
WKH DV\PSWRWLF GLVWULEXWLRQ RI XQLW URRW WHVWV RI

XQVWDEOH DXWRUHJUHVVLYH SURFHVVHV

E| Ehqw Qlhovhq4

45 Mxo| 4<<<

41 lqwurgxfwlrq

Xqlw urrw whvwlqj kdv ehhq ghyhorshg wkurxjk qxphurxv sdshuv vlqfh wkh
zrun ri Glfnh| dqg Ixoohu +4<:<,1 Wkh lghd lv wr whvw wkh k|srwkhvlv wkdw
wkh gl�huhqfhv ri dq revhuyhg wlph vhulhv gr qrw ghshqg rq lwv ohyhov/ ru
lq rwkhu zrugv/ wkh ohyhov ri wkh wlph vhulhv kdv d xqlw urrw zklfk fdq eh
uhpryhg e| gl�huhqflqj1 Zkloh lw lv lq jhqhudo srvvleoh wr kdyh pxowlsoh xqlw
urrwv rqo| wkh k|srwkhvlv ri h{dfwo| rqh xqlw urrw lv frqvlghuhg khuh1 Wkh
dydlodeoh whvwv wkhuhiruh klqjh rq wzr dvvxpswlrqv= +l, wkh ohyhov ri wkh wlph
vhulhv kdv h{dfwo| rqh xqlw urrw zklfk fdq eh uhpryhg e| gl�huhqflqj/ dqg
+ll, wkh uhpdlqlqj fkdudfwhulvwlf urrwv ri wkh wlph vhulhv duh vwdwlrqdu| urrwv1
Lq wklv sdshu lw lv suryhg wkdw iru wkh olnholkrrg udwlr whvw dqg d qxpehu ri
rwkhu olnholkrrg edvhg vwdwlvwlfv wkh dvvxpswlrq +ll, lv uhgxqgdqw zkhuhdv +l,
lv qhfhvvdu|1 Lw lv dovr vkrzq wkdw iru vrph whvwv zklfk duh qrw olnholkrrg
edvhg lw lv lqghhg qhfhvvdu| wr dvvxph wkdw wkh gl�huhqfhv kdyh vwdwlrqdu|
urrwv1

Wkh frqvhtxhqfhv ri wkh uhvxow duh shukdsv ehvw xqghuvwrrg iurp wkh lp0
solfdwlrqv ri frqglwlrq +l,1 Iru dxwruhjuhvvlyh prghov ri rughu wzr ru kljkhu
wkdw frqglwlrq lv qrw vdwlv�hg lq wkh hqwluh sdudphwhu vsdfh dqg wkh dv0
|pswrwlf glvwulexwlrq ri wkh olnholkrrg udwlr whvw iru d xqlw urrw ghshqgv
rq xqnqrzq qxlvdqfh sdudphwhuv1 Lq wklv vlwxdwlrq wkh whvw vwdwlvwlf lv qrw
slyrwdo dqg wkh whvw lv qrw vlplodu dqg wklv frpsolfdwhv wkh whvwlqj1 Iru qrq0
olnholkrrg edvhg whvwv wkh qhfhvvlw| ri frqglwlrq +ll, lpsolhv dq dgglwlrqdo
vlplodulw| sureohp1 Wkh sudfwlwlrqhu lv wkhuhiruh idfhg zlwk d wudgh r� eh0
wzhhq olnholkrrg edvhg whvwv zlwk ihzhu vlplodulw| sureohpv dqg rwkhu whvwv
zklfk pd| kdyh rwkhu dgydqwdjhrxv surshuwlhv1 Wkhuh duh wkxv wzr hpslulfdo
lpsolfdwlrqv ri wkh uhvxow1 Iluvw/ zkhq dqdo|vlqj wlph vhulhv zlwk vwdwlrqdu|
urrwv zklfk kdyh prgxoxv forvh wr rqh vr wkdw frqglwlrq +ll, lv qhduo| ylr0
odwhg wkhq wkh olnholkrrg edvhg whvwv duh suhihudeoh dqg rwkhu whvwv vkrxog
eh xvhg fdxwlrxvo|1 Vhfrqgo|/ li h{sorvlyh urrwv duh irxqg lq dq dssolfdwlrq

4Frpphqwv iurp N1 Dedglu/ Q1 Vkhskdug dqg wkh uhihuhhv duh judwhixoo| dfnqrzohgjhg1
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prvw ri wkh vwdwlvwlfdo dqdo|vlv lv dfwxdoo| ydolg dqg vkrxog qrw qhfhvvdulo| eh
glvuhjdughg ehfdxvh ri wkh suhvhqfh ri h{sorvlyh urrwv1

Vhfwlrq 5 suhvhqwv d Jdxvvldq dxwruhjuhvvlyh prgho dorqj zlwk lwv vwd0
wlvwlfdo dqdo|vlv dqg wkh uhvxow vkrzlqj wkdw frqglwlrq +ll, lv uhgxqgdqw iru
olnholkrrg edvhg whvwv1 Urexvwqhvv zlwk uhvshfw wr lqqrydwlrqv zklfk duh
pduwlqjdoh gl�huhqfh lv dovr glvfxvvhg1 Wkh uhvxowv ri Vhfwlrq 5 duh jlyhq iru
d prgho zlwkrxw ghwhuplqlvwlf wuhqgv1 Lq Vhfwlrq 6 wkhvh duh jhqhudolvhg wr
prghov zlwk ghwhuplqlvwlf whupv1 Wkh pdwkhpdwlfdo surriv iroorzlqj lq wzr
dsshqglfhv duh edvhg rq wkh zrun ri Odl dqg Zhl +4<;6, dqg Fkdq dqg Zhl
+4<;;,1

51 d prgho zlwkrxw ghwhuplqlvwlf frpsrqhqwv

Frqvlghu wkh vwdwlvwlfdo prgho jlyhq e| wkh dxwruhjuhvvlyh htxdwlrq/

{f| ' kf|3� n

R[
�'�

q�{f|3� n 0|c E| ' �c � � � c A � c +514,

frqglwlrqdo rq ff dqg {ffc � � � c{f�3R� Wkh lqqrydwlrqv duh lqghshqghqwo|
lghqwlfdoo| Jdxvvldq glvwulexwhg zlwk }hur phdq dqg yduldqfh j2 dqg wkh
sdudphwhuv kc q�c � � � c qRc j

2 ydu| iuhho|1 Wkh xqlw urrw k|srwkhvlv lv jlyhq e|
k ' f�

Wkh olnholkrrg lv pd{lplvhg lq wzr vwhsv1 Iluvw/ {f| dqg f|3� duh fru0
uhfwhg iru wkh uhpdlqlqj whupv ri htxdwlrq +514, e| ohdvw vtxduhv uhjuhvvlrq
zklfk jlyhv wkh uhvlgxdov -fc| dqg -�c|c uhvshfwlyho|=

E-fc|c -�c|� ' E{f|c f|3�m{f|3�c � � � c{f|3R� � +515,

Wkh olnholkrrg udwlr whvw vwdwlvwlf iru wkh k|srwkhvlv lv wkhq frpsxwhg dv

u- ' �A *L}E�� 	b
2

� zkhuh 	b lv wkh vdpsoh fruuhodwlrq ri -fc| dqg -�c|/ jlyhq

e|
SA

|'�-fc|-�c|*E
SA

|'�-
2

fc|

SA
|'�-

2

�c|�
�*2� Zkhq wkh dowhuqdwlyh lv rqh0vlghg

lw lv suhihudeoh wr dsso| wkh vljqhg yhuvlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlf
zklfk lv jlyhq e| � ' vljq +	k�Eu-��*2 zkhuh 	k lv wkh pd{lpxp olnholkrrg
hvwlpdwru iru k jlyhq e|

SA
|'�-fc|-�c|*

SA
|'�-

2

�c|�
Wkh fkdudfwhulvwlf sro|qrpldo ri wkh surfhvv f lv lpsruwdqw iru wkh glv0

wulexwlrqdo dqdo|vlv ri wkh whvw vwdwlvwlf1 Xqghu wkh k|srwkhvlv wklv lv jlyhq e|
� E5� ' E�� 5� E��SR

�'� q�5
��� Fruuhvsrqglqjo|/ wkh fkdudfwhulvwlf sro|qr0

pldo iru wkh gl�huhqfhg surfhvv/ {f/ lv �E5�*E�� 5�� Xvxdoo| wzr frqglwlrqv
duh dvvrfldwhg zlwk wkh odwwhu sro|qrpldo=
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+l, Wkh gl�huhqfhg surfhvv {f kdv qr xqlw urrwv/ ru htxlydohqwo|/

R[
�'�

q� 9' �� +516,

Li wklv lv vdwlv�hg gh�qh B ' �*E��SR
�'� q���

+ll, Wkh surfhvv {f fdq eh jlyhq d vwdwlrqdu| lqlwldo glvwulexwlrq/ ru htxly0
dohqwo|/ wkh fkdudfwhulvwlf sro|qrpldo iru {f kdv lwv urrwv rxwvlgh wkh
frpsoh{ xqlw flufoh1

Lq wkh iroorzlqj lw lv vkrzq wkdw wkh vhfrqg frqglwlrq lv uhgxqgdqw iru wkh
glvwulexwlrqdo dqdo|vlv ri wkh whvw vwdwlvwlf1

Wkhruhp 41 Vxssrvh wkh prgho lv jlyhq e| E2��� dqg wkdw wkh k|srwkhvlv
k ' f dqg wkh frqglwlrq E2��� duh vdwlv�hg1 Wkhq/ dv A $ 4 dqg zlwk Z
ehlqj d vwdqgdug Eurzqldq Prwlrq/

� ' vljq E	k�
s
u-

&$
U
�

f
`�_`��U

�

f
` 2

�_�
��*2 � +517,

Wkh frqyhujhqfh uhvxow idlov li wkh frqglwlrq E2��� lv qrw vdwlv�hg1 Wkh dv0
|pswrwlf ghqvlw| dqg glvwulexwlrq ixqfwlrqv duh jlyhq e| Dedglu +4<<8,1

Wkh qhfhvvlw| ri wkh dvvxpswlrq +516, zdv iru lqvwdqfh hqfrxqwhuhg e|
Sdqwxod +4<;<,1 Frqvhtxhqwo|/ wkh whvw lv qrw hyhq dv|pswrwlfdoo| vlplodu1
Wklv odfn ri vlplodulw| vhhpv forvho| uhodwhg wr wkh sureohp wkdw wkh dv|ps0
wrwlf glvwulexwlrq fdq jlyh srru dssur{lpdwlrqv lq �qlwh vdpsohv/ vhh Qlhovhq
+4<<;, zkr dovr suryhg Wkhruhp 4 iru d vhfrqg rughu prgho/ R ' ��

Uhvxowv olnh Wkhruhp 4 kdyh ehhq glvfxvvhg h{whqvlyho| lq wkh olwhud0
wxuh xqghu wkh dgglwlrqdo dvvxpswlrq wkdw {f rqo| kdv vwdwlrqdu| urrwv1
Zklwh +4<8;, hvvhqwldoo| suryhg wkh uhvxow iru d �uvw rughu prgho/ R ' f�
Iru wkh sxuho| qrq0h{sorvlyh fdvh wkh uhvxow fdq eh ghulyhg iurp Fkdq dqg
Zhl +4<;;,1 Wklv lv iru lqvwdqfh grqh e| Jk|vhov/ Ohh dqg Qrk +4<<7, lq
frqqhfwlrq zlwk vhdvrqdo wlph vhulhv1 Wkh| frqvlghuhg d prgho ri rughu irxu
ru kljkhu zlwk rqh fkdudfwhulvwlf urrw dw hdfk ri wkh txduwhuo| iuhtxhqflhv/
�c �c��c��c dqg dvvxphg wkdw wkh uhpdlqlqj urrwv duh vwdwlrqdu|1

Wkh uhvxow ri wkh Wkhruhp 4 lv vkduhg e| d qxpehu ri whvw vwdwlvwlfv1 H{0

dpsohv duh wkh Zdog vwdwlvwlf ` ' A 	b
2

*E�� 	b
2

� dqg wkh Odjudqjh pxowlsolhu
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vwdwlvwlf u� ' A 	b
2

glvfxvvhg e| Hydqv dqg Vdylq +4<;4,/ dv zhoo dv wkh

|0w|sh vwdwlvwlf 	� ' iEA � ��	b
2

*E�� 	b
2

�j�*2 vxjjhvwhg e| Glfnh| dqg Ixoohu
+4<:<, zklfk lv lq rqh0rqh uhodwlrq zlwk �1 Xvlqj wkh uhvxowv ri Dsshqgl{ D
lw dovr iroorzv wkdw wkh pd{lpxp olnholkrrg hvwlpdwru iru k lv frqvlvwhqw dqg
wkdw AB	k frqyhujhv lq glvwulexwlrq wr d yduldeoh zklfk uhvhpeohv wkdw jlyhq
lq +517,1

Rwkhu vwdwlvwlfv/ vxfk dv wkh �uvw rughu hvwlpdwru iru k zklfk lv jlyhq
e|

S
f|3�{f|*

S
f2

|3� lv frqvlvwhqw iru dq| odj ohqjwk zkhqhyhu {f kdv
vwdwlrqdu| urrwv/ vhh Skloolsv +4<;:,1 Wkdw hvwlpdwru lv frpsxwhg zlwkrxw
uhjuhvvlqj rq wkh odjjhg gl�huhqfhv dqg wkh qrq0vwdwlrqdu| frpsrqhqwv ri
wkh wlph vhulhv duh wkhuhiruh qrw holplqdwhg1 Frqvhtxhqwo|/ wkh hvwlpdwru lv
qrw frqvlvwhqw lq wkh jhqhudolw| ghvfulehg lq Wkhruhp 41 Rqh ri wkh vlpsohvw
frxqwhu h{dpsohv lv zkhq {f lv d �uvw rughu surfhvv zlwk d urrw htxdo wr
plqxv rqh1 Wklv sureohp dovr dssolhv wr wkh w0w|sh vwdwlvwlfv frqvwuxfwhg lq
wkh vdph zd| dqg lv glvfxvvhg lq ixuwkhu ghwdlo e| Shuurq +4<<9,1

Urexvwqhvv ri wkh uhvxow zlwk uhvshfw wr lqqrydwlrqv zklfk duh qrw lqgh0
shqghqwo|/ lghqwlfdoo| qrupdo glvwulexwhg kdv dovr ehhq glvfxvvhg h{whqvlyho|
lq wkh olwhudwxuh1 Iru lqvwdqfh/ Skloolsv +4<;:, glvfxvvhg whvwlqj zkhq wkh
lqqrydwlrqv duh vwurqjo| pl{lqj dqg Fkdq dqg Zhl +4<;;, frqvlghuhg wkh
fdvh ri lqqrydwlrqv zklfk duh pduwlqjdoh gl�huhqfhv1 Khuh lw zloo eh suryhg
wkdw wkh uhvxow ri Wkhruhp 4 lv urexvw lq wkh fdvh ri pduwlqjdoh gl�huhqfh
lqqrydwlrqv1

Dvvxpswlrq1 Ohw i0|j eh d pduwlqjdoh gl�huhqfh dqg ohw I| eh wkh j0�hog
jhqhudwhg e| wkh lqqrydwlrqv/ vr wkdw .E0|mI|3�� ' f dqg .E02| mI|3�� ' j2�
Ixuwkhu/ dvvxph wkdw wkh lqqrydwlrqv kdyh erxqghg prphqwv ri rughu 2 n �
iru vrph � : f/ wkdw lv/ zlwk suredelolw| rqh/ t�T|.Em0|m2n�mI|3�� 	 4�

Wkhruhp 51 Vxssrvh wkh surfhvv lv jlyhq e| E2��� zkhuh k ' fc wkh
frqglwlrq E2��� lv phw dqg wkh lqqrydwlrqv vdwlvi| wkh pduwlqjdoh gl�huhqfh
dvvxpswlrq1 Wkhq wkh vwdwlvwlf z frqyhujhv lq glvwulexwlrq dv ghvfulehg lq
Wkhruhp 41

Wkh pd{lpxp olnholkrrg hvwlpdwruv iru wkh uhpdlqlqj sdudphwhuv duh
frqvlvwhqw1 Wklv frqvlvwhqf| lv dovr urexvw zlwk uhvshfw wr lqqrydwlrqv zklfk
vdwlvi| pduwlqjdoh gl�huhqfh dvvxpswlrqv1 Iru q� wklv zdv glvfxvvhg e| Odl
dqgZhl +4<;6, dqg iru j2 wklv iroorzv iurp wkh htxdwlrq +719, ehorz1 Ixuwkhu/
Fkdq dqgZhl +4<;;, glvfxvvhg wkh dv|pswrwlf glvwulexwlrq ri q� lq wkh sxuho|
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qrq0h{sorvlyh fdvh1 D uhfhqw dffrxqw rq wkh sxuho| h{sorvlyh fdvh lv jlyhq lq
Prqvrxu dqg Plnxovnl +4<<;,1 Ilqdoo|/ dv|pswrwlf qrupdolw| ri wkh hvwlpdwru
iru j2 fdq eh suryhq xqghu prphqw dvvxpswlrqv rq wkh pduwlqjdoh gl�huhqfh
vhtxhqfh 02| � ��

61 h{whqvlrqv wr prghov zlwk ghwhuplqlvwlf wuhqgv

Lq prvw dssolfdwlrqv lw zrxog eh frqyhqlhqw wr lqfoxgh ghwhuplqlvwlf frp0
srqhqwv lq wkh prgho1 Wkhuh lv d juhdw ydulhw| ri vxfk dxjphqwhg xqlw urrw
whvwv lq wkh olwhudwxuh1 Wzr fdvhv duh frqvlghuhg/ d prgho zlwk d frqvwdqw
ohyho dqg d prgho zlwk d olqhdu wuhqg1

Wkh prgho zlwk d frqvwdqw ohyho lv jlyhq e| wkh dxwruhjuhvvlyh htxdwlrq

{f| ' Ekc k��

�
f|3�

�

�
n

R[
�'�

q�{f|3� n 0|� +614,

Lq wklv prgho wkh xqlw urrw k|srwkhvlv fdq eh irupxodwhg dv hlwkhu k ' f
ru k ' k� ' fc vhh Glfnh| dqg Ixoohu +4<:</ 4<;4,1 Iru vlpsolflw| rqo|
wkh odwwhu k|srwkhvlv lv frqvlghuhg1 Wkh uhdvrq lv wzr0irog1 Iluvw/ wkh odwwhu
k|srwkhvlv rqo| txhvwlrqv wkh ehkdylrxu ri wkh vwrfkdvwlf frpsrqhqw ri wlph
vhulhv dqg qrw wkdw ri wkh ghwhuplqlvwlf frpsrqhqw1 Vhfrqgo|/ wkh dv|pswrwlf
glvwulexwlrq ri wkh olnholkrrg udwlr whvw vwdwlvwlfv grhv qrw ghshqg rq wkh
sdudphwhu uhodwhg wr wkh ghwhuplqlvwlf frpsrqhqw1

Wkh fdvh ri olqhdu wuhqg lv fruuhvsrqglqjo| jlyhq e| wkh htxdwlrq

{f| ' Ekc k��

�
f|3�

|

�
n >n

R[
�'�

q�{f|3� n 0|c +615,

zkhuh wkh k|srwkhvlv ri lqwhuhvw lv jlyhq e| k ' k� ' f�
Lq erwk fdvhv wkh vwdwlvwlfdo dqdo|vlv lv vlplodu wr wkdw ri wkh prgho zlwk0

rxw ghwhuplqlvwlf frpsrqhqwv1 Iru qrwdwlrqdo frqyhqlhqfh gh�qh fW

| dv wkh
yhfwruv Ef|3�c ��

� dqg Ef|3�c |�
�/ uhvshfwlyho|1 Wkh olnholkrrg lv wkhq pd{0

lplvhg e| �uvw fruuhfwlqj {f| dqg fW

|3� iru wkh uhpdlqlqj frpsrqhqwv ri wkh

uhohydqw prgho dqg wkhq �qglqj wkh vdpsoh fruuhodwlrq 	bc vd|/ ri wkh uhvlgx0
dov1 Lq erwk fdvhv wkh ohyhov ri wkh surfhvv lv fruuhfwhg iru d frqvwdqw hlwkhu
wkurxjk d olqhdu wudqvirupdwlrq ri fW

| ru e| wkh lqlwldo uhjuhvvlrq rq wkh uh0
pdlqlqj frpsrqhqwv ri wkh prgho1 Wklv vkrzv wkdw fW

| frxog htxlydohqwo| eh
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fkrvhq dv E
S|3�

r'�
{frc ��

� ru E
S|3�

r'�
{frc |�

� dqg khqfh wkh qxoo glvwulexwlrq
ri wkh vdpsoh pxowlsoh fruuhodwlrq grhv qrw ghshqg rq wkh lqlwldo ohyho ff�
Wkh iroorzlqj uhvxow wkhuhiruh dssolhv1

Wkhruhp 6= Vxssrvh wkh prgho lv jlyhq e| hlwkhu E���� ru E��2� dqg
wkdw wkh k|srwkhvlv k ' k� ' f lv vdwlv�hg1 Wkhq wkh glvwulexwlrq ri wkh
olnholkrrg udwlr whvw vwdwlvwlf/ OU/ grhv qrw ghshqg rq ff� Li/ lq dgglwlrq/
E2��� lv vdwlv�hg/ wkhq/ dv A $ 4/

u- ' �A *L}
�
�� 	b

2
�

&$
]

�

f

_`�8
�

�

�]
�

f

8�8
�

�_�

�3� ] �

f

8�_`�c

zkhuh 8� lv d wzr glphqvlrqdo surfhvv jlyhq e| E`�/4, dqg E`��
U
�

f
`�_�c ��

�*2�c uhvshfwlyho|1
Wkh uhvxow lv urexvw zlwk uhvshfw wr lqqrydwlrqv zklfk vdwlvi| wkh pduwlq0

jdoh gl�huhqfh dvvxpswlrq1

Wklv uhvxow lv iru lqvwdqfh suryhg e| Mrkdqvhq +4<<8/ Wkhruhp 914, xq0
ghu wkh dgglwlrqdo dvvxpswlrq wkdw {f kdv vwdwlrqdu| urrwv1 Fruuhvsrqglqj
uhvxowv krog iru rwkhu olnholkrrg0edvhg whvwv vxjjhvwhg lq wkh olwhudwxuh1 Iru
wkh frqvwdqw ohyhov prgho +614, dq h{dpsoh lv wkh 8 0w|sh vwdwlvwlf/ x� '

EA*2� ��	b
2

*E�� 	b
2

�/ vxjjhvwhg e| Glfnh| dqg Ixoohu +4<;4,1 Zkhq lw frphv
wr whvwlqj wkh k|srwkhvlv k ' f udwkhu wkdq k ' k� ' f wkh dv|pswrwlf glv0
wulexwlrq ri wkh olnholkrrg edvhg whvwv ghshqgv rq wkh ydoxh ri k�� Qrqhwkh0
ohvv/ dv|pswrwlf uhvxowv fruuhvsrqglqj wr wkdw ri Wkhruhp 6 fdq eh suryhq
iru whvwv vxfk dv wkh |0w|sh vwdwlvwlf/ 	�>c 	� � vxjjhvwhg e| Glfnh| dqg Ixoohu
+4<:<,1 Wkdw surri zrxog uhtxluh d prgl�fdwlrq ri wkh Ohppd E4 lq wkh
Dsshqgl{ gxh wr wkh qxlvdqfh sdudphwhu k�c vhh dovr Fkdq +4<;<,1

Qx!hog Froohjh/ R{irug R[4 4QI/ XN
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DSSHQGL[ D= Surriv ri Wkhruhpv 4 dqg 5

Wkhruhp 4 iroorzv iurp Wkhruhp 51 Wkh surri ri Wkhruhp 5 kdv wzr
sduwv1 Iluvw/ Ohppd D4 ghvfulehv wkh uhvlgxdov lq ghwdlo1 Qh{w/ wkh dv|ps0
wrwlf dqdo|vlv iroorzv lq Ohppdh D50D71

Ohppd D4= Vxssrvh htxdwlrq E2���/ wkh k|srwkhvlv k ' f dqg wkh frq0
glwlrq E2��� duh vdwlv�hg1 Gh�qh

B '

#
��

R[
�'�

q�

$
3�

c 0f ' ff*B n

R3�[
�'f

{f
3�

R[
&'�n�

q&c 7| '

|[
�'f

0��

Wkhq/ wkh uhvlgxdov E2�2� fdq eh zulwwhq dv

E-fc|c -�c|� ' E0|c B7|3�m{f|3�c � � � c{f|3R� �

Ixuwkhu/ iru dq| s0glphqvlrqdo surfhvv ~|3� irxqg e| d qrq0vlqjxodu olqhdu
wudqvirupdwlrq ri E{f|3�c � � � c{f|3R�

E-fc|c -�c|� ' E0|c B7|3�m~|3�� � +714,

Surri= Xqghu wkh k|srwkhvlv wkh prgho htxdwlrq E2��� lv jlyhq e|{f| 'SR

�'� q�{f|3� n 0|c dqg wkh h{suhvvlrq iru -fc| iroorzv lpphgldwho|1 Wklv

htxdwlrq fdq eh uhzulwwhq dv E��SR

�'� q��{f| ' 0|�
SR3�

�'f{
2f|3�

SR

&'�n� q&�
Xqghu wkh dvvxpswlrq +516, wkh sdudphwhu B lv zhoo0gh�qhg dqg fxpxodwlrq
ri wkh odwwhu htxdwlrq jlyhv f|3� ' B7|3� � B

SR

�'�{f|3�

SR

&'�n� q&� Wkh
h{suhvvlrq iru -�c| wkhq iroorzv1 �

Wkh vdpsoh fruuhodwlrq/ 	bc lv lqyduldqw zlwk uhvshfw wr vfdolqj ri -fc| ru
-�c| e| j dqg jB uhvshfwlyho|1 Wkxv iru dv|pswrwlf sxusrvhv lw vx!fhv wr
dvvxph j2 ' B ' ��

Ohppd D51 Vxssrvh i0|j vdwlvi| wkh pduwlqjdoh gl�huhqfh dvvxpswlrq
dqg j2 ' B ' �1 Wkhq

�

A

A[
|'�

02|
�$ �c +715,
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dqg #
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Surri= Wkh frqyhujhqfh +715, iroorzv iurp Fkdq dqg Zhl +4<;;/ htxd0
wlrq 5146,/ zkhuhdv +716, iroorzv iurp wkh Ixqfwlrqdo Fhqwudo Olplw Wkhruhp
iru pduwlqjdoh gl�huhqfh vhtxhqfhv/ vhh Fkdq dqg Zhl +4<;;/ Wkhruhp 515,/
frpelqhg zlwk wkh Frqwlqxrxv Pdsslqj Wkhruhp/ vhh Eloolqjvoh| +4<9;,1 �

Wkh qh{w ohppdh vkrz wkdw iru dv|pswrwlf sxusrvhv wkh uhvlgxdov -f

dqg -� fdq eh uhsodfhg e| 0| dqg B7|3�c uhvshfwlyho|1 Wkh pdlq lghd lv wr
fkrrvh wkh uhjuhvvru ~ frqyhqlhqwo|1 Iroorz Odl dqg Zhl +4<;6/ htxdwlrq 715,
dqg Fkdq dqg Zhl +4<;;/ htxdwlrq 615, dqg ghfrpsrvh {f|3�c � � � c{f|3R

lqwr surfhvvhv �|c ��c|c �|c (| zlwk fkdudfwhulvwlf urrwv dw rqh/ dw i TE�w�� dqg
i TE��w�� exw i TE�w�� 9' �/ rxwvlgh wkh xqlw flufoh/ dqg lqvlgh wkh xqlw flufoh/
uhvshfwlyho|1 Ixuwkhu/ wkh surfhvvhv �|c ��c|c �|c(| fdq eh qrupdolvhg vr wkdw
wkh qrupdolvhg surfhvv ~|3� ' E@|c K�c|c � � � c K,c|c S|c _|� c vd|/ vdwlv�hv

A[
|'�

~|3�~
�

|3�
&$ 8c +717,

zkhuh 8 lv d v|pphwulf eorfn0gldjrqdo udqgrp pdwul{ zklfk lv srvlwlyh ghi0
lqlwh zlwk suredelolw| rqh1 Wkh Ohppdh D60D8 vkrz wkdw h{suhvvlrqv ri
wkh w|sh A +E

SA
|'�~|3�~

�
|3��

3�*2
SA

|'�~|3�t| frqyhujhv wr }hur lq suredelo0

lw|1 Gxh wr +717, lw vx!fhv wr suryh wkdw A +
SA

|'�~|3�t| frqyhujhv wr }hur
zkhqhyhu ~| lv jlyhq e| hlwkhu ri lwv frpsrqhqwv @|c K�c|c S|c _|�

Ohppd D61 Vxssrvh i0|j vdwlv�hv wkh pduwlqjdoh gl�huhqfh dvvxpswlrq
dqg wkdw htxdwlrq E2��� dqg wkh k|srwkhvlv k ' f duh vdwlv�hg1 Wkhq/ iru
doo 1 	 �*E2 n ��c

A E13��*2

#
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�

|3�

$3�*2 A[
|'�

~|3�0|
�$ f�

;



Qrwh/ wkdw wkh frqglwlrq E2��� lv qrw qhfhvvdu| iru wklv uhvxow1

Surri= Iru ] qrq0h{sorvlyh= vhh Fkdq dqg Zhl +4<;;/ Wkhruhp 61814,1
Iru ] h{sorvlyh= Odl dqg Zhl +4<;6/ htxdwlrq 714;, hvvhqwldoo| suryh wkh

uhvxow iru 1 � f� Iru wkh jhqhudo fdvh qrwh wkdw mmSA
|'� _|3�0|mm � 4@ |$A mm0|mm

SA
|'� mm_|3�mm�

Xvlqj Odl dqg Zhl +4<;6/ Fruroodu| 4, lw iroorzv wkdw *�4A<"

SA
|'� n_|n lv

�qlwh zlwk suredelolw| rqh1 Wkxv lw vx!fhv wr vkrz wkdw 0| lv ri rughu vpdoohu
wkdq A E�31�*2 zlwk suredelolw| rqh1 Xvlqj dq lghd ri Odl dqg Zhl +4<;5, wklv
iroorzv iurp wkh frqglwlrqdo Eruho0Fdqwhool Ohppd/ vhh Iuhhgpdq +4<:6,1 E|
Fkhe|fkhy*v lqhtxdolw|

"[
|'�

�
� m0|m : A E�31�*2

��I|3�

� � "[
|'�

A3E�31�E�n�*2�.
� m0|m2n���I|3�

�
c

zkhuh wkh odwwhu vhulhv lv frqyhujhqw iru E��1�E�n�*2� : � dqg frqvhtxhqwo|
0| lv ri wkh srvwxodwhg rughu1 �

Ohppd D71 Vxssrvh i0|j vdwlv�hv wkh pduwlqjdoh gl�huhqfh dvvxpswlrq
dqg wkdw htxdwlrq E2���/ wkh k|srwkhvlv k ' f dqg wkh frqglwlrq E2��� duh
vdwlv�hg1 Wkhq/ iru doo # : f/

A3E�n#�*2

#
A[
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�
|3�

$3�*2 A[
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~|3�7|3�
�$ f�

Surri= Iru ~ kdylqj xqlw urrwv rqo|/ exw qr urrwv dw rqh= Iru # � � wkh
uhvxow iroorzv iurp Fkdq dqg Zhl +4<;;/ Wkhruhp 61714,1 Wkhlu dujxphqwv
fdq eh vkdushqhg1 D w|slfdo hohphqw ri wkh surri lv wkh iroorzlqj1 Vxssrvh
wkh surfhvv kdv rqh qhjdwlyh xqlw urrw1 Wkh surgxfw vxp ri lqwhuhvw lv wkhq
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Gh�qh f? '
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Wkh rughu ri pdjqlwxgh ri wkh vxp +718, iroorzv iurp Wkhruhp 514 ri Fkdq
dqg Zhl +4<;;, vd|lqj= li if?j lv d vhtxhqfh ri udqgrp yduldeohv vr +l,
.mf?m ' E?k� iru vrph k : fc +ll, ��E?c6�c ��E?c6� duh udqgrp yduldeohv
vr .�2

�E?c6� 'RE?)��c .�2
� E?c6� 'Ri?��E? � 6�j dqg mf? � f6m �S^

�'���E?c6���E?c6� iru )�c �� � fc ? : 6c +lll, i TE�w� 9' �c +ly, 2k :

)� n �� wkhq t�T�$�$? m
S�

|'� i TE�|w�f|m ' r� E?kn�� � Zlwk wkh vdph surri
dqg +ly, uhsodfhg e| +ly*, 2k ' )�n��n� lw dfwxdoo| iroorzv wkdw t�T m

S
i T E�|w�fm '

r�
�
?knE�n#�*2

�
iru doo # : f� Qrz/ fkrrvh f? dv deryh/ k ' �c dqg iru lq0

vwdqfh ��E?c6� '
S?

�'� E���� 0�c ��E?c6� '
S?

&'6n� 0& zlwk )� ' �c �� '
f�

Iru ~ vwdwlrqdu|= Iru # � � wkh uhvxow iroorzv iurp Fkdq dqg Zhl +4<;;/
Ohppd 61716,1 Wkhlu dujxphqwv fdq eh vkdushqhg1 Wkh Ohppd vd|v= li +l, 5|
lv d vwdwlrqdu| dxwruhjuhvvlyh surfhvv/ +ll, wkh surfhvv }| vdwlv�hv }| ' �}|3�n
�|c +lll, .

S?
|'� n}|n2 'RE?k� iru vrph k : fc +ly, .

S?
|'� n�|n2 ' rE?k�

wkhq .nS?
|'� }|5

�
|n ' rE?Ekn��*2�� Zlwk wkh vdph surri dqg +ly, uhsodfhg

e| +ly*, .
S?

|'� n�|n2 ' RE?k3�� lw dfwxdoo| iroorzv wkdw .nS?
|'� }|5

�
|n '

rE?Ekn#�*2� iru doo # : f� Qrz/ ohw �| ' 0|c � ' � dqg khqfh }| ' 7|c
ohw 5| eh wkh qrq0qrupdolvhg surfhvv �| dqg fkrrvh k ' 2� Wkhq lw iroorzv

wkdw .mmSA
|'��|3�7|3�mm ' rEA �n#*2� dqg A3�3#*2

SA
|'��|3�7|3�

�$ f� VlqfhSA
|'��|3��

�
|3�*A frqyhujhv lq suredelolw| wkh ghvluhg uhvxow iroorzv1

Iru ~ h{sorvlyh= Dv lq wkh surri ri Ohppd D6 mmSA
|'� _|3�7|3�mm lv ri wkh

vdph vwrfkdvwlf rughu dv 4@ |$A mm7|mm� Dffruglqj wr Fkdq dqg Zhl +4<;;/
Wkhruhp 515, wkh surfhvv A3�*27 frqyhujhv zhdno| wr d Eurzqldq prwlrq rq
(dfc �oc wkh vsdfh ri ixqfwlrqv rq ^3/4` zklfk duh uljkw frqwlqxrxv/ kdyh ohiw
kdqg olplwv/ dqg lv htxlsshg zlwk wkh Vnrurnkrg wrsrorj|1 Wkh vxsuhpxp
lv d frqwlqxrxv pdsslqj rq (dfc �o dqg/ khqfh/ e| wkh Frqwlqxrxv Pdsslqj
Wkhruhp/ vhh Eloolqjvoh| +4<9;,/ 4@ nA3�*27n frqyhujhv lq glvwulexwlrq1 �

Surri ri Wkhruhp 5= Lq Ohppd D6 fkrrvh #c 1 vxfk wkdw f 	 # 	
1 	 �*E2 n �� � �� Wkhq e| wkh h{suhvvlrq +714,
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Qrwh/ wkdw # � 1 	 f dqg # � � 	 f� Frpelqh wklv zlwk Ohppd D51 �

DSSHQGL[ E= Surri ri Wkhruhp 6

Zkhq dqdo|vlqj wkh dv|pswrwlf qxoo glvwulexwlrq ri wkh frqvlghuhg whvwv
lw vx!fhv wr frqvlghu wkh vdph suredelolw| phdvxuhv dv lq Dsshqgl{ D141 Iru
wkh frqvwdqw ohyho prgho +614, wklv lv uhdglo| vhhq1 Iru wkh olqhdu wuhqg prgho
+615, wkh dgglwlrqdo sdudphwhu > wxuqv rxw qrw wr eh lpsruwdqw dv orqj dv
wkh frqglwlrq +516, lv vdwlv�hg1 Iluvw/ e| plplfnlqj wkh surri ri Ohppd D4/

f|3� ' B7|3� n B>|� B

R[
�'�

{f|3�

R[
&'�n�

q& n frqvwdqw/

dqg wkh ghshqghqf| ri olqhdu wuhqg rif|3� fdq eh uhpryhg e| olqhdu wudqviru0
pdwlrq rifW

|3�� Vhfrqgo|/ wkh uhjuhvvruv{f|3� fdq eh uhsodfhg e|{f|3�nB>
zklfk vdwlv�hv wkh htxdwlrq iru wkh prgho zlwkrxw ghwhuplqlvwlf whupv +514,
dowkrxjk wkh lqlwldo frqglwlrqv duh dowhuhg1 Ilqdoo|/ wkh dv|pswrwlf uhvxow
grhv qrw ghshqg rq wkh lqlwldo ydoxhv dqg khqfh > fdq eh ljqruhg1

Wkh surri ri Wkhruhp 6 wkhuhiruh iroorzv e| frpelqlqj wkh dujxphqwv ri
Dsshqgl{ D14 zlwk wkh iroorzlqj ohppd1

Ohppd E41 Vxssrvh i0|j vdwlvi| wkh pduwlqjdoh gl�huhqfh dvvxpswlrq
dqg wkdw htxdwlrq E2���/ wkh k|srwkhvlv k ' f dqg wkh frqglwlrq E2��� duh
vdwlv�hg1 Wkhq/ iru doo # : f

A3#

#
A[

|'�

~|3�~
�

|3�

$3�*2 A[
|'�

~|3�
�$ fc +71:,

A3E�n#�

#
A[

|'�

~|3�~
�

|3�

$3�*2 A[
|'�

~|3�|
�$ f� +71;,

Li ] rqo| kdv urrwv ri ohqjwk rqh dqg qrqh htxdo wr rqh wkhq wkh uhvxow krogv
iru # : ��*2�
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Surri1 Iru ] kdylqj xqlw urrwv rqo|/ exw qr urrwv dw rqh= Iluvw/ vxssrvh
wkh frpsrqhqw K� kdv rqh urrw dw �4 dqg 0f ' ff1 E| fkdqjh ri vxppdwlrq
rughu

A[
|'�

K�c|3� ' A3�
A[

|'�

|[
&'�

E���|3& 0&3� ' A3�
A[

&'�

0&3�

A[
|'&

E���|3&

' A3�

dEA3��*2o[
&'f

0A32&3�c +71<,

zklfk lv ri rughu A3�*2/ vhh Fkdq dqg Zhl +4<;;/ Wkhruhp 515,/ dqg +71:,
iroorzv iru # : ��*2� Vlploduo|/ +71;, iroorzv xvlqj wkh dgglwlrqdo qrupdol0
vdwlrq e| A3�� Li wkh urrw pxowlsolflw| dw �� lv kljkhu wkdq rqh/ wkh uhvxow
iroorzv lq d idvklrq vlplodu wr wkh surri ri Fkdq dqg Zhl +4<;;/ Wkhruhp
61514,1 Iru wkh fdvh zkhuh K� kdv qrq0uhdo urrwv dw i TE�w�� dqg i TE��w��
wkh dujxphqw lv edvlfdoo| wkh vdph/ doehlw wkh qrwdwlrq lv pruh frpsol0
fdwhg1 D uhvxow olnh +71<, lv hvwdeolvkhg xvlqj wuljrqrphwulf lghqwlwlhv dvSA

&'� t�?E&2w�� ' t�?EAw�� t�?iEA n��w�j* t�?Ew�� dqg wkh vkdushqhg yhuvlrq
ri Fkdq dqg Zhl +4<;;/ Wkhruhp 514, phqwlrqhg lq wkh surri ri Ohppd D71

Iru ] vwdwlrqdu|= Wkh yhfwru surfhvv S vdwlv�hv S| ' �S| n �0| zkhuh
�0| ' E0|c fc � � � c f�

� � Khqfh lw lv d olqhdu surfhvv zlwk h{srqhqwldoo| ghfuhdvlqj
frh!flhqwv1 Wkhuhiruh +71:, iroorzv iurp wkh Fhqwudo Olplw Wkhruhp iru
olqhdu surfhvvhv zlwk pduwlqjdoh gl�huhqfh lqqrydwlrqv/ vhh Skloolsv dqg Vror
+4<<5/ Wkhruhp 6149,1 Fruuhvsrqglqjo|/ +71;, iroorzv e| sduwldo vxppdwlrq
dqg wkh Fhqwudo Olplw Wkhruhp wrjhwkhu zlwk wkh Lqyduldqfh Sulqflsoh dovr
jlyhq lq wkh deryh phqwlrqhg Wkhruhp e| Skloolsv dqg Vror1

Iru ] h{sorvlyh= Wkh uhvxow iroorzv dv lq wkh surri ri Ohppd D6 zlwk 0|
uhsodfhg e| 4 dqg | uhvshfwlyho|1 �
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