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Devwudfw=

Xvxdoo| frlqwhjudwlrq prghov lqyroyh d g|qdplf/ vwrfkdvwlf frpsrqhqw dv zhoo

dv ghwhuplqlvwlf frpsrqhqwv1 Wklv sdshu lghqwl�hv uhohydqw frlqwhjudwlrq

prghov lq whupv ri lqwhusuhwdelolw| dqg vlplodulw| zlwk uhvshfw wr sdudphwhuv

ri ghwhuplqlvwlf frpsrqhqwv1 Vlplodulw| lpsolhv wkdw lqihuhqfh rq frlqwhjud0

wlrq udqn ru frpprq wuhqgv fdq eh vhsdudwhg iurp lqihuhqfh rq sdudphwhuv ri

ghwhuplqlvwlf frpsrqhqwv1 Wkh lghd lv wkdw wkh ixqfwlrqdo irup dqg wkhuhe|

wkh lqwhusuhwdwlrq ri ghwhuplqlvwlf frpsrqhqwv lv qrw txhvwlrqhg lq frqqhf0

wlrq zlwk wkh udqn whvw/ exw lw fdq eh whvwhg vxevhtxhqwo|1 Wkh sdshu irfxvhv

rq olnholkrrg edvhg lqihuhqfh lq yhfwru dxwruhjuhvvlyh prghov1

41 Lqwurgxfwlrq

Frlqwhjudwlrq dqdo|vlv lq yhfwru dxwruhjuhvvlyh prghov lv ylhzhg dv dgguhvv0
lqj wzr vhsdudwh txhvwlrqv1 Wkh �uvw frqfhuqv wkh qxpehu ri frlqwhjudwlqj
uhodwlrqv lq yhfwru wlph vhulhv ru htxlydohqwo| wkh qxpehu ri frpprq wuhqgv1
Wkh vhfrqg lv uhodwhg wr dqdo|vlv ri frh!flhqwv vxfk dv wkrvh ri wkh frlqwh0
judwlqj yhfwru dqg ri ghwhuplqlvwlf frpsrqhqwv1 Lq whupv ri lqihuhqfh/ ghwhu0
plqdwlrq ri wkh qxpehu ri frlqwhjudwlqj uhodwlrqv lv edvhg rq qrq0vwdqgdug
dv|pswrwlf glvwulexwlrqv/ zkloh uhpdlqlqj lqihuhqfh lv edvhg rq vwdqgdug �20
glvwulexwlrqv1

4



Rqh zd| wr vhsdudwh wkh dqdo|vlv ri wkhvh txhvwlrqv lv wr �qg vlplodu whvwv1
Dowkrxjk frlqwhjudwlrq dqdo|vlv lv udwkhu frpsolfdwhg lw lv lqghhg srvvleoh wr
�qg vrph vlplodulw| surshuwlhv1 Wklv sdshu ghprqvwudwhv wkdw vrph ri wkh
olnholkrrg edvhg whvwv vxjjhvwhg lq wkh olwhudwxuh duh pruh frqyhqlhqw lq wklv
vhqvh wkdq rwkhuv1 Dv lw kdsshqv/ �vlplodu� whvwv dovr doorz iru pruh dwwudf0
wlyh lqwhusuhwdwlrqv1 Wkh lghd lv wr whvw iru frlqwhjudwlrq udqn lq d prgho
zkhuh iru lqvwdqfh ghwhuplqlvwlf frpsrqhqwv ri wkh surfhvv duh qrw d�hfwhg
e| wkh frlqwhjudwlrq udqn1 Wkhq wkh whvw iru frlqwhjudwlrq udqn lv dv|ps0
wrwlfdoo| vlplodu zlwk uhvshfw wr wkh sdudphwhuv ri ghwhuplqlvwlf frpsrqhqwv1
Wkhuhe| dw ohdvw d sduwldo vhsdudwlrq ri wkh wzr txhvwlrqv lv rewdlqhg1

Frlqwhjudwlrq whvwv duh edvhg rq dv|pswrwlf dssur{lpdwlrqv ri wkh whvw
glvwulexwlrq1 Lw lv zhoo0nqrzq wkdw vxfk dssur{lpdwlrqv duh riwhq yhu| srru1
Vlplodulw| vhhpv wr eh dq lpsruwdqw lvvxh lq vwdelolvlqj wkh olnholkrrg udwlr
whvw1 Dv dq h{dpsoh wkh whvw iru qr frlqwhjudwlrq lq d �uvw rughu prgho lv
vlplodu dqg wkh glvwulexwlrq dssur{lpdwlrq wr wkh olnholkrrg udwlr whvw lv
xqxvxdoo| jrrg +Qlhovhq/ 4<<:/4<<;,1 Krzhyhu/ lq wkh jhqhudo prghov zklfk
duh xvhg lq dssolfdwlrqv wkh frlqwhjudwlrq whvwv duh qrw vlplodu= wkhuh duh
sureohpv zlwk wkh srvvleoh qxpehu ri xqlw urrwv dqg zlwk ghwhuplqlvwlf wuhqg
sdudphwhuv1 Wkh frqvlghudwlrqv ri wklv sdshu holplqdwhv wkh odwwhu sureohp1

Frqvlghu lq jhqhudo vwdwlvwlfdo prghov zlwk d pxowlyduldwh sdudphwhu w '
E�c bc �� zkhuh lw lv ri lqwhuhvw wr whvw wkh k|srwkhvlv � ' f� Li wkh uhmhfwlrq
iuhtxhqf| iru wkh fulwlfdo uhjlrq/ �-c grhv qrw ghshqg rq bc �c wkdw lv

�bc� E�-� ' k

wkhq wkh whvw lv vdlg wr eh vlplodu +Fr{ dqg Klqnoh|/ 4<:7/ s1 467,1 Li
wkh uhmhfwlrq suredelolw| ghshqgv rq b exw qrw � zh vd| wkh whvw lv vlplodu
zlwk uhvshfw wr �� Ilqdoo|/ li wkh uhmhfwlrq suredelolw| ghshqgv rq wkh vdpsoh
ohqjwk/ exw

� A
bc� E�-� $ kb iru A $ 4

zh vd| wkh whvw lv dv|pswrwlfdoo| vlplodu zlwk uhvshfw wr � dv rssrvhg wr
h{dfwo| vlplodu dv deryh1 Dv|pswrwlf vlplodulw| lv ri frxuvh qrw dv dwwudfwlyh
dv h{dfw vlplodulw|1 Krzhyhu/ lq uhdvrqdeo| vshfl�hg prghov/ zkhuh sdudphwhu
hvwlpdwhv duh qrw wrr h{wuhph/ dv|pswrwlf vlplodulw| vhhpv vx!flhqw iru wkh
ghvluhg vhsdudwlrq ri txhvwlrqv ri lqwhuhvw1

Dprqj pdq| w|shv ri frlqwhjudwlrq dqdo|vlv wklv sdshu irfxvhv rq wkh
pd{lpxp olnholkrrg edvhg dqdo|vlv ri frlqwhjudwlrq udqn lq yhfwru dxwruh0
juhvvlyh prghov vxjjhvwhg e| Mrkdqvhq +4<;;/4<<8d,1 Wkh whvw iru frlqwhjud0
wlrq udqn lv edvhg rq wkh fdqrqlfdo fruuhodwlrq dqdo|vlv jlyhq e| Krwhoolqj
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+4<69, dqg Eduwohww +4<6;,/ vhh dovr Dqghuvrq +4<;7/ Fkdswhu 45,1 Lw wxuqv
rxw wkdw vlplodulw| surshuwlhv ri frlqwhjudwlrq duh forvho| olqnhg zlwk lqydul0
dqfh surshuwlhv ri fdqrqlfdo dqdo|vlv zklfk zloo eh glvfxvvhg lq Vhfwlrq 51

Lq Vhfwlrq 6 vlplodulw| surshuwlhv duh glvfxvvhg iru frlqwhjudwlrq udqn whvwv
lq ixoo v|vwhp L+4, dqdo|vlv1 Wkh whvw iru qr frlqwhjudwlrq lq d �uvw rughu dx0
wruhjuhvvlyh prgho lv vlplodu1 Iru pruh jhqhudo prghov dv|pswrwlf vlplodulw|
lv irxqg zlwk uhvshfw wr ghwhuplqlvwlf wuhqg sdudphwhuv1 Wklv krogv vxemhfw
wr fhuwdlq frqglwlrqv rq wkh frlqwhjudwlrq udqn dqg wkh L+4, surshuwlhv ri
wkh surfhvv1 Qrwh/ wkdw dv|pswrwlf vlplodulw| frxog eh lpsuryhg wr dq h{dfw
surshuw| li uhohydqw lqlwldo yduldeohv duh jlyhq vwdwlrqdu| glvwulexwlrqv1 Krz0
hyhu/ wkh vwdwlvwlfdo dqdo|vlv lv frqglwlrqdo rq wkhvh yduldeohv dqg zh wkhuhiruh
frqvlghu wkh xvdjh ri vwdwlrqdu| lqlwldo glvwulexwlrqv dv dq dv|pswrwlf dssur{0
lpdwlrq dv zhoo1

Wkh vlplodulw| phqwlrqhg deryh lv frqwlqjhqw rq L+4, surshuwlhv ri wkh
v|vwhp1 Wklv dvvxpswlrq lv uhod{hg lq L+5, dqdo|vlv zklfk lv glvfxvvhg lq
Vhfwlrq 71 Wkh whfkqltxhv zklfk duh xvhg lq wkh ixoo v|vwhp dqdo|vhv duh
dovr xvhixo lq sduwldo v|vwhpv zkhuh fhuwdlq vwrfkdvwlf uhjuhvvruv duh lqwur0
gxfhg1 D eulhi ryhuylhz lv jlyhq lq Vhfwlrq 81 Ilqdoo|/ Vhfwlrq 9 vxppdulvhv
uhfrpphqgdwlrqv iru d jhqhudo dssurdfk wr frlqwhjudwlrq dqdo|vlv lq sudfwlfh1

Lw lv lpsruwdqw wr qrwh wkdw wkhuh duh pdq| rwkhu w|shv ri frlqwhjudwlrq
dqdo|vlv ehvlgh wkrvh frqvlghuhg lq wklv sdshu1 Dv dq h{dpsoh dqdo|vlv edvhg
rq uhjuhvvlrq udwkhu wkdq fdqrqlfdo fruuhodwlrqv lv jlyhq lq Skloolsv +4<<4,1
Vlplodulw| zlwk uhvshfw wr ghwhuplqlvwlf wuhqg sdudphwhuv fdq riwhq eh re0
wdlqhg xvlqj ghwuhqglqj vwudwhjlhv dv glvfxvvhg e| iru lqvwdqfh Glfnh| dqg
Ixoohu +4<:<,/ Nlylhw dqg Skloolsv +4<<5,/ Oÿwnhsrko dqg Vdlnnrqhq +4<<:,
dqg R|d dqg Wrgd +4<<;,1 Wkh srlqw ri wklv sdshu lv wr pdnh wkh frqfhsw
ri vlplodulw| suhflvh lq d olnholkrrg edvhg dqdo|vlv ri yhfwru dxwruhjuhvvlyh
prghov1

Lq wkh pdwkhpdwlfdo qrwdwlrq ghwdlov derxw iru lqvwdqfh glphqvlrqv duh
xvxdoo| rplwwhg1 Wkh v|pero mU n�m 	 � phdqv wkdw wkh hljhqydoxhv ri wkh
pdwul{ U n � duh vpdoohu wkdq rqh lq devroxwh ydoxh1 Ixuwkhu/ kz ghqrwhv
wkh ruwkrjrqdo frpsohphqw wr d pdwul{ k dqg k ' k Ek�k�3�1

51 Vrph lqyduldqfh surshuwlhv ri fdqrqlfdo fruuhodwlrqv

Frlqwhjudwlrq lv dqdo|vhg xvlqj uhjuhvvlrq dqg fdqrqlfdo fruuhodwlrq whfk0
qltxhv1 Vrph ri wkh surshuwlhv ri fdqrqlfdo fruuhodwlrq dqdo|vlv duh lqkhulwhg
lq frlqwhjudwlrq dqdo|vlv dqg zloo eh glvfxvvhg eulh |1
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Wkh vdpsoh fdqrqlfdo fruuhodwlrqv ri wzr vhwv ri udqgrp yhfwru/f�c � � � cfA

dqg t�c � � � c tA duh irxqg dv vroxwlrqv ri wkh hljhqydoxh sureohp���427ff � 7ft 7
3�

t t
7t f

��� ' fc

zkhuh iru lqvwdqfh wkh surgxfw prphqw pdwul{ 7ft '
S
A

|'�
f|t

�

|
� D frqyh0

qlhqw qrwdwlrq iru wkhvh vroxwlrqv lv FdqFruEf|c t|�1 Wkh hljhqydoxh sureohp
lv lqyduldqw zlwk uhvshfw wr qrq0vlqjxodu olqhdu wudqvirupdwlrqv ri wkh wzr
eorfnv ri gdwd vr wkdw

FdqFru Ef|c t|� ' FdqFru E�f|c �t|� +4,

iru qrq0vlqjxodu/ vtxduh pdwulfhv �c��
Li wkh yhfwru t| kdv wzr frpsrqhqwv T|c`| lw iroorzv iurp +4, wkdw

FdqFru

+
f|c

#
T|
`|

$,
' FdqFru

+
f|c

#
T|m`|

`|

$,

zkhuh wkh ohdvw vtxduhv fruuhfwlrq ri T| iru `| lv rewdlqhg xvlqj

� '

#
U �7T`73�

``

f U

$
�

Riwhq frlqwhjudwlrq dqdo|vlv lqyroyhv wkh fdqrqlfdo fruuhodwlrqv ri wzr ydul0
deohv f| dqg t| zklfk duh erwk fruuhfwhg iru d wklug yduldeoh ~| e| ohdvw
vtxduhv/ ghqrwhg e|

FdqFru Ef|c t|m~|� �

61 Ixoo v|vwhp L+4, dqdo|vlv

Wkh vlplodulw| surshuwlhv ri L+4, prghov ghshqg rq wkh frlqwhjudwlrq udqn ri
lqwhuhvw dv zhoo dv wkh odj ohqjwk1 Lqlwldoo|/ wkh whvw ri qrq0vwdwlrqdulw| djdlqvw
vwdwlrqdulw| lq d �uvw rughu prgho lv glvfxvvhg iru ydulrxv vshfl�fdwlrqv ri
wuhqg dqg vrph h{dfw vlplodulw| surshuwlhv duh irxqg1 Qh{w/ wkh pruh jhqhudo
whvw ri uhgxfhg frlqwhjudwlrq udqn dqg wkh lqfoxvlrq ri odjv lv frqvlghuhg1 Lq
wkhvh vlwxdwlrqv rqo| dv|pswrwlf vlplodulw| lv irxqg1
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6141 D vlpsoh k|srwkhvlv lq d �uvw rughu prgho

Wkh �uvw rughu yhfwru dxwruhjuhvvlyh prgho lv jlyhq e| wkh htxdwlrq

{f| ' �f|3� n 0| iru | ' �c � � � c Ac

zkhuh ff lv �{hg/ wkh lqqrydwlrqv duh lqghshqghqwo|/ lghqwlfdoo| qrupdo glv0
wulexwhg zlwk }hur phdq dqg yduldqfh l dqg/ �qdoo|/ wkh sdudphwhuv � dqg
l ydu| iuhho|1

D surfhvv ri wklv prgho lv d udqgrp zdon zlwk ohyho ff li � ' fc

f| '
|[

�'�

0� nff� +5,

Iru mU n�m 	 � wkh surfhvv fdq eh lqwhusuhwhg dv vwdeoh zlwk d }hur ohyho
vlqfh e| vlpsoh uhfxuvlrq/

f| '
|3�[

�'f

EU n��� 0|3� n EU n��| ffc +6,

dqg ff fdq eh d jlyhq dq lqlwldo glvwulexwlrq vr wkdw f| lv vwdwlrqdu| zlwk
h{shfwdwlrq }hur1 Lq rughu wr glvwlqjxlvk wkhvh surshuwlhv wkh k|srwkhvlv
� ' f lv frqvlghuhg1

Wkh pd{lpxp olnholkrrg whvw lv edvhg rq wkh fdqrqlfdo fruuhodwlrqv

FdqFru E{f|c f|3�� �

Xqghu wkh k|srwkhvlv wkh surfhvv lq +5, ghshqgv rqo| rq wkh lqlwldo ydoxh ff

dqg wkh vfdolqj pdwul{l�*21 E| wkh lqyduldqfh surshuw| +4, lw iroorzv wkdw wkh
glvwulexwlrq ri wkh fdqrqlfdo fruuhodwlrqv dqg wkhuhiruh ri wkh whvw vwdwlvwlf
lwvhoi rqo| ghshqgv rq l dqg ff wkurxjk l3�*2ff1 Wkh whvw lv wkhuhiruh
vlplodu li lw lv dvvxphg wkdw ff ' f� Wklv fruuhvsrqgv wr wkh lqwhusuhwdwlrq
wkdw wkh ohyho ri wkh surfhvv lv }hur xqghu wkh dowhuqdwlyh exw qrq0}hur xqghu
wkh k|srwkhvlv xqohvv ff ' f� Iru jhqhudo ff wkh whvw lv dv|pswrwlfdoo|
vlplodu/ vhh Mrkdqvhq +4<<8d/ Wkhruhp 914,1
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6151 D prgho zlwk d frqvwdqw ohyho

Frqvlghu wkh prgho jlyhq e| wkh htxdwlrq

{f| ' E�c�S�

#
f|3�

�

$
n 0| iru | ' �c � � � c A�

Dv deryh wkh surfhvv lv d udqgrp zdon zlwk ohyho ff li E�c�S� ' f� E|
lqfoxglqj wkh frqvwdqw �S lq wkh lqqrydwlrqv ri wkh uhsuhvhqwdwlrq +6, lw
iroorzv wkdw wkh surfhvv lv vwdeoh durxqg d ohyho sursruwlrqdo wr�S li mU n�m 	
�� Frqvhtxhqwo|/ wkh ghwhuplqlvwlf frpsrqhqw ri wkh surfhvv lv wkh vdph lq
wkhvh wzr fdvhv ri udwkhu gl�huhqw ehkdylrxu ri wkh vwrfkdvwlf frpsrqhqw1

Wkh k|srwkhvlv E�c�S� ' f lv dqdo|vhg lq whupv ri

FdqFru

+
{f|c

#
f|3�

�

$,
�

Xqghu wkh k|srwkhvlv wkh glvwulexwlrq ri wkhvh fruuhodwlrqv lqlwldoo| vhhpv wr
ghshqg rq l dqg ff wkurxjk l3�ff dv dujxhg deryh1 Krzhyhu/ xvlqj +4, lw
iroorzv wkdw wkh fdqrqlfdo fruuhodwlrqv htxdo

FdqFru

+
{f|c

#
f|3� �

S
A

|'�
f|3�*A

�

$,

dqg wkhuhiruh gr qrw ghshqg rq l3�ff1 Khqfh wkh olnholkrrg udwlr whvw iru
wkh k|srwkhvlv lv vlplodu1 Wklv lv qrw wkh fdvh/ qrw hyhq dv|pswrwlfdoo|/ lq
wkh uhodwhg dqdo|vlv zkhuh wkh k|srwkhvlv ri lqwhuhvw lv wkdw � lv uhvwulfwhg/
exw �S lv ohiw xquhvwulfwhg/ vhh Mrkdqvhq +4<<8d/ Wkhruhp 914,

6161 D prgho zlwk d olqhdu wuhqg

Frqvlghu wkh prgho jlyhq e| wkh htxdwlrq

{f| ' E�c�,�

#
f|3�

|

$
n >n 0| iru | ' �c � � � c A� +7,

Wklv lv uhodwhg wr wkh fdvh ri d qrq0}hur ohyho1 Li E�c�,� ' f wkh surfhvv lv
d udqgrp zdon durxqg d olqhdu wuhqg zlwk vorsh > dqg li mU n�m 	 � wkh
surfhvv lv vwdeoh durxqg d olqhdu wuhqg zlwk d vorsh sursruwlrqdo wr �,� Djdlq
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wkh whvw ri wkh k|srwkhvlv E�c�,� ' f lv h{dfwo| vlplodu/ wkdw lv/ xqghu wkh
k|srwkhvlv wkh glvwulexwlrq ri

FdqFru

+
{f|c

#
f|3�

|

$����� �
,
' FdqFru

+
{f|c

#
f|3�m |

|

$����� �
,

grhv qrw ghshqg rq lc >cff� Qrwh/ wkdw wkh vwdwlvwlfdo dqdo|vlv lv edvhg rq
ghphdqlqj ri wkh �uvw gl�huhqfhv dqg ghwuhqglqj ri wkh ohyhov ri wkh wlph
vhulhv1

6171 Ghwhuplqdwlrq ri udqn

Lq wkh prgho jlyhq e| +7, frlqwhjudwlrq lv dqdo|vhg xvlqj d uhgxfhg udqn
k|srwkhvlv ri wkh w|sh udqnE�c�,� � o/ zkhuh o lv vpdoohu wkdq wkh glphqvlrq
ri wkh wlph vhulhv1 Vxfk d k|srwkhvlv fdq eh sdudphwulvhg dv

E�c�,� ' k Eq�c q�
,
�

zkhuh k/q, duh Eglpf�o�0pdwulfhv/ q�
,
lv dq o0yhfwru dqg doo sdudphwhuv ydu|

iuhho|1
Uhsuhvhqwdwlrq dqg fruuhvsrqglqj lqwhusuhwdwlrqv iru surfhvvhv ri wklv

prgho lv jlyhq e| Judqjhu*v uhsuhvhqwdwlrq wkhruhp lq Mrkdqvhq +4<<8d/
Fkdswhu 7,1 Xqghu wkh k|srwkhvlv k�

z
f| lv d udqgrp zdon durxqg d olq0

hdu wuhqg zlwk vorsh >1 Li/ lq dgglwlrq/ q�kc ru htxlydohqwo| k�
z
q
z
c kdv ixoo

udqn wkhq q�f| lv vwdeoh durxqg d olqhdu wuhqg zlwk vorsh sursruwlrqdo wr �,�
Wkh olnholkrrg udwlr whvw ri wkh k|srwkhvlv lv jlyhq e| wkh +glpf � o,

vpdoohvw fdqrqlfdo fruuhodwlrqv/

FdqFru

+
{f|c

#
f|3�

�

$,
�

Li udqnE�c�,� ' o dqg q�k 9' f wkhvh fdq eh uhzulwwhq dv

FdqFru

;A?
A={f|c

3
EC q�f|3�

k�
z
f|3�

|

4
FD
������� �
<A@
A> ' FdqFru

;A?
A={f|c

3
EC q�f|3�

k�
z
f|3�m|
|

4
FD
������� �
<A@
A> �

Wkhuhiruh lw fdq eh dujxhg dv deryh wkdw wkh glvwulexwlrq ri wkhvh fruuhodwlrqv
gr qrw ghshqg rq wkh sdudphwhuv iru wuhqg/ ohyho dqg lqqrydwlrq yduldqfh iru

:



wkh frpsrqhqw k�
z
f|� Wkh whvw lv wkhuhiruh vlplodu zlwk uhvshfw wr wkhvh sdud0

phwhuv/ jlyhq e| k�
z
>c k�

z
ffc k

�

z
lkz� Ixuwkhu/ dv d frqvhtxhqfh ri Mrkdqvhq

+4<<8d/ Wkhruhp 915, wkh whvw lv dv|pswrwlfdoo| vlplodu zlwk uhvshfw wr wkh uh0
pdlqlqj sdudphwhuv iru wuhqg/ ohyho dqg lqqrydwlrq yduldqfh1 Lq frpelqdwlrq
wkhvh uhvxowv lpso| dv|pswrwlf vlplodulw| zlwk uhvshfw wr q,c >cffcl�

Xqiruwxqdwho| wkh glvwulexwlrq ri wkh whvw ghshqgv gudvwlfdoo| rq kc q� Li
wkh dfwxdo udqn ri E�c�,� lv vpdoohu wkdq wkh rqh/ oc zklfk lv whvwhg iru/
qhz dv|pswrwlf glvwulexwlrqv dulvh mxvw dv lq vwdqgdug fdqrqlfdo fruuhodwlrq
dqdo|vlv1 Ixuwkhu/ li udqnE�c�,� ' oc exw q�k kdv uhgxfhg udqn wkhq wkh
surfhvv lv vdlg wr eh lqwhjudwhg ri kljkhu rughu dqg d gl�huhqw dv|pswrwlf
glvwulexwlrq lv rewdlqhg1 Wklv lv glvfxvvhg lq Vhfwlrq 7 ehorz1

6181 Lqfoxvlrq ri odjv

Lq dssolfdwlrqv prghov xvxdoo| lqfoxgh ixuwkhu odjjhg yduldeohv wr doorz iru d
ehwwhu ghvfulswlrq ri wkh vkruw whup g|qdplfv ri wkh gdwd1 Frqvlghu/

{f| ' E�c�,�

#
f|3�

|

$
n

&3�[
�'�

K�{f|3� n >n 0| iru | ' �c � � � c A� +8,

Wkh uhvxowv duh qhduo| dv deryh1
Xqghu wkh k|srwkhvlv udqnE�c�,� � o dqg fhuwdlq frqglwlrqv wkh surfhvv

fdq eh jlyhq wkh uhsuhvhqwdwlrq

f| ' �
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0| n t| n � S n � ,|

zkhuh t| lv vwdwlrqdu| olqhdu surfhvv/ fruuhodwhg zlwk wkh udqgrp zdon frp0
srqhqw dqg zlwk h{srqhqwldoo| ghfuhdvlqj frh!flhqwv1 Wkh frpprq wuhqgv
sdudphwhu � dqg wkh ohyho dqg wuhqg sdudphwhuv/ �fc � � duh jlyhq lq whupv ri
wkh pdwul{ [ ' ��
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Qrwh/ wkdw q�
z
� S ghshqgv rq wkh lqlwldo ydoxhv/ ffc � � � c f�3&/ dqg lv qrw lghq0

wl�hg/ vhh Mrkdqvhq +4<<8d/ Vhfwlrq 81:, dqg Udkehn +4<<:,1 Wkh uhohydqw
dvvxpswlrqv wr wkh surfhvv duh

;



41 udqnE�c�,� ' o

51 wkh L+4, frqglwlrq/ wkdw wkh pdwul{ k�
z
[qz kdv ixoo udqn1

61 wkh surfhvvhv q�f| dqg {f| fdq eh jlyhq vwdwlrqdu| lqlwldo glvwul0
exwlrqv1

Wkh olnholkrrg udwlr whvw iru wkh k|srwkhvlv udqnE�c�,� � o lv edvhg rq
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dqg dv deryh lw lv dv|pswrwlfdoo| vlplodu zlwk uhvshfw wr wkh sdudphwhuv
lc q,c > dqg lqlwldo ydoxhv ffc � � � cf�3& xqghu wkh dvvxpswlrqv olvwhg1 Qrwh/
wkdw wkh wklug dvvxpswlrq pljkw eh uhgxqgdqw iru wklv uhvxow wr krog1 Wklv
lv dw ohdvw wkh fdvh iru d xqlyduldwh vhfrqg rughu prgho dqg d elyduldwh �uvw
rughu prgho +Qlhovhq/ 4<<;,1

Wkh uhvxowv lq Vhfwlrq 614/ 615 frqfhuqlqj prghov zlwkrxw olqhdu wuhqgv
fdq eh jhqhudolvhg fruuhvsrqglqjo|1 Qrwh/ wkdw dovr lq wkh prgho zlwk d
frqvwdqw ohyho wkh ohyho ri wkh frpprq wuhqgv/ q�

z
� S lv qrw lghqwl�hg1

71 Ixoo v|vwhp L+5, dqdo|vlv

Wkh L+4, frqglwlrq wkdw wkh pdwul{ k�
z
[q

z
kdv ixoo udqn lv qhfhvvdu| iru wkh

lqwhusuhwdwlrq dqg wr hqvxuh wkdw rqo| rqh dv|pswrwlf glvwulexwlrq lv lqyroyhg
lq udqn whvwlqj1 Li wkh frqglwlrq lv qrw vdwlv�hg wkh surfhvv frxog eh L+5, dqg
d gl�huhqw dv|pswrwlf glvwulexwlrq dssolhv1 Lq dssolfdwlrqv wkh sdudphwhuv
duh riwhq vr wkdw wkh L+4, frqglwlrq qhduo| lv ylrodwhg lq wkh vhqvh wkdw vrph
fkdudfwhulvwlf urrwv duh forvh wr eh xqlw urrwv1 Wkhq wkh lqwhusuhwdwlrq ri wkh
uhvxowv dqg wkh dv|pswrwlf glvwulexwlrq dssur{lpdwlrq duh olnho| wr idlo1 Dq
L+5, dqdo|vlv lpsrvhv dgglwlrqdo xqlw urrwv1 Wklv lv olnho| wr uhgxfh vlplodulw|
sureohpv dqg wkhuhiruh �qlwh vdpsoh sureohpv dv zhoo dv qhz lqwhusuhwdwlrqv
ri wkh gdwd pd| dulvh1

Wkh L+5, dqdo|vlv fdq eh irupxodwhg dv d vxe0prgho ri wkh L+4, prgho +8,
zlwk wzr uhgxfhg udqn sureohpv1 Lw fdq eh irupxodwhg vr wkdw wkh vlplodulw|
zlwk uhvshfw wr wkh sdudphwhuv iru wkh ghwhuplqlvwlf wuhqg lv suhvhuyhg1 Wkh
�uvw uhgxfhg udqn sureohp lv dv ehiruh
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D uhirupxodwlrq ri wkh prgho jlyhv wkdw wklv fruuhvsrqgv wr d uhgxfhg udqn
uhodwlrq ehwzhhq wkh vhfrqg gl�huhqfhv {2f| dqg wkh yhfwru Ef �

|3�c |�� Wkh
vhfrqg uhgxfhg udqn sureohp dgguhvvhv k�

z
[qz dqg dulvh lq uhodwlrq wr wkh

sdlu k�
z
{2f| dqg E{f �

|3�c ��� Lw lv sdudphwulvhg lq whupv ri 1c #c #, dv
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z
[qz ' 1#�

�k�
z
> ' 1#�, n k�

z
[qq�,

Wklv irupxodwlrq doorzv iru d olqhdu wuhqg lq doo olqhdu frpelqdwlrqv ri wkh
surfhvv1 Wkh pxowl0frlqwhjudwlqj uhodwlrq kdv d wuhqg zlwk vorsh sursruwlrqdo
wr q, dqg wkh frlqwhjudwlqj/ exw qrw pxowl0frlqwhjudwlqj/ uhodwlrq kdv vorsh
sursruwlrqdo wr #,� Wkh vorsh ri wkh sxuh L+5, frpsrqhqw lv qrw lghqwl�hg mxvw
dv wkh ohyho ri wkh frpprq wuhqgv lv qrw lghqwl�hg lq wkh L+4, prgho1 D ixoo
dqdo|vlv lv jlyhq lq Udkehn/ Nrqjvwhg dqg Mûujhqvhq +4<<;, edvhg rq wkh
wzr vwdjh surfhgxuh ri Mrkdqvhq +4<<8e,1

Lq fruuhvsrqghqfh/ dq L+5, prgho zlwk d frqvwdqw ohyho ri wkh frlqwhjudwlrq
yhfwru lv wuhdwhg lq Sdurxor +4<<9,1

81 Dqdo|vlv zlwk Vwrfkdvwlf Uhjuhvvruv

Lqfoxvlrq ri vwrfkdvwlf uhjuhvvruv lq wkh frlqwhjudwlrq dqdo|vlv pd| eh ylhzhg
dv dq dqdo|vlv ri vrph ri wkh yduldeohv/ ghqrwhg �hqgrjhqrxv�/ frqglwlrqdo rq
wkh uhpdlqlqj zhdno| h{rjhqhrxv yduldeohv lq wkh yhfwru dxwruhjuhvvlyh prgho
jlyhq e| +8,1 Wklv lv uhihuuhg wr dv sduwldo ru frqglwlrqdo dqdo|vlv1 D gl�huhqw
dssurdfk lv wr lqfoxgh dgglwlrqdo h{sodqdwru| uhjuhvvruv lq wkh dqdo|vlv ri +8,
dqg glvfxvv frlqwhjudwlrq vxemhfw wr vshfl�fdwlrq ri wkh h{sodqdwru| yduldeohv1
Erwk dssurdfkhv kdyh dv|pswrwlf vlplodulw| surshuwlhv zklfk uhvhpeoh wkh
suhylrxv uhvxowv1

8141 Sduwldo Dqdo|vlv

Iru sduwldo dqdo|vlv glylgh wkh surfhvv dv f| ' Et �

| c ~
�

|�
�� Wkh k|srwkhvlv ri

uhgxfhg frlqwhjudwlrq udqn/ udqnE�c�,� � oc lq wkh L+4, prgho +8, frxog
eh dqdo|vhg lq d sduwldo dqdo|vlv ri t| jlyhq ~| lq whupv ri wkh fdqrqlfdo
fruuhodwlrqv/
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Wkhuh duh wzr lpsruwdqw srlqwv lq frqqhfwlrq zlwk wklv nlqg ri dqdo|vlv1
Iluvw/ li wkh frqglwlrqlqj surfhvv lv zhdno| h{rjhqhrxv iru wkh frlqwhjudwlqj
yhfwru wkhq wkh frqglwlrqdo olnholkrrg dqdo|vlv iru frlqwhjudwlrq lv htxlyd0
ohqw wr wkh ixoo olnholkrrg v|vwhp dqdo|vlv1 Wkh zhdn h{rjhqhlw| surshuw| lv
vdwlv�hg li

Efc Uglp~� E�c�,� ' f� +9,

Vhfrqg/ wkh dv|pswrwlf glvwulexwlrq ghshqgv rq wkh mrlqw glvwulexwlrq ri t|

dqg ~|1 Kduer/ Mrkdqvhq/ Qlhovhq dqg Udkehn +4<<;, dqdo|vh wkh vlwxdwlrq
zkhuh wkh ixoo v|vwhp lv L+4, dqg +9, krogv/ dqg �qg wkdw wklv dqdo|vlv lv
dv|pswrwlfdoo| vlplodu zlwk uhvshfw wr wkh sdudphwhuv ri wkh ghwhuplqlvwlf
wuhqg dqg wkh uhjuhvvru {~|�

Lq wkh sduwldo L+5, dqdo|vlv zhdn h{rjhqhlw| lv frqwlqjhqw rq wkh dgglwlrqdo
uhvwulfwlrq

Efc Uglp~�
�[ ' f

vlqfh wkh L+5, prgho lqyroyhv wzr uhgxfhg udqn sureohpv/ vhh Sduxror dqg
Udkehn +4<<9,1

8151 H{sodqdwru| Uhjuhvvruv

Lq jhqhudo/ lw lv ri lqwhuhvw wr h{whqg wkh prgho +8, zlwk d vwrfkdvwlf uhjuhvvru
T| zlwkrxw prghoolqj wkh ixoo v|vwhp ri f| dqg T|1 D glvfxvvlrq ri wklv lvvxh
edvhg rq wkh lghdv frqfhuqlqj vlplodulw| lv jlyhq e| Prvfrql dqg Udkehn
+4<<;,1

Li T| lv d olqhdu surfhvv zklfk fxpxodwhv wr dq L+3, surfhvv/ frlqwhjudwlqj
surshuwlhv ri f| fdq eh whvwhg xvlqj
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Wkh dv|pswrwlf glvwulexwlrq ri wkh whvw lv wkh vdph dv lq wkh ixoo v|vwhp L+4,
dqdo|vlv1 Lw grhv wkhuhiruh qrw ghshqg rq wkh frh!flhqw ri wkh ghwhuplqlvwlf
wuhqg dqg wkh uhjuhvvru T|�

Rq wkh rwkhu kdqg/ li T| fxpxodwhv wr dq L+4, surfhvv wkhq wkh dqdo|vlv
edvhg rq +:, lqyroyhv wkh frh!flhqw ri T| dv d qxlvdqfh sdudphwhu1 Wklv lv
dyrlghg lq dq dqdo|vlv edvhg rq

FdqFru

;A?
A={f|c

3
EC f|3�

|
P|3�

�'�T�

4
FD
�������T|c �c E{f|3���'�c��c&3�

<A@
A>

44



Vxfk d whvw kdv wkh vdph dv|pswrwlf glvwulexwlrq dv wkdw ri wkh sduwldo v|vwhp
glvfxvvhg deryh dqg lq idfw wklv nlqg ri dqdo|vlv pd| eh ylhzhg dv d vshfldo
fdvh ri wkh sduwldo dqdo|vlv deryh xqghu fhuwdlq frqglwlrqv1 Krzhyhu/ lw lv
rqo| li wkhuh lv qr ihhg0edfn iurp wkh hqgrjhqrxv surfhvv lq wkh h{rjhqhrxv
surfhvv/ wkdw wkh L+4, uhjxodulw| frqglwlrqv fdq eh irupxodwhg lq whupv ri wkh
sduwldo v|vwhp dorqh1

91 Frqfoxvlrq

Lq wklv sdshu fodvvhv ri prghov kdyh ehhq suhvhqwhg lq zklfk lw lv srvvleoh
wr jlyh vrph vhsdudwlrq ri wkh txhvwlrqv uhodwhg wr frlqwhjudwlrq udqn dqg
vshfl�f frh!flhqwv/ erwk lq whupv ri lqwhusuhwdwlrq dqg vlplodulw| surshuwlhv1
Frlqwhjudwlrq fdq wkhq eh dqdo|vhg lq wzr vwhsv= �uvw wkh frlqwhjudwlrq udqn
lv ghwhuplqhg xvlqj rqh ri wkh suhvhqwhg prghov dqg qh{w uhvwulfwlrqv rq wkh
frh!flhqwv fdq eh whvwhg xvlqj �2 lqihuhqfh1

Wkh udqn whvwv jlyhv erxqgv iru udqnv dqg hvwlpdwhv iru wkh udqn fdq
wkhuhiruh eh irxqg xvlqj wkhvh whvwv vhtxhqwldoo|1 Pruh vshfl�fdoo|/ iru wkh
L+4, prghov wkh lghd lv wr whvw wkh k|srwkhvhv

udqn ' fc udqn � �c udqn � 2c � � �

djdlqvw d jhqhudo dowhuqdwlyh dqg hvwlpdwh wkh udqn iurp wkh �uvw dffhswhg
k|srwkhvlv1 Frqvlvwhqf| surshuwlhv ri wklv surfhgxuh fdq eh irupxodwhg dv lq
Mrkdqvhq +4<<8d/ Vhfwlrq 4514,1 Qrwh/ wkdw lw lv qrw qhfhvvdu| wr frqvlghu wkh
pruh frpsolfdwhg surfhgxuhv jlyhq lq Mrkdqvhq +4<<8d/ Vhfwlrq 4515/6,1 Fru0
uhvsrqglqjo|/ iru L+5, prghov wkh surfhgxuh jlyhq lq Udkehn hw do1 +4<<:, lv
frqvlvwhqw1 Wkh uhohydqw dv|pswrwlf glvwulexwlrqv iru udqn whvwv duh wdexodwhg
lq wkh olwhudwxuh=

L+4, prgho zlwk olqhdu wuhqg Mrkdqvhq +4<<8d,/Wdeoh 4817
L+4, prgho zlwk frqvwdqw ohyho Mrkdqvhq +4<<8d,/Wdeoh 4815
L+4, prgho zlwk }hur ohyho Mrkdqvhq +4<<8d,/Wdeoh 4814
L+5, prgho zlwk olqhdu wuhqg Udkehn hw do1 +4<<;,
L+5, prgho zlwk frqvwdqw ohyho Sdurxor +4<<9,/ Wdeoh 8
sduwldo L+4, prgho Kduer hw do1 +4<<;,

Voljkwo| pruh dffxudwh wdeohv iru prvw ri wkh prghov duh jlyhq e| Grruqln
+4<<:,

45



Jlyhq wkh udqn lv nqrzq/ uhvwulfwlrqv ri wkh frh!flhqwv fdq eh whvwhg
xvlqj wkh �20glvwulexwlrq1 Lq d prgho zlwk d olqhdu wuhqg lq doo frpsrqhqwv
ri wkh surfhvv lw frxog iru lqvwdqfh eh uhohydqw wr whvw wkdw wkh frlqwhjudwlqj
uhodwlrq grhv qrw kdyh d olqhdu wuhqg xvlqj wkh uhvwulfwlrq q

,
' f1

D ydvw dprxqw ri dssolfdwlrqv ri frlqwhjudwlrq surfhgxuhv h{lvwv lq wkh
olwhudwxuh1 Dq dssolfdwlrq edvhg rq wkh fhqwudo L+4, prgho zlwk d olqhdu
wuhqg lv iru lqvwdqfh ghvfulehg lq wkh prqrjudsk Khqgu| +4<<8/ Fkdswhu 49,1
Surfhgxuhv duh lpsohphqwhg lq ydulrxv frpsxwhu surjudpv vxfk dv SfIlpo
e| Grruqln dqg Khqgu| +4<<:, dqg FDWV e| Kdqvhq dqg Mxvholxv +4<<8,

Uhihuhqfhv

Dqghuvrq/ W1Z1 +4<;7,1 Dq lqwurgxfwlrq wr pxowlyduldwh vwdwlvwlfdo dqdo|vlv1

Qhz \run/ Zloh|/ 5qg hglwlrq1

Eduwohww/ P1V1 +4<6;,1 cIxuwkhu dvshfwv ri wkh wkhru| ri pxowlsoh uhjuhvvlrq*/
Surfhhglqjv ri wkh Fdpeulgjh Sklorvrsklfdo Vrflhw|/ Yro1 67/ ss1 660731

Fr{/ G1U1 dqg Klqnoh|/ G1Y1 +4<:7,1 Wkhruhwlfdo vwdwlvwlfv1 Orqgrq/ Fkds0
pdq dqg Kdoo1

Glfnh|/ G1D1 dqg Ixoohu/ Z1D1 +4<:<,1 cGlvwulexwlrq ri wkh hvwlpdwruv iru
dxwruhjuhvvlyh wlph vhulhv zlwk d xqlw urrw*/ Mrxuqdo ri wkh Dphulfdq

Vwdwlvwlfdo Dvvrfldwlrq/ Yro1 :7/ ss1 75:07641

Grruqln/ M1D1 +4<<:,1 cD frqyhqlhqw dssur{lpdwlrq wr wkh dv|pswrwlf glv0
wulexwlrq ri frlqwhjudwlrq whvwv*/ Glvfxvvlrq sdshu/ Qx!hog Froohjh1

Grruqln/ M1D1 dqg Khqgu|/ G1I1 +4<<:,1 Prghoolqj g|qdplf v|vwhpv xv0

lqj SfIlpo < iru Zlqgrzv1 Orqgrq/ Lqwhuqdwlrqdo Wkrpvrq Exvlqhvv
Suhvv1

Kdqvhq/ K1 dqg Mxvholxv/ N1 +4<<8,1 FDWV lq UDWV1 Hydqvwrq/ Hvwlpd1

Kduer/ L1/ Mrkdqvhq/ V1/ Qlhovhq/ E1 dqg Udkehn/ D1 +4<<;,1 cDv|pswrwlf Lq0
ihuhqfh rq Frlqwhjudwlqj Udqn lq Sduwldo V|vwhp*/ iruwkfrplqj/ Mrxuqdo
ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv1

Khqgu| G1I1 +4<<8,1 G|qdplf Hfrqrphwulfv1 R{irug Xqlyhuvlw| Suhvv1
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Krwhoolqj/ K1 +4<69,1 cUhodwlrqv ehwzhhq wzr vhwv ri yduldeohv*/ Elrphwulnd

Yro1 5;/ ss1 65406::1

Mrkdqvhq/ V1 +4<;;,1 cVwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv*/ Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro/ Yro1 45/ ss1 5640871

Mrkdqvhq/ V1 +4<<8d,1 Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dx0

wruhjuhvvlyh prghov/ R{irug Xqlyhuvlw| Suhvv1

Mrkdqvhq/ V1 +4<<8e,1 cD vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq iru L+5, ydul0
deohv*/ Hfrqrphwulf Wkhru|/ Yro1 44/ ss1 5808<1

Nlylhw M1I1 dqg Skloolsv/ J1E1 +4<<5,1 cH{dfw vlplodu whvwv iru xqlw urrwv
dqg frlqwhjudwlrq*/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ Yro1
87/ ss1 67<069<1

Oÿwnhsrko/ K1 dqg Vdlnnrqhq/ S1 +4<<:,1 cWhvwlqj iru wkh frlqwhjudwlqj
udqn ri d YDU surfhvv zlwk d wlph wuhqg*/ Glvfxvvlrq sdshu/ VIE 6:6/
Kxperogw Xqlyhuvlw|/ Ehuolq1

Prvfrql/ U1 dqg Udkehn/ D1 +4<<;,1 cWkh uroh ri vwdwlrqdu| uhjuhvvruv lq
wkh frlqwhjudwlrq whvw*/ Suhsulqw qr14/ Xqlyhuvlw| ri Frshqkdjhq

Qlhovhq/ E1 +4<<:,1 cEduwohww fruuhfwlrq ri wkh xqlw urrw whvw lq dxwruhjuhvvlyh
prghov*/ Elrphwulnd/ Yro1 ;7/ ss1 83308371

Qlhovhq/ E1 +4<<;,1 cRq wkh glvwulexwlrq ri whvwv iru frlqwhjudwlrq udqn*/
Plphr/ Qx!hog Froohjh1

R|d/ N1 dqg Wrgd/ K1\1 +4<<;,1 cGlfnh|0Ixoohu/ Odjudqjh pxowlsolhu dqg
frpelqhg whvwv iru d xqlw urrw lq dxwruhjuhvvlyh wlph vhulhv*/ Mrxuqdo ri
Wlph Vhulhv Dqdo|vlv/ Yro1 4</ ss1 658067:1

Sdurxor/ S1 +4<<9,1 cRq wkh ghwhuplqdwlrq ri lqwhjudwlrq lqglfhv lq L+5,
v|vwhpv*1 Mrxuqdo ri Hfrqrphwulfv/ Yro1 :5/ ss1 64606891

Sdurxor/ S1 dqg Udkehn/ D1 +4<<9,1 cZhdn h{rjhqhlw| lq L+5, v|vwhpv*/
Suhsulqw qr17/ Xqlyhuvlw| ri Frshqkdjhq1

Skloolsv/ S1F1E1 +4<<4,1 cRswlpdo lqihuhqfh lq frlqwhjudwhg v|vwhpv*/ Hfrqr0
phwulfd/ Yro1 8</ ss1 5;606391
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Udkehn/ D1 +4<<:,1 cUhsuhvhqwdwlrq ri frlqwhjudwhg L+5, dqg L+4, surfhvvhv
zlwk ghwhuplqlvwlf wuhqgv*/ Plphr/ Xqlyhuvlw| ri Frshqkdjhq1

Udkehn/ D1/ Nrqjvwhg/ K1F1 dqg Mûujhqvhq/ F1 +4<<;,1 cWuhqg0vwdwlrqdulw|
lq wkh L+5, frlqwhjudwlrq prgho*/ iruwkfrplqj/ Mrxuqdo ri Hfrqrphwulfv1
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