdqglqj1

D gl�huhqw dssurdfk lv wr dsso| dq dv|pswrwlf glvwulexwlrq zklfk lv pruh
forvho| uhodwhg wr wkh h{dfw glvwulexwlrq1 Wkh lghd lv wr lghqwli| wkh lpsru0
wdqw qxlvdqfh sdudphwhuv/ X/ vfdoh wkhp e| wkh vdpsoh vl}h/ w ' AXc dqg
�{ w udwkhu wkdq X lq wkh dv|pswrwlf dujxphqw1 Wklv dssurdfk kdv wzr
lpsruwdqw ihdwxuhv1 Iluvw/ wkh vwdwlvwlfdo prgho dqg dqdo|vlv lv qrw fkdqjhg
vr wkh qxlvdqfh sdudphwhu X lv hvwlpdwhg e| h{lvwlqj phwkrgv1 Vhfrqgo|/ wkh
dssurdfk fdswxuhv wkh vkdsh ri wkh �qlwh vdpsoh glvwulexwlrq dqg lw kdv d
qhduo| xqlirup h�hfw lq wkh hqwluh sdudphwhu vsdfh1 Wkh dssurdfk zloo eh
ghprqvwudwhg lq wklv sdshu xvlqj d ihz h{dpsohv1 Lq wkhvh fdvhv wkh qhz
dv|pswrwlf glvwulexwlrq jlyhv dq dssur{lpdwlrq zklfk lv dw ohdvw dv jrrg dv
wkh Eduwohww fruuhfwhg vwdqgdug dv|pswrwlf glvwulexwlrq1 Zkloh wkh dqdo|wlf
dujxphqwv iru wklv phwkrg duh dovr udwkhu ghpdqglqj/ wkh ehqh�w lv wkdw wkh
sureohp lv qrz irupxodwhg dv dq dv|pswrwlf sureohp ri �uvw rughu udwkhu
wkdq ri vhfrqg rughu1

Lq wkh sdshu wkuhh w|shv ri frlqwhjudwlrq prghov duh frqvlghuhg1 Zkhq
whvwlqj iru qr frlqwhjudwlrq lq d �uvw rughu prgho wkh whvw lv vlplodu dqg
wkh vwdqgdug dv|pswrwlf glvwulexwlrq jlyhv d �qh dssur{lpdwlrq1 Lq jhqhudo
prghov wkh whvw lv qrq0vlplodu1 Wklv qrq0vlplodulw| dulvhv iurp wzr vrxufhv1
Iluvwo|/ kljkhu rughu dxwruhjuhvvlyh vwuxfwxuh doorzv iru h{wud xqlw urrwv dqg
dv d frqvhtxhqfh wkh whvw lv qrq0vlplodu dv srlqwhg rxw e| iru h{dpsoh Sdq0
wxod +4<;<,1 Wklv zloo eh glvfxvvhg lq wkh frqwh{w ri d xqlyduldwh vhfrqg rughu
prgho1 Vhfrqgo|/ frlqwhjudwlrq lv dqdo|vhg xvlqj fdqrqlfdo fruuhodwlrqv1 Lq
fodvvlfdo fdqrqlfdo fruuhodwlrq dqdo|vlv wkhuh lv dovr d vlplodulw| sureohp dv
srlqwhg rxw e| Krwhoolqj +4<69,1 Wklv sureohp lv lqkhulwhg e| frlqwhjudwlrq
dqdo|vlv1 Khuh lw zloo eh glvfxvvhg iru d elyduldwh �uvw rughu prgho1 Wkh qhz
dv|pswrwlf dssurdfk lv frqvlghuhg lq frqqhfwlrq zlwk fodvvlfdo fdqrqlfdo fru0
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uhodwlrqv e| Qlhovhq +4<<:f,1 Wkdw sdshu lqfoxghv pruh dqdo|wlf dujxphqwv
vlqfh wkh revhuydwlrqv duh dvvxphg wr eh lqghshqghqw dqg wkh sureohp lv
wkhuhiruh pruh wudfwdeoh1

D eulhi lqwurgxfwlrq wr wkh jhqhudo prgho lv jlyhq lq Vhfwlrq 5 dqg/ qh{w/
lq Vhfwlrq 6 wkh vlplodu whvw iru qr frlqwhjudwlrq lq �uvw rughu prghov lv
glvfxvvhg1 Wkh xqlyduldwh vhfrqg rughu prgho dqg wkh elyduldwh �uvw rughu
prgho duh frqvlghuhg lq Vhfwlrq 7 dqg 8 uhvshfwlyho|1 Ilqdoo|/ Vhfwlrq 9
frqfoxghv zlwk d glvfxvvlrq ri vrph ixuwkhu lvvxhv1

51 Wkh vwdwlvwlfdo prgho dqg wkh dv|pswrwlf dqdo|vlv
Frqvlghu wkh R0glphqvlrqdo/ &0wk rughu yhfwru dxwruhjuhvvlyh prgho jlyhq e|

{f| ' �f|3� n
&3�[
�'�

K�{f|3� n 0|c iru | ' �c � � � c A +4,

iru �{hg ydoxhv ri ffc � � � c f�3& dqg lqghshqghqw vwdqgdug Jdxvvldq lqqr0
ydwlrqv zlwk yduldqfh l1 Wkh sdudphwhuv/ �cK�c � � � cK&3�cl ydu| iuhho| vr
wkdw l lv srvlwlyh gh�qlwh dqg v|pphwulf1 Xvxdoo| ghwhuplqlvwlf frpsrqhqwv
zrxog eh lqfoxghg lq dssolfdwlrqv1 Qlhovhq dqg Udkehn +4<<;, ghprqvwudwh
krz wkhvh frpsrqhqwv fdq eh lqfoxghg lq vxfk d zd| wkdw qr ixuwkhu vlpl0
odulw| sureohpv duh lqwurgxfhg1

Wkh k|srwkhvlv ri dw prvw o frlqwhjudwlqj uhodwlrqv lv irupxodwhg dv

MEo� G o@?&� � o 	 R�

Wkh lqhtxdolw| hqvxuhv wkdw wkh pdwul{ � fdq eh zulwwhq dv wkh surgxfw kq�/
zkhuh kc q duh iuhho| ydu|lqj +R� o� pdwulfhv1

Wkh �uvw gl�huhqfhv ri wkh wlph vhulhv dqg wkh frlqwhjudwlqj uhodwlrq/
q�f|/ fdq eh jlyhq vwdwlrqdu| lqlwldo glvwulexwlrqv dqg wkhuhiruh lqwhusuhwhg
dv vwdeoh skhqrphqd xqghu vrph uhvwulfwlrqv wr wkh fkdudfwhulvwlf sro|qrpldo
ri wkh wlph vhulhv/

�E5� ' E�� 5�UR � 5��
&3�[
�'�

E�� 5�5�K�� +5,

Wkh fkdudfwhulvwlf urrwv/ vroxwlrqv wr wkh htxdwlrq/ ghw� E5� ' f/ kdyh wr
ixo�o wkh dvvxpswlrqv

+D14, R� o@?&� urrwv duh dw rqh

+D15, wkh uhpdlqlqj urrwv duh qxphulfdoo| odujhu wkdq rqh
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dv suryhg e| Mrkdqvhq +4<<8d/ Wkhruhp 715/ 71:,1 Wkh �uvw dvvxpswlrq
hqvxuhv wkdw wkh frlqwhjudwlqj yhfwru dqg wkh �uvw gl�huhqfh ri wkh wlph
vhulhv gr qrw kdyh dq| xqlw urrwv/ zkhuhdv wkh vhfrqg hpskdvlvhv vwdelolw|
udwkhu wkdq h{sorvlyhqhvv ru vhdvrqdo lqwhjudwlrq1

Lq wkh vwdwlvwlfdo dqdo|vlv wkh dvvxpswlrqv +D14,0+D15, duh ljqruhg1 Wkh
olnholkrrg fulwhulrq iru wkh k|srwkhvlv lv wkhuhiruh jlyhq e|

u- iMEo�mMER�j ' �A

R[
�'on�

*L}
�
�� 	b�

�
+6,

zkhuh � : 	b� : � � � : 	bR : f duh wkh vtxduhg vdpsoh fdqrqlfdo fruuhod0
wlrqv ri {f| dqg f|3� dqg erwk vhulhv duh fruuhfwhg iru odjjhg gl�huhqfhv/
{f|3�c � � � c{f|3&n��

Vlqfh wkh whvw vwdwlvwlf lv frpsxwhg lq whupv ri fdqrqlfdo fruuhodwlrqv
lwv glvwulexwlrq grhv qrw fkdqjh e| d qrq0vlqjxodu olqhdu wudqvirupdwlrq ri
wkh wlph vhulhv dqg wkh whvw lv vdlg wr eh lqyduldqw zlwk uhvshfw wr vxfk
wudqvirupdwlrqv +Fr{ dqg Klqnoh|/ 4<:7/ s1 48:,1 Wkxv R2 olqhdu uhvwulfwlrqv
fdq eh lpsrvhg rq wkh sdudphwhu vsdfh zlwkrxw dowhulqj wkh glvwulexwlrq
ri wkh whvw vwdwlvwlf1 Wklv jhqhudolvhv wkh �qglqj wkdw wkh xqlyduldwh whvw lv
lqyduldqw zlwk uhvshfw wr vfdodu wudqvirupdwlrqv dqg wkhuhe| qrw ghshqghqw
rq wkh sdudphwhu ri wkh lqqrydwlrq yduldqfh1

Wkh dv|pswrwlf glvwulexwlrq ri wkh vdpsoh fdqrqlfdo fruuhodwlrqv ydulhv
zlwk wkh qxpehu ri xqlw urrwv1 Wkxv/ wkh dvvxpswlrq +D14, lv qhfhvvdu|/
zkhuhdv +D15, lv frqyhqlhqw iru ghulylqj wkh dv|pswrwlf glvwulexwlrqv1 Wkh
k|srwkhvhv ri dw prvw o frlqwhjudwlqj uhodwlrqv rqo| vshfl�hv wkdw wkh wlph
vhulhv kdv dw ohdvw R � o xqlw urrwv/ khqfh/ iru wkh dv|pswrwlf dqdo|vlv lw lv
dovr dvvxphg wkdw

+D16, o@?&� ' o�

Xqghu wkhvh dvvxpswlrqv Mrkdqvhq +4<<8d/ Wkhruhp 914, suryhv wkdw wkh o
odujhvw vdpsoh fdqrqlfdo fruuhodwlrqv frqyhujh wr frqvwdqwv dqg wkdw wkh glv0
wulexwlrq ri wkh olnholkrrg fulwhulrq fdq eh dssur{lpdwhg e| wkh glvwulexwlrq
ri wkh wudfh ri d vwrfkdvwlf pdwul{ ri wkh irup] �

f

_`�`
�

�

�] �

f

`�`
�

�_�

�3� ] �

f

`�_`
�

�� +7,

Khuh `� lv d R� o glphqvlrqdo Eurzqldq prwlrq1

7



61 Vlplodu whvwv
D whvw lv vdlg wr eh vlplodu li lw lv edvhg rq d fulwlfdo uhjlrqg zlwk suredelolw|

�wg ' k

iru doo w lq wkh sdudphwhu vsdfh uhvwulfwhg e| wkh k|srwkhvlv +Fr{ dqg Klqn0
oh|/ 4<:7/ s1 467,1 Dowkrxjk wkh surshuw| lv vdwlv�hg dv|pswrwlfdoo| zkhq
wkh dvvxpswlrqv +D14,0+D16, duh lpsrvhg wkh frlqwhjudwlrq whvwv fdqqrw eh
vdlg wr eh dv|pswrwlfdoo| vlplodu1 Wkh uhdvrq lv wkdw ydulrxv gl�huhqw olplw
glvwulexwlrqv pd| dsso| rq wkh erxqgdu| ri wkh sdudphwhu vsdfh jlyhq e|
wkhvh dvvxpswlrqv1 Krzhyhu/ zkhq whvwlqj iru qr frlqwhjudwlrq/ M Ef�/ lq
d �uvw rughu prgho/ & ' �c wkhq wkh dvvxpswlrqv +D14,0+D16, duh wulyldoo|
ixo�oohg lq wkh hqwluh sdudphwhu vsdfh dqg wkh whvw lv dfwxdoo| h{dfw vlplodu1
Lq wkdw vlwxdwlrq wkh dv|pswrwlf glvwulexwlrq jlyhv d jrrg dssur{lpdwlrq wr
wkh h{dfw �qlwh vdpsoh glvwulexwlrq ri wkh whvw1

Lq wkh xqlyduldwh fdvh/ R ' �/ wkh glvwulexwlrq ri wkh olnholkrrg fulwhulrq
frqyhujhv xqxvxdoo| idvw1 Zlwk ; revhuydwlrqv wkh vlpxodwhg �qlwh vdpsoh glv0
wulexwlrq fdqqrw eh glvwlqjxlvkhg iurp wkh dv|pswrwlf glvwulexwlrq +Qlhovhq/
4<<:d,1

Iru kljkhu glphqvlrqv wkh frqyhujhqfh lv reylrxvo| vorzhu1 Lq Wdeoh 4
wkh vl}hv ri whvwv edvhg rq wkh dv|pswrwlf <8( txdqwloh duh uhsruwhg iru
ydulrxv glphqvlrqv dqg vdpsoh ohqjwkv1 Wklv wdeoh fdq eh hydoxdwhg e| wkh
uhtxluhphqw wkdw wkhuh vkrxog eh ;043 revhuydwlrqv shu sdudphwhu dv lq pdq|
dssolfdwlrqv1 Iru wkh �uvw irxu glphqvlrqv wkh uhohydqw vdpsoh ohqjwkv duh
49053/ 5;068/ 73083/ 850981 Wkxv/ h{fhsw iru wkh xqlyduldwh fdvh wkh whvw
lv voljkwo|/ exw qrw doduplqjo|/ ryhu0vl}hg1 Qrwh/ wkdw frpsduhg zlwk pdq|
fodvvlfdo whvwv wklv frqyhujhqfh lv udwkhu idvw1

^ Wdeoh 4 `

D Eduwohww fruuhfwlrq zrunv yhu| zhoo lq wklv fdvh1 Wkh lghd lv wkdw wkh
dv|pswrwlf txdqwlohv dqg wkh h{dfw �qlwh vdpsoh txdqwlohv duh dssur{lpdwho|
sursruwlrqdo dqg wkh dv|pswrwlf glvwulexwlrq fdq wkhuhiruh eh lpsuryhg e|
vfdolqj iru lqvwdqfh e| wkh udwlr ri wkh dv|pswrwlf dqg wkh h{dfw h{shfwdwlrq
ri wkh whvw vwdwlvwlf1 Eduwohww +4<6:, dujxhg lq whupv ri d vhfrqg rughu h{0
sdqvlrq ri wkh h{shfwdwlrq dqg odwhu Odzoh| +4<89, suryhg wkdw iru whvwlqj
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vlwxdwlrqv lq fdvh ri ? uhshdwhg revhuydwlrqv wkh prphqwv ri wkh whvw vwdwlvwlf
duh jlyhq e|

. Eu-�& ' 6& E� n @*?�& nR
�
?32

�
+8,

zkhuh 6& lv wkh &0wk prphqw ri wkh olplwlqj glvwulexwlrq1 Wkhuhiruh/ vfdolqj
zlwk d vhfrqg rughu h{sdqvlrq ri wkh h{shfdwlrq zrxog holplqdwh doo vhfrqg
rughu whupv iurp wkh glvwulexwlrq dssur{lpdwlrq1

Wkhvh surshuwlhv duh voljkwo| gl�huhqw iru frlqwhjudwlrq prghov1 Iru wkh
xqlyduldwh �uvw rughu prgho Qlhovhq +4<<:d, vkrzv e| vlpxodwlrq wkdw wkh
txdqwlohv duh forvh wr sursruwlrqdo1 Pruhryhu/ vfdolqj zlwk wkh udwlr ri wkh
dv|pswrwlf h{shfwdwlrq dqg wkh +vlpxodwhg, h{dfw glvwulexwlrq lpsuryhv wkh
glvwulexwlrq dssur{lpdwlrq1 Krzhyhu/ wkh dqdo|wlf h�hfw ri wkh Eduwohww fru0
uhfwlrq lv ohvv fohdu1 Wkh vhfrqg rughu whup/ ghqrwhg @ lq +8,/ ghshqgv rq wkh
prphqw zklfk lv frqvlghuhg1 Lw lv uhgxfhg lq devroxwh ydoxh e| d Eduwohww
fruuhfwlrq exw qrw holplqdwhg1

Eduwohww fruuhfwlrqv edvhg rq wkh udwlr ri vlpxodwhg �qlwh vdpsoh dqg
dv|pswrwlf h{shfwdwlrqv zrun �qh dovr iru wkh kljkhu glphqvlrqdo whvw ri qr
frlqwhjudwlrq lq �uvw rughu prghov1 Lq wkdw fdvh wkh �jxuhv lq Wdeoh 4 zrxog
eh lpsuryhg wr eh 71<(0816( iru A ' 2D1

Lw vkrxog eh qrwhg wkdw wkh ghjuhhv ri iuhhgrp fruuhfwlrq vxjjhvwhg e|
Uhlqvho dqg Dkq +4<<5, lv qrw yhu| khosixo1 Wkdw fruuhfwlrq dssur{lpdwhv
wkh udwlr ri h{dfw dqg dv|pswrwlf h{shfwdwlrq e| +4.R&*A �� Wklv lv reylrxvo|
qrw yhu| jrrg iru wkh xqlyduldwh fdvh zkhuh wkh dv|pswrwlf glvwulexwlrq �wv
udwkhu zhoo1 Iru wkh �uvw irxu glphqvlrqv vwxglhg lq Wdeoh 4 dqg A ' 2D
wkh vlpxodwhg udwlrv duh 4133;/ 4136:/ 41399/ 413<9 zklfk vkrxog eh frpsduhg
zlwk 4137/ 413;/ 4145/ 4149 uhvshfwlyho|1

71 Wkh xqlyduldwh vhfrqg rughu prgho
Wklv prgho surylghv wkh vlpsohvw h{dpsoh ri d qrq0vlplodu frlqwhjudwlrq whvw
dqg looxvwudwhv wkh dxwruhjuhvvlyh dvshfw ri wkh sureohp1 Wkh glvwulexwlrq
ri wkh whvw ghshqgv/ hyhq dv|pswrwlfdoo|/ rq d qxlvdqfh sdudphwhu1 Lq wkh
iroorzlqj wkh vwdwlvwlfdo dqdo|vlv lv glvfxvvhg eulh |/ qh{w wkh dv|pswrwlf
glvwulexwlrq ri wkh whvw fulwhulrq lv ghvfulehg/ wkhq dssur{lpdwlrqv wr wkh
�qlwh vdpsoh dqg �qdoo| vrph sudfwlfdo lvvxhv duh frqvlghuhg1

7141 Wkh vwdwlvwlfdo dqdo|vlv1
Wkh prgho lv uhsdudphwulvlvhg lq whupv ri wkh xqlyduldwh htxdwlrq

{2f| ' �f|3� � K{f|3� n 0|c +9,
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zkhuh K ' �K�� Wkh olnholkrrg udwlr whvw fulwhulrq iru wkh k|srwkhvlv � ' f
lv jlyhq e| �A *L}E� � 	b� zkhuh 	b lv wkh vtxduhg hpslulfdo fruuhodwlrq ri
{2f| dqg f|3� zlwk erwk vhulhv fruuhfwhg iru {f|3��

Iru wkh glvwulexwlrqdo dqdo|vlv wzr surshuwlhv duh ri lqwhuhvw1 Hpshulfdo
fruuhodwlrqv duh/ dv phqwlrqhg deryh/ vfdoh lqyduldqw dqg wkh glvwulexwlrq ri
wkh fulwhulrq grhv wkhuhiruh qrw ghshqg rq wkh lqqrydwlrq yduldqfh l� Ixuwkhu/
dq dqdo|vlv ri wkh fkdudfwhulvwlf sro|qrpldo iru d surfhvv jlyhq e| +9, uhyhdov
wkdw wkh surfhvv kdv wzr xqlw urrwv li K 9' f dqg rqh rwkhuzlvh1 Wkh surfhvv
lv L+4, li wkh devroxwh ydoxh ri +40K� lv vpdoohu wkdq rqh1

7151 Wkh dv|pswrwlf glvwulexwlrq
Wkh dv|pswrwlf glvwulexwlrq ri wkh fulwhulrq lv jlyhq dv iroorzv

Wkhruhp 4 +Wkh xqlyduldwh vhfrqg rughu prgho,
Ohw ` eh d vwdqgdug Eurzqldq prwlrq dqg �̀
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Vxppdu| vwdwlvwlfv ri wkh glvwulexwlrqv duh jlyhq lq Wdeoh 51

Wkh L+4, uhvxow/ iru dev+40K� 	 �c dqg wkh L+5, uhvxow/ iru K ' fc duh zhoo0
nqrzq/ vhh iru h{dpsoh +7, dqg Mrkdqvhq +4<<8e, uhvshfwlyho|1 Wkh vlwxdwlrq
ri d qhjdwlyh xqlw urrw/ K ' �2c lv forvho| uhodwhg wr wkh zrun ri Fkdq dqg
Zhl +4<;;,/ zkhuhdv wkh h{sorvlyh fdvh vhhpv wr kdyh hvfdshg wkh olwhudwxuh1
Wkh surri ri Wkhruhp 4 lv jlyhq lq wkh dsshqgl{1

D frqvhtxhqfh ri Wkhruhp 4 lv/ dv srlqwhg rxw e| Sdqwxod +4<;<,/ wkdw
wkh whvw lv qrw vlplodu1 Lw lv whpswlqj wr h{foxgh doo exw L+4, surfhvvhv e| wkh
uhvwulfwlrq dev+40K� 	 �� Krzhyhu/ wklv lv qrw ri dq| khos vlqfh wkh olnholkrrg
ixqfwlrq grhv qrw qhfhvvdulo| kdyh d pd{lpxp xqghu wklv uhvwulfwlrq dqg
wkh sroh dw K ' f uhpdlqv d sureohp lq �qlwh vdpsohv1 Iru wkh vxevhtxhqw
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dujxphqwv lw lv frqyhqlhqw wkdw wkhuh lv mxvw wkh rqh sroh dw K ' f dqg wkdw
h{sorvlyh urrwv duh qrw d sureohp iru wkh wkhruhwlfdo ghulydwlrqv1

^ Wdeoh 5 `

7161 Dssur{lpdwlrq ri wkh �qlwh vdpsoh glvwulexwlrq
Wkh iroorzlqj dqdo|vlv ri wkh vpdoo vdpsoh glvwulexwlrq lv edvhg rq vlpxod0
wlrqv1 Lw lv dvvxphg wkdw wkh lqlwldo ydoxhv ff/ {ff duh erwk }hur1 Li wklv
zhuh qrw wkh fdvh lq dq dssolfdwlrq d ghwhuplqlvwlf wuhqg zrxog eh lqfoxghg
lq wkh prgho1 Dq lpsruwdqw ihdwxuh ri wkh glvwulexwlrq lv wkh h{shfwdwlrq1
Lq wkh Wdeoh 6 vlpxodwhg ydoxhv ri wkh h{shfwdwlrq duh uhsruwhg iru ydulrxv
ydoxhv ri K dqg A� H{fhsw iru wkh h{wuhph fdvh K ' f lw lv vhhq wkdw d vxe0
vwdqwldo qxpehu ri revhuydwlrqv duh qhhghg wr rewdlq dq h{shfwdwlrq forvh wr
wkh dv|pswrwlf ydoxh1 Iru A ' 2e zkhuh wkh sdudphwhu wr revhuydwlrq udwlr
lv 4=;/ dqg wkhuhiruh ehwwhu wkdq lq prvw frlqwhjudwlrq dssolfdwlrqv/ wkhuh lv
d vljql�fdqw glvwruwlrq hyhq iru K ' 2*��

^ Wdeoh 6 `

Rqh dssurdfk wr dssur{lpdwlrq ri wkh h{shfwdwlrq lv dq dv|pswrwlf h{0
sdqvlrq iru �{hg K dqg lqfuhdvlqj vdpsoh vl}hv1 Wklv kdv ehhq grqh iru K ' �
e| Oduvvrq +4<<7, dqg wkh fruuhfwlrq vhhpv wr zrun lq d udqjh ri K durxqg
K ' �� Oduvvrq*v lghd frxog eh sxuvxhg ixuwkhu1

D gl�huhqw dssurdfk lv wr �{ � ' KA lq wkh dv|pswrwlf dujxphqw dv
vxjjhvwhg e| Qlhovhq +4<<:f, lq wkh frqwh{w ri fdqrqlfdo fruuhodwlrqv1 Wklv
fruuhvsrqgv wr uhdglqj Wdeoh 6 gldjrqdoo| iurp erwwrp0ohiw wr wrs0uljkw fru0
qhu1 Wkh �jxuhv lqglfdwh idvw frqyhujhqfh/ dowkrxjk wr d frqwlqxxp ri qhz
dv|pswrwlf glvwulexwlrqv1 Wkh qhz dv|pswrwlf h{shfwdwlrq fdq eh hvwlpdwhg
e| �wwlqj d sro|qrpldo lq 42A� Wkh uhodwlyh huuru ri wkh �qlwh vdpsoh h{shf0
wdwlrq lq uhodwlrq wr wkh qhz dv|pswrwlf glvwulexwlrq qrz ydulhv lq wkh udqjh
4133< wr 4135< iru A ' 2ec vr wkdw wkh uhodwlyh huuru lv odujhvw iru vpdoo K�
Wkhvh �jxuhv duh yhu| vpdoo dqg lw iroorzv wkdw d jrrg dssur{lpdwlrq wr wkh
h{shfwdwlrq kdv ehhq irxqg1 Wkh qhz dssurdfk fdq eh irupdolvhg dv

;



Wkhruhp 5 +Wkh xqlyduldwh vhfrqg rughu prgho,
Ohw X eh d xqlyduldwh Ruqvwhlq0Xkohqehfn surfhvv jlyhq e| wkh vwrfkdvwlf gli0
ihuhqwldo htxdwlrq

_L| ' ��L|_|n _`|

zkhuh ` lv d vwdqgdug Eurzqldq prwlrq1 Wkhq iru �{hg � ' KA wkh whvw
fulwhulrq frqyhujhv lq glvwulexwlrq wr d udqgrp yduldeoh ri irup +;, zkhuh Z
lv uhsodfhg e| X1

D surri fdq iru lqvwdqfh eh jlyhq dorqj wkh olqh ri Skloolsv +4<;;, wkhru| iru
qhdu0lqwhjudwhg wlph vhulhv1

Vlpxodwhg ydoxhv ri wkh h{shfwdwlrq dqg yduldqfh ri wkh dv|pswrwlf glvwul0
exwlrq jlyhq lq Wkhruhp 5 duh uhsruwhg lq Wdeoh 71 Wkh glvwulexwlrq fdq eh
�wwhg zhoo e| d K0glvwulexwlrq ghwhuplqhg iurp wkh �uvw wzr prphqwv1 Iru
h{dpsoh iru � ' f dqg 7 wkh vlpxodwhg dv|pswrwlf <8( txdqwlohv duh 71<3
dqg 718< dv frpsduhg zlwk K0�wv ri 71<7 dqg 71941

^ Wdeoh 7 `

Wkh Wdeoh 8 vkrzv wkh dfwxdo shuirupdqfh ri wkh ydulrxv dydlodeoh ds0
sur{lpdwlrqv iru d whvw dw <8( ohyho iru A ' 2e dqg ydulrxv ydoxhv ri K1

Wkh hqwu| �L+4,� jlyhv vlpxodwhg uhmhfwlrq iuhtxhqflhv ri whvwv edvhg rq
wkh dv|pswrwlf L+4, txdqwloh ri 7145<1 Wkh dssur{lpdwlrq lv srru iru vpdoo
K�

Qh{w/ dv �L+4, Eduwohww� d Eduwohww dssur{lpdwlrq lv jlyhq zkhuh wkh fulw0
lfdo ydoxh lv vfdohg e| wkh udwlr ri wkh vlpxodwhg h{shfwdwlrq dqg wkh dv|ps0
wrwlf L+4, h{shfwdwlrq/ 414751 Wklv lv lq wkh vslulw ri wkh dssurdfk ri Oduvvrq
+4<<7, dowkrxjk lw dfwxdoo| zrunv voljkwo| ehwwhu khuh vlqfh wkh h{dfw h{shf0
wdwlrq lv dssur{lpdwhg pruh dffxudwho| e| vlpxodwlrq wkdq e| dv|pswrwlf
h{sdqvlrq1 Lw fdq eh vhhq wkdw wklv dssurdfk lv txlwh jrrg/ dowkrxjk lw zrunv
ohvv zhoo iru wkh vpdoohvw ydoxhv ri K1 Wkh uhdvrq lv wkdw wkh txdqwlohv ri wkh
wzr dv|pswrwlf glvwulexwlrqv jlyhq lq Wkhruhp 4 duh qrw h{dfwo| sursruwlrqdo
dqg vrph ri wkh sursruwlrqdolw| xqghuo|lqj wkh Eduwohww fruuhfwlrq lv orvw1

Wkh hqwu| �qhz� jlyhv uhmhfwlrq iuhtxhqflhv iru whvwv edvhg rq wkh dv|ps0
wrwlf <8( txdqwlohv uhsruwhg lq Wdeoh 71 Wkh �jxuhv duh dv jrrg dv wkrvh iru
wkh Eduwohww fruuhfwlrq dowkrxjk wkh| duh edvhg rq d �uvw rughu dssur{lpd0
wlrq1 Wklv frqyhujhqfh lv dv idvw dv wkdw vhhq iru wkh vlplodu whvwv glvfxvvhg
lq wkh suhylrxv vhfwlrq1
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Ilqdoo|/ dv �qhz Eduwohww� d Eduwohww0w|sh fruuhfwlrq lv jlyhq zkhuh wkh
txdqwlohv ri Wdeoh 7 duh vfdohg e| wkh udwlr ri vlpxodwhg h{shfwdwlrqv iurp
Wdeoh 6 dqg wkh dv|pswrwlf h{shfwdwlrqv iurp Wdeoh 71 Wkh huuru ri wklv
dssur{lpdwlrq lv vpdoohu wkdq wkh vlpxodwlrq huuru1

^ Wdeoh 8 `

Wkh frqfoxvlrq vxssruwhg e| wkh �jxuhv lq Wdeoh 8 lv wkdw d pruh dffx0
udwh glvwulexwlrq dssur{lpdwlrq wkdq wkh xvxdo dv|pswrwlf L+4, glvwulexwlrq
fdq eh rewdlqhg dqdo|wlfdoo| lq rqh ri wzr zd|v1 Wkh �uvw dssurdfk lv wkh
Eduwohww fruuhfwlrq edvhg rq dq dv|pswrwlf h{sdqvlrq ri wkh h{shfwdwlrq ri
wkh fulwhulrq iru �{hg ydoxh ri K zkhuhdv wkh qhz dssurdfk lv wr dsso| wkh
qhz dv|pswrwlf glvwulexwlrq rewdlqhg iru �{hg ydoxh ri �� Wkhvh duh uhvshf0
wlyho| vhfrqg rughu dqg �uvw rughu dv|pswrwlf dssurdfkhv zklfk jlyh urxjko|
wkh vdph txdolw| ri glvwulexwlrq dssur{lpdwlrq1

Wkhuh lv dq lqwhuhvwlqj dqdo|wlf frqqhfwlrq ehwzhhq wkh wzr dssurdfkhv/
zklfk kdv ehhq lqyhvwljdwhg lq ghwdlo lq wkh fdqrqlfdo fruuhodwlrq vwxg| ri
Qlhovhq +4<<:f,1 Lw zloo rqo| eh vnhwfkhg iru wkh suhvhqw h{dpsoh/ vlqfh qr
irupdo surri kdv ehhq irxqg1 Iru �{hg � ' KA wkh h{shfwdwlrq ri wkh
fulwhulrq fdq eh h{sdqghg iru odujh A dv
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zklfk zrxog eh wkh dv|pswrwlf h{sdqvlrq ri wkh fulwhulrq iru qrw wrr vpdoo/
�{hg K dqg odujh A�

Wkh Wdeoh 8 fdq eh lqwhusuhwhg lq whupv ri wkh deryh h{sdqvlrqv1 Wkh
hqwu| �L+4,� lv irxqg xvlqj wkh ohdglqj whup ri wkh h{sdqvlrq +43,1 Qh{w/
wkh hqwu| �Eduwohww L+4,� lv d vlpxodwlrq dwwhpsw wr fdswxuh wkh vhfrqg rughu
whup ri wkh h{sdqvlrq +43,1 Dfwxdoo|/ Oduvvrq +4<<7, �qgv wkh vhfrqg rughu
frh!flhqw @�*K n Kf iru K ' � lq klv dqdo|wlf zrun1 Ilqdoo|/ wkh hqwulhv
�qhz� dqg �qhz Eduwohww� duh vlpxodwlrq edvhg dwwhpswv wr xvh uhvshfwlyho|
wkh ohdglqj whup dqg wkh vhfrqg rughu h{sdqvlrq ri +<,1

7171Sudfwlfdo lpsohphqwlrq
Lq sudfwlfdo vlwxdwlrqv wkh qxlvdqfh sdudphwhu kdv wr eh hvwlpdwhg1 Udwkhu
olwwoh lv nqrzq derxw wkh h�hfw ri wklv1 Ehiruh glvfxvvlqj wkdw lw lv zruwk
frqvlghulqj krz forvh wr }hur wkh hvwlpdwru iru wkh qxlvdqfh sdudphwhu frxog
eh lq sudfwlfdo vlwxdwlrqv1

Ehfdxvh ri wkh vlplodulw| sureohp Sdqwxod +4<;<, vxjjhvwv �uvw wr whvw
wkdw wkh surfhvv kdv wzr xqlw urrwv/ � ' K ' f� Li wklv lv uhmhfwhg wkh
k|srwkhvlv � ' f fdq eh whvwhg xvlqj wkh fulwhulrq deryh dqg qrz wkh L+4,
glvwulexwlrq fdq eh dssolhg zlwk pruh frq�ghqfh1 Hyhq vr wkh hvwlpdwru iru
K frxog eh forvh wr }hur1 Li/ iru lqvwdqfh/ wkh hvwlpdwru iru � lv forvh wr
}hur wkhq wkh whvw iru � ' K ' f lv urxjko| d xqlw urrw whvw iru wkh �uvw
gl�huhqfhv ri wkh wlph vhulhv1 Hoolrw/ Urwkhqehuj dqg Vwrfn +4<<9, uhsruw wkh
dv|pswrwlf srzhu hqyhorsh iru vxfk whvwv1 Iru K ' .*2e/ A ' 2e wkh srzhu lv
dssur{lpdwho| 83( zklfk looxvwudwhv wkdw wkh sdudphwhu K fdq eh txlwh forvh
wr }hur lq dssolfdwlrqv1

Lq sudfwlfh wkhuh lv dq xquhvroyhg sureohp vlqfh wkh vxjjhvwhg glvwulexwlrq
dssur{lpdwlrqv ghshqg rq wkh qxlvdqfh sdudphwhu/ K� Vhyhudo hvwlpdwruv duh
dydlodeoh1 Wkh pd{lpxp olnholkrrg hvwlpdwruv xqghu wkh dowhuqdwlyh dv zhoo
dv xqghu wkh k|srwkhvlv frxog erwk eh xvhg dqg rqh frxog fkrrvh wr eldv0
fruuhfw1 Qh{w/ lw kdv wr eh dujxhg e| vrph frqglwlrqdo dujxphqw wkdw wkh
glvwulexwlrq dssur{lpdwlrq lv jrrg jlyhq d �{hg ydoxh ri wkh hvwlpdwru1 Iru
wkh vlpsohu vlwxdwlrq ri fdqrqlfdo fruuhodwlrqv vxfk dq dqvzhu lv jlyhq e|
Jo|qq dqg Pxlukhdg +4<:;,/ exw hyhq lq wkdw vlwxdwlrq wkhlu dujxphqw lv
udwkhu frpsolfdwhg1

81 Wkh elyduldwh �uvw rughu prgho
Wklv prgho jlyhv wkh vlpsohvw h{dpsoh ri frlqwhjudwlrq dv d vwdwlrqdu| olqhdu
uhodwlrq ri qrq0vwdwlrqdu| yduldeohv1 Wkh prgho hqwdlov wzr w|shv ri vlplodulw|
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sureohpv/ wkh dxwruhjuhvvlyh dvshfw glvfxvvhg deryhg dqg wkh fdqrqlfdo fru0
uhodwlrq dvshfw glvfxvvhg e| Qlhovhq +4<<:f,1 Wkh whvw iru M E�� lv ri lqwhuhvw
khuh1

Wkh prgho lv jlyhq e| +4, zlwk R ' 2 dqg & ' �1 Wkh k|srwkhvlv lv/
M E�� G o@?&� � �/ vr o ' �/ � ' kq�/ zkhuh k/q duh elyduldwh yhfwruv1

Iru glvwulexwlrqdo dqdo|vlv lw lv vx!flhqw wr frqvlghu surfhvvhv jlyhq e|
wkh htxdwlrq

{f| '
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f f
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f|3� n 0| +44,

zkhuh � 5 + dqg � � f dqg wkh lqqrydwlrqv duh lqghshqghqwo| vwdqgdug
qrupdo glvwulexwhg1 Wklv iroorzv iurp wkh lqyduldqfh ri fdqrqlfdo fruuhod0
wlrqv zlwk uhvshfw wr qrq0vlqjxodu olqhdu wudqvirupdwlrqv1 Dq dowhuqdwlyh
sdudphwulvdwlrq lv/ iru � 9' fc

{f| '
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� f
f f
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0|

zkhuh

� '
�*�s

�� �2*�2
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Lw fdq hdvlo| eh vhhq wkdw wkh dvvxpswlrq +D14, lv qrw vdwlv�hg iru � '
fc � 9' f/ +D15, lv ixo�oohg iru �2 	 � 	 f dqg +D16, lv qrw vdwlv�hg iru
� ' � ' f1 Wkh dv|pswrwlf glvwulexwlrq ri wkh fulwhulrq lv jlyhq dv iroorzv

Wkhruhp 6 +Wkh elyduldwh �uvw rughu prgho,
Iru � 9' f wkh fulwhulrq frqyhujhv lq glvwulexwlrq wr +:,1 Pruhryhu/ wkh
odujhvw hljhqydoxh/ 	b�c frqyhujhv lq suredelolw| wr S*E� n S� iru m� n �m 	 �
zkhuh S ' E�2 n�2�*E�� E� n��2� dqg rqh rwkhuzlvh1
Iru � ' f/ � 9' f wkh fulwhulrq frqyhujhv lq glvwulexwlrq wr +;, dqg 	b�
frqyhujhv lq suredelolw| wr rqh1
Iru � ' � ' f wkh qrupdolvhg hljhqydoxhv/ A 	b�c A 	b2/ frqyhujh mrlqwo| lq
glvwulexwlrq wr wkh hljhqydoxhv ri]
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zkhuh ` lv d elyduldwh vwdqgdug Eurzqldq prwlrq1 Wkh dv|pswrwlf glvwule0
xwlrq ri wkh fulwhulrq lv jlyhq e| wkh vpdoohvw ri wkhvh hljhqydoxhv1
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Vxppdu| vwdwlvwlfv ri wkh glvwulexwlrqv duh jlyhq lq Wdeoh 51

Iru � ' � ' f dqg iru �2 	 � 	 f wkh uhvxow iroorzv iurp Mrkdqvhq
+4<<8d/ Fkdswhu 44,1 Surriv iru wkh uhpdlqlqj uhvxowv duh jlyhq lq Qlhovhq
+4<<:e,1

Wkh glvwulexwlrq ri wkh whvw vwdwlvwlf ghshqgv rq wkh sdudphwhuv �c�
lq d frpsolfdwhg zd|1 Wkh iroorzlqj wzr wdeohv vkrz wkh yduldwlrq ri wkh
h{shfwdwlrq dqg yduldqfh/ �uvw iru � ' f dqg vhfrqgo| iru � ' f� Wkhvh
�jxuhv duh frpsduhg zlwk prphqwv ri dv|pswrwlf glvwulexwlrqv rewdlqhg e|
wkh qhz dssurdfk1 Djdlq wkh lghd lv wr �{ @ ' �A dqg K ' �A lq wkh
dv|pswrwlf dujxphqw1 Dffruglqjo| wkh Ruqvwhlq0Xkohqehfn surfhvv jlyhq e|
wkh vwrfkdvwlf gl�huhqwldo htxdwlrq

_L| '
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f f
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L|_|n _`| +46,

lv ri lqwhuhvw dqg qhz dv|pswrwlf glvwulexwlrqv duh rewdlqhg e| uhsodflqj wkh
Eurzqldq prwlrq lq +45, e| wklv surfhvv1 Lw lv vhhq iurp wkh wdeohv wkdw wkh
qhz dssurdfk jlyhv d udwkhu jrrg/ qhduo| xqlirupo| jrrg/ dssur{lpdwlrq wr
wkh �qlwh vdpsoh prphqwv1

^ Wdeoh 9 `
^ Wdeoh : `

Lq wkh Wdeohv 7 dqg : wkh �jxuhv vkrz d prqrwrqrxv whqghqf|1 Vlploduo|/
wkh dqdo|vlv ri elyduldwh fdqrqlfdo fruuhodwlrqv vkrzv d prqrwrqrxv lqfuhdv0
lqj h{shfwdwlrq/ vhh Qlhovhq +4<<:f,1 Wklv lv qrw wkh fdvh lq Wdeoh 9/ zkhuh
� ' f� Wkhuh lv dq ryhudoo plqlpxp durxqg @ ' ��*H dqg d pd{lpxp
durxqg @ ' �eH�

Lq dssolfdwlrq rqo| vrph ri wkh ydoxhv lq Wdeoh 9 dqg : duh ri lqwhuhvw1
Iroorzlqj wkh vhtxhqwldo surfhgxuh vxjjhvwhg e| Mrkdqvhq +4<<8d/ Fkdswhu
45, wkh whvw zrxog rqo| eh dssolhg li lw kdv ehhq uhmhfwhg wkdw � ' � ' f�
Iru lqvwdqfh iru � ' ��H*2ec � ' fc A ' 2e wkh dv|pswrwlf srzhu lv
dssur{lpdwho| 8:( ri d whvw dw 8( ohyho/ vhh Mrkdqvhq +4<<8d/ Wkhruhp
4718, dqg lw lv olnho| wkdw d whvw ri qr frlqwhjudwlrq zrxog eh uhmhfwhg1 Dw
wklv ydoxh ri � d whvw edvhg rq wkh vwdqgdug L+4, glvwulexwlrq +:, lv voljkwo|
xqghu0vl}hg dqg/ lq sduwlfxodu/ wkh ghjuhhv ri iuhhgrp fruuhfwlrq ri � n 2*A
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vxjjhvwhg e| Uhlqvho dqg Dkq +4<<5, zrxog rqo| pdnh wklv zruvh/ vhh dovr
Nrvwldo +4<<7,1 Li � ' f wkh dv|pswrwlf srzhu ri wkh whvw iru qr frlqwhjudwlrq
lv dssur{lpdwho| 95( iru � ' S*2ec A ' 2e� Iru wklv ydoxh wkh �qlwh vdpsoh
h{shfwdwlrq lv odujhu wkdq wkh dv|pswrwlf h{shfwdwlrq/ hyhq zkhq lw lv vfdohg
xvlqj wkh ghjuhhv ri iuhhgrp fruuhfwlrq1

91 Glvfxvvlrq dqg ixuwkhu vxjjhvwlrqv
Iru d ihz h{dpsohv lw kdv ehhq ghprqvwudwhg wkdw wkh dv|pswrwlf glvwule0
xwlrq ri wkh frlqwhjudwlrq whvw ghshqgv rq wkh qxpehu ri xqlw urrwv lq wkh
fkdudfwhulvwlf sro|qrpldo1 Frqvhtxhqwo|/ lw lv qrw dozd|v dq lpsuryhphqw wr
xvh d ghjuhhv ri iuhhgrp fruuhfwlrq dv wkdw vxjjhvwhg e| Uhlqvho dqg Dkq
+4<<5,1 Wkh dssurdfk ghyhorshg lq wklv sdshu jlyhv d udwkhu jrrg dssur{0
lpdwlrq wr wkh �qlwh vdpsoh glvwulexwlrq= wkh frqyhujhqfh lv idvw dqg wkh
huuru lv qhduo| frqvwdqw lq wkh hqwluh sdudphwhu vsdfh1 Xqiruwxqdwho| wkh
qxpehu ri qxlvdqfh sdudphwhuv lqfuhdvhv gudpdwlfdoo| e| wkh glphqvlrq dqg
e| lqfuhdvhg odj ohqjwk1

D ghwhuplqlvwlf whup fdq eh lqfoxghg lq wkh prgho zlwkrxw dgglqj ixuwkhu
vlplodulw| sureohpv dv glvfxvvhg e| Qlhovhq dqg Udkehn +4<<;,1 Wkh suhylrxv
uhvxowv vhhp wr fduu| ryhu wr wkdw fdvh dqg �jxuhv fruuhvsrqglqj wr Wdeoh 4
duh uhsruwhg e| Wrgd +4<<8/ Wdeoh 4,1

Wkh uhsuhvhqwdwlrq wkhruhp ri Judqjhu/ vhh Mrkdqvhq +4<<8d/ Wk1 715,
lv wkh edvlv ri wkh L+4, dqdo|vlv dqg wkh dvvxpswlrqv vkrxog eh frqvlghuhg
lq dssolfdwlrqv1 D urrw qhdu rqh qrw rqo| glvwruwv wkh �qlwh vdpsoh glvwul0
exwlrq gudpdwlfdoo| dv ghprqvwudwhg deryh/ lw dovr glvwruwv wkh vwdwlrqdulw|
lqwhusuhwdwlrq ri wkh uhvxowv1 Wkhuhiruh/ lw pd| eh xvhixo wr lpsrvh vxfk d
urrw dv d xqlw urrw lq iru lqvwdqfh dq L+5, prgho dv vxjjhvwhg e| Mrkdqvhq
+4<<8e,1 Lq wkdw fdvh qhz srvvlelolwlhv iru lqwhusuhwdwlrq pd| dulvh/ vhh iru
lqvwdqfh Mxvholxv +4<<8, dqg Udkehn/ Nrqjvwhg dqg Mûujhqvhq +4<<;,1 Ixu0
wkhu/ rqh frxog krsh wkdw wkh L+5, glvwulexwlrqv zrxog eh ohvv glvwruwhg zkhq
wkh qhdu0xqlw urrwv duh holplqdwhg1

Iru pruh frpsolfdwhg vlwxdwlrqv wkdq wkrvh glvfxvvhg khuh wkh kljkhu ru0
ghu uhsuhvhqwdwlrq wkhruhp e| OdFrxu +4<<;, pd| eh khosixo1 Wkhuh lv yhu|
olwwoh dqdo|wlf zrun rq wkh pxowlyduldwh L+4, glvwulexwlrq lq wkh olwhudwxuh1
Wkh Odsodfh wudqvirup ri wkh vx!flhqw vwdwlvwlf lq d �uvw rughu yhfwru dx0
wruhjuhvvlyh prgho lv vwxglhg e| Dedglu dqg Oduvvrq +4<<9, dqg Mhqvhq dqg
Qlhovhq +4<<8,1 Frlqwhjudwlrq lq frqwlqxrxv wlph iru surfhvvhv vxfk dv +46,
dqg uhohydqw zhdn frqyhujhqfh uhvxowv kdyh ehhq vwxglhg e| Vwrfnpduu dqg
Mdfrevhq +4<<7,1
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Wr frqfoxgh/ wkh vpdoo vdpsoh sureohp lq frlqwhjudwlrq lv dfwxdoo| dq
dv|pswrwlf sureohp= wkh vpdoo vdpsoh sureohp ydqlvkhv zkhq wkh uljkw dv0
|pswrwlf wkhru| lv hpsor|hg1
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Dsshqgl{= Surri ri Wkhruhp 4
Iluvw/ xqghu wkh k|srwkhvlv wkh wlph vhulhv {2f| fruuhfwhg iru {f|3� fdq eh
uhzulwwhq dv
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Dv iru wkh ohyhov ri wkh wlph vhulhv/ wkhq vxppdwlrq ri wkh htxdwlrq +9, xqghu
wkh k|srwkhvlv jlyhv
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Dgglwlrq ri wkh whup Kf| dqg vrph uhduudqjhphqwv lpso| wkdw
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Wkhq/ iru K 9' fc f|3� fruuhfwhg iru {f|3� fdq eh uhzulwwhq dv
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Dv d frqvhtxhqfh ri wkh uhvxowv deryh wkh hpslulfdo fruuhodwlrq/ 	b/ htxdovkSA
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Lw uhpdlqv wr frqfoxgh wkdw wklv whup htxdovSA
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lq zklfk fdvh wkh Wkhruhp iroorzv1 Wkh lqlwldo whup/ 0f/ lv dv|pswrwlfdoo|
ljqrudeoh dqg wkxv lw vx!fhv wkdw�SA

|'�{f|3�0|
�2

SA

|'� E{f|3��
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frqyhujhv lq glvwulexwlrq/ zklfk iroorzv iurp Zklwh +4<8;, iru dq| K/ dqg
wkdw �SA

|'2 7|3�{f|3�

�2
A 2

SA

|'� E{f|3��
2

+47,

frqyhujhv lq suredelolw| wr }hur1 Qrz/ +47, iroorzv li#
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E{f|3��
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&$ Efc T � +48,

zkhuh wkh udqgrp yduldeoh T 9' f doprvw vxuho| dqg } lv vrph qrupdolvdwlrq
frqvwdqw1 Lq fdvh m�� Km 	 � wkhq {f|c{7| duh vwdwlrqdu| olqhdu surfhvvhv
dqg +48, iroorzv iurp Mrkdqvhq +4<<8d/ Wkhruhp E146, zlwk } '

s
A 1 Iru

wkh fdvh K ' 2 Fkdq dqg Zhl +4<;;/ Wk1 515, vkrz wkdw 7| dqg {f|3�/ qru0
pdolvhg e|

s
A / frqyhujhv wr lqghshqghqw Eurzqldq prwlrqv dqg wkh Wkhr0

uhpv 517 dqg 61714 ri wkh vdph dxwkruv lpso| +48, zlwk } ' A 1 Ilqdoo|/ iru
wkh fdvh m�� Km : � lw iroorzv iurp Zklwh +4<8;, wkdw
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A[
|'�

E{f|3��
2

lv frqyhujhqw lq glvwulexwlrq zklfk jlyhv wkh uhohydqw qrupdolvdwlrq/ } '
E�� K�A 1 Ixuwkhu/
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E| Fkhe|fkhy*v lqhtxdolw| lw fdq eh vkrzq wkdw wklv frqyhujhv lq suredelolw|
wr }hur zkhq qrupdolvhg e| E�� K�A

s
A 1 �
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Uhihuhqfhv

Dedglu/ N1P1/4<<8/ Wkh olplwlqj glvwulexwlrq ri wkh w udwlr xqghu d xqlw
urrw/ Hfrqrphwulf Wkhru| 44/ ::80:<61

Dedglu/ N1P1 dqg U1 Oduvvrq/ 4<<9/ Wkh mrlqw prphqw jhqhudwlqj ixqfwlrq
ri txdgudwlf irupv lq pxowlyduldwh dxwruhjuhvvlyh vhulhv/ Hfrqrphwulf
Wkhru| 45/ 9;50:371

Eduwohww/ P1V1/ 4<6:/ Surshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv/ Surfhhg0
lqjv ri wkh Ur|do Vrflhw| +Orqgrq, D 493/ 59;05;51

Fkdq/ Q1K1 dqg F1]1 Zhl/ 4<;;/ Olplwlqj glvwulexwlrqv ri ohdvw vtxduhv
hvwlpdwhv ri xqvwdeoh dxwruhjuhvvlyh surfhvvhv1 Dqqdov ri Vwdwlvwlfv 49/
69:07341

Fr{/ G1U1 dqg G1Y1 Klqnoh|/ 4<:7/ Wkhruhwlfdo vwdwlvwlfv +Fkdspdq dqg
Kdoo/ Orqgrq,

Hoolrw/ J1/ W1M1 Urwkhqehuj dqg M1K1 Vwrfn/ 4<<9/ H!flhqw whvwv iru dq
dxwruhjuhvvlyh xqlw urrw1 Hfrqrphwulfd 97/ ;460;691

Jo|qq/ Z1M1 dqg U1M1 Pxlukhdg/ 4<:;/ Lqihuhqfh lq fdqrqlfdo fruuhodwlrq
dqdo|vlv1 Mrxuqdo ri pxowlyduldwh dqdo|vlv ;/ 79;07:;1

Krwhoolqj/ K1/ 4<69/ Uhodwlrqv ehwzhhq wzr vhwv ri yduldeohv/ Elrphwulnd 5;/
65406::1

Mhqvhq/ V1W1 dqg E1 Qlhovhq/ 4<<8/ Wkh mrlqw Odsodfh wudqvirup ri d txdgudwlf
ixqfwlrq dqg d qrq0v|pphwulf ixqfwlrq ri d Eurzqldq prwlrq/ Xqlyhu0
vlw| ri Frshqkdjhq/ Lqvwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv/ Glvfxvvlrq
sdshu :1

Mrkdqvhq/ V1/ 4<;;/ Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv1 Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro 45/ 5640871

Mrkdqvhq/ V1/ 4<<8d/ Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dx0
wruhjuhvvlyh prghov1 R{irug Xqlyhuvlw| Suhvv1

Mrkdqvhq/ V1/ 4<<8e/ D vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq iru L+5, yduldeohv1
Hfrqrphwulf Wkhru| 44/ 5808<1
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Mrkdqvhq/ V1 dqg N1 Mxvholxv/ 4<<3/ Pd{lpxp olnholkrg hvwlpdwlrq dqg lq0
ihuhqfh rq frlqwhjudwlrq 0 zlwk dssolfdwlrqv wr wkh ghpdqg iru prqh|/
R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 85/ 4930 5431

Mxvholxv/ N1/ 4<<8/ Gr sxufkdvlqj srzhu sdulw| dqg xqfryhuhg lqwhuhvw udwh
sdulw| krog lq wkh orqj uxqB Dq h{dpsoh ri olnholkrrg lqihuhqfh lq d
pxowlyduldwh wlph0vhulhv prgho/ Mrxuqdo ri Hfrqrphwulfv 9</ 54405731

Nrvwldo/ N1/ 4<<7/ Wkh uroh ri wkh vljqdo0qrlvh udwlr lq frlqwhjudwhg v|vwhpv/
zrunlqj sdshu/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh1

OdFrxu/ O1/ 4<<;/ D sdudphwulf fkdudfwhul}dwlrq ri lqwhjudwhg yhfwru dx0
wruhjuhvvlyh +YDU, surfhvvhv/ iruwkfrplqj Hfrqrphwulf Wkhru| 471

Oduvvrq/ U1/ 4<<7/ Eduwohww fruuhfwlrqv iru xqlw urrw whvw vwdwlvwlfv1 Suhsulqw
ri Lqvwlwxwh ri Pdwkhpdwlfdo Vwdwlvwlfv/ Xqlyhuvlw| ri Frshqkdjhq1

Odzoh|/ G1Q1/ 4<89/ D jhqhudo phwkrg iru dssur{lpdwlqj wr wkh glvwulexwlrq
ri wkh olnholkrrg udwlr fulwhuld/ Elrphwulnd 76/ 5<806361

PdfNlqqrq/ M1J1/ D1D1 Kdxj dqg O1 Plfkholv/ 4<<9/ Qxphulfdo glvwulexwlrq
ixqfwlrqv ri olnholkrrg udwlr whvwv iru frlqwhjudwlrq/ Plphr1

Prqvrxu/ P1M1 dqg S1Z1 Plnxovnl/ 4<<7/ Prphqwv ri wkh olplwlqj glvwule0
xwlrq iru wkh erxqgdu| fdvh lq wkh �uvw rughu dxwruhjuhvvlyh surfhvv/
Dphulfdq mrxuqdo ri pdwkhpdwlfdo dqg pdqdjhphqw vflhqfhv 47/ 65:0
67:1

Qlhovhq/ E1/ 4<<:d/ Eduwohww fruuhfwlrq ri wkh xqlw urrw whvw lq dxwruhjuhvvlyh
prghov/ Elrphwulnd ;7/ 83308371

Qlhovhq/ E1/ 4<<:e/ Dv|pswrwlf uhvxowv iru frlqwhjudwlrq whvwv lq qrq0vwdeoh
fdvhv/ glvfxvvlrq sdshu/ Qx!hog Froohjh=
kwws=22zzz1qx�1r{1df1xn2Xvhuv2Qlhovhq1

Qlhovhq/ E1/ 4<<:f/ Wkh olnholkrrg udwlr whvw iru udqn lq elyduldwh fdqrqlfdo
fruuhodwlrq dqdo|vlv/ Elrphwulnd/ wr dsshdu1

Qlhovhq/ E1 dqg D1 Udkehn/ 4<<;/ Vlplodulw| lvvxhv lq frlqwhjudwlrq dqdo|vlv/
glvfxvvlrq sdshu/ Qx!hog Froohjh=
kwws=22zzz1qx�1r{1df1xn2Xvhuv2Qlhovhq1
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Sdqwxod/ V1J1/ 4<;</ Whvwlqj iru xqlw urrwv lq wlph vhulhv gdwd/ Hfrqrphwulf
Wkhru| 8/ 58905:41

Skloolsv/ S1F1E1/ 4<;;/ Uhjuhvvlrq wkhru| iru qhdu0lqwhjudwhg wlph vhulhv/
Hfrqrphwulfd 89/ 4354043761

Udkehn/ D1/ K1F1 Nrqjvwhg dqg F1 Mûujhqvhq/ 4<<;/ wuhqg0vwdwlrqdulw| lq
wkh L+5, frlqwhjudwlrq prgho/ wr dsshdu lq Mrxuqdo ri Hfrqrphwulfv1

Uhlqvho/ J1F1 dqg V1N1 Dkq/ 4<<5/ Yhfwru dxwruhjuhvvlyh prghov zlwk xqlw
urrwv dqg uhgxfhg udqn vwuxfwxuh/ hvwlpdwlrq/ olnholkrrgv udwlr whvw/ dqg
iruhfdvwlqj/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 46/ 68606:81

Vwrfnpduu/ D1 dqg P1 Mdfrevhq/ 4<<7/ Jdxvvldq gl�xvlrqv dqg dxwruhjuhv0
vlyh surfhvvhv= Zhdn frqyhujhqfh dqg vwdwlvwlfdo lqihuhqfh/ Vfdqglqd0
yldq Mrxuqdo ri Vwdwlvwlfv 54/ 736074<1

Wrgd/ K1\1/ 4<<8/ Ilqlwh vdpsoh shuirupdqfh ri olnholkrrg udwlr whvwv iru
frlqwhjudwlqj udqn lq yhfwru dxwruhjuhvvlrqv/ Hfrqrphwulf Wkhru| 44/
4348065

Zklwh/ M1 V1/ 4<8;/ Wkh olplwlqj glvwulexwlrq ri wkh vhuldo fruuhodwlrq fr0
h!flhqw lq wkh h{sorvlyh fdvh/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 5</
44;;044<:1
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R yhuvxv A 58 83 433 533 733
4 813 ( 813 ( 814 ( 813 ( 813 (
5 915 ( 816 ( 815 ( 815 ( 815 (
6 ;13 ( 915 ( 818 ( 815 ( 813 (
7 4419 ( :18 ( 913 ( 818 ( 815 (

Wdeoh 41 Vlpxodwhg vl}h ri whvw iru qr frlqwhjudwlrq lq d �uvw rughu prgho1
Edvhg rq wkh dv|pswrwlf <8( ri PdfNlqqrq/ Kdxj dqg Plfkholv +4<<9,

dqg 43D uhshwlwlrqv1

Vhfwlrq 7 Vhfwlrq 8 Phdq Yduldqfh <3( <8(
luuhohydqw � ' � ' f 319:4 31:47 41:6 516:
K 9' f � 9' f 41475 51554 51<; 7146
K ' f � ' f/ � 9' f 41735 613<: 6193 71<7

Wdeoh 5= Vxppdu| vwdwlvwlfv iru olplw glvwulexwlrq1
Wkh �jxuhv duh rewdlqhg dqdo|wlfdoo| iru � 9' fc

vhh Dedglu +4<<8,/ Prqvrxu dqg Plnxovnl +4<<7, dqg Qlhovhq +4<<:d,
dqg rwkhuzlvh e| vlpxodwlrq ri prphqwv dqg K0�w ri txdqwlohv1

K yhuvxv A 9 45 57 7; <9 4<5
3 41:56 417<4 41764 41747 4173: 41735

4257 41:5: 417<; 41767 416<4 41655 41586
4245 41:66 417<8 41737 4165; 41587 41536
429 41:64 4179: 41675 4158; 4153; 414;3
426 41:39 416<6 415:4 41543 414:< 41495
526 4193: 415<8 41548 414:; 41493 41483
726 41773 41563 414;6 41495 41486 4147<

Wdeoh 6= Vlpxodwhg h{shfwdwlrq ri olnholkrrg udwlr whvw vwdwlvwlf
iru �{hg K/ edvhg rq 43S uhshwlwlrqv1

Wkh dv|pswrwlf ydoxh lv 41475 iru K : f dqg 41735 iru K ' f1
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� 3 4 5 7 ; 49 65 4
h{shfwdwlrq 41735 416<7 416:4 41649 41584 41538 414:5 41475
yduldqfh 613<: 61333 51;9: 519:6 517<4 516;9 515<< 51554
K0�w ri <3( txdqwloh 6193 6189 617< 6169 6155 6145 6138 51<:;
K0�w ri <8( txdqwloh 71<7 71;; 71:; 7194 7176 7164 7155 7145<

Wdeoh 7= Dv|pswrwlf phdq dqg yduldqfh iru � �{hg1
Wkh ydoxhv iru �qlwh � duh rewdlqhg e| �wwlqj sro|qrpldo lq �*A wr
wkh �jxuhv lq Wdeoh 61 Wkh ydoxhv iru � ' 4 duh prphqwv rewdlqhg

iru K 9' f lq wkh xvxdo dv|pswrwlf dssurdfk/ vhh Wdeoh 51

K 3 4257 4245 429 426 526 726
� ' KA 3 4 5 7 ; 49 65
L+4, 13;5 13;3 13:9 139; 1394 1389 1386
L+4, Eduwohww 137: 1379 1378 1378 137: 137< 137<
qhz 1387 1387 1386 1385 1384 1383 1384
qhz Eduwohww 1384 1383 1383 137< 1383 1383 1383

Wdeoh 8= Wkh uhmhfwlrq iuhtxhqf| xvlqj ydulrxv glvwulexwlrq dssur{lpdwlrqv/
edvhg rq 43S uhshwlwlrqv1

� 3 04265 04249 042; 0427 0425 04
@ ' �A 3 0627 0625 06 09 045 057
Ilqlwh vdpsoh phdq 319<; 319<7 31:68 31;6: 31<:8 413<: 41465
Ilqlwh vdpsoh ydu1 31:9< 31:65 31::4 31<47 41568 41::3 5143<
Qhz dv|ps1 phdq 319:3 319:3 31:4; 31;58 31<:5 41436 41488
Qhz dv|ps1 ydu1 31:3: 319;5 31:6: 31;;9 41545 41:68 51493

Wdeoh 9= Vlpxodwhg �qlwh vdpsoh h{shfdwlrq iru A ' 2e dqg dv|pswrwlf
h{shfwdwlrq dqg yduldqfh iru @ ' �A �{hg1 � ' f lq erwk fdvhv1
Edvhg rq 43S uhshwlwlrqv dqg A ' �D�S lq wkh dv|pswrwlf fdvh1
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� 3 4265 4249 42; 427 425
K ' �A 3 627 625 6 9 45
Ilqlwh vdpsoh phdq 319<; 31:6< 31;74 41399 415<: 4173:
Ilqlwh vdpsoh ydu1 31:9< 31;8< 413<9 41:36 51864 61458
Qhz dv|ps1 phdq 319:3 31:47 31;54 41386 415;7 416;6
Qhz dv|ps1 ydu1 31:3: 31;38 41387 419:7 51855 61398

Wdeoh := Vlpxodwhg �qlwh vdpsoh h{shfdwlrq iru A ' 2e dqg dv|pswrwlf
h{shfwdwlrq dqg yduldqfh iru K ' �A �{hg1 � ' f lq erwk fdvhv1
Edvhg rq 43S uhshwlwlrqv dqg A ' �D�S lq wkh dv|pswrwlf fdvh1
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