Fr p sdudwlyh Vwdwlf v r i wkh Z hdn D{lr p

E| Mrkq N10K1Txdk

Devwudfw= Wklv sdshu h{dp lqhv wkh frp sdudwlyh vwdwlfv ri Z doudvldq hfrqrp lhv z lwk h{0 fhvvghp dqg ixqfwlrqvz klfk reh| wkh z hdn d{lrp 1 Z h vkrz wkdwlq wkhvh hfrqrp lhvwkhuh lv d suhflvh vhqvh lq z klfk j rrgv wkdwduh lq h{fhvv vxsso| +ghp dqg, diwhu vrp h shuwxu0 edwlrq z loo h{shulhqfh d idoo +ulvh, lq lwv sulfh1 Z h dsso| wklv wr dq h{fkdqj h hfrqrp | z lwk dgglwlyh xwlolw| ixqfwlrqv/ z klfk fdq eh lqwhusuhwhg dv d �qdqfldohfrqrp | z lwk yrq Qhxp dqq0P ruj hqvwhuq xwlolw| ixqfwlrqv1 Z h vkrz wkdwz khq wkh vxemhfwlyh suredelolwlhv z klfk dj hqwv dwwulexwh wr d sduwlfxodu vwdwh idoov/ vr z loowkh sulfh ri frqvxp swlrq lq wkdw vwdwh1 Dqrwkhu lqwhuhvwlqj lvvxh lv wkh lp sdfwri fkdqj hv wr wkh hqgrz p hqwrq wkh ht xlole0 ulxp sulfh1 Z h ghyhors frqglwlrqv xqghu z klfk/ iru dq h{fkdqj h hfrqrp | / wklv htxloleulxp p ds 0iurp hqgrz p hqwwr ht xloleulxp sulfh0z looreh| wkhz hdn d{lrp dqg dqrwkhuvwurqj hu/ p rqrwrqlflw| surshuw| 1

Dgguhvv=VwKxj k*v Froohj h/ R{irug1 R[ 5 9OH1X1N1 H0p dlo=mrkq1t xdkChfrqrp lfv1r{1df1xn

41 Lqwur gxf wlr q

Wkh lqghwhup lqdf| wkhruhp v ri Gheuhx/ Vrqqhqvfkhlq dqg P dqwho vd| wkdwz lwkrxw vxlwdeoh uhvwulfwlrqv rq hqgrz p hqwv/ suhihuhqfhv ru whfkqrorj | / wkhuh lv qr vwuxfwxuh wr wkh h{fhvv ghp dqg ixqfwlrq ri dq h{fkdqj h ru surgxfwlrq hfrqrp | +vhh wkh vxuyh| lq Vkdihu dqg Vrqqhqvfkhlq +4<; 5,,1 Lwiroorz v iurp wkhvh uhvxowv wkdw/ lq j hqhudo/ dq hfrqrp | *v ht xloleulxp sulfhv duh qhlwkhu xqlt xh qru vwdeoh z lwk uhvshfwwr Z doudv*wdwrqqhp hqw1 Wr j xdudqwhh wkhvh surshuwlhv/ dgglwlrqdovwuxfwxudofrqglwlrqv eh| rqg frqwlqxlw| dqg Z doudv* Odz qhhg wr ehlp srvhg rq dq hfrqrp | *vh{fhvvghp dqg ixqfwlrq1Wkhwz r p rvwh{whqvlyho| vwxglhg frqglwlrqvz klfk gr j xdudqwhh xqlt xhqhvvdqg vwdelolw| duh j urvvvxevwlwxelolw| dqg wkh z hdn d{lrp 1 Wkhvh duh dj j uhj dwh frqglwlrqv/ vr rqh lv ohdg t xlwh qdwxudoo| wr wkh vwxg| ri lwvp lfurirxqgdwlrqv1 I ruh{dp soh/ P dv0Frohoo+4<<4, dqg J udqgp rqw+4<<5, kdyh lghqwl�hg sulp lwlyh dvvxp swlrqv z klfk ohdg wr j urvv vxevwlwxelolw| > Kloghqeudqg +4<; 6,/ Mhulvrq +4<<<, dqg Txdk +4<<: / 4<<</ 5333, kdyh grqh wkh vdp h iru wkh z hdn d{lrp 1 +I ru wkh z hdn d{lrp / vhh Txdk +4<<<, iru d p ruh h{kdxvwlyh olvwri uhihuhqfhv1, Rq wkh z kroh wkhvh wkhruhwlfdop rghov vxj j hvwwkdwdj j uhj dwh surshuwlhv olnh j urvv vxevwlwxelolw| ru wkh z hdn d{lrp frxog dulvh xqghu sodxvleoh vfhqdulrhv/ wkrxj k d p ruh gh�qlwh mxgj p hqwz rxog uht xluh p ruh hp slulfdoz run1

Wklvsdshuh{dp lqhvwkh frp sdudwlyh vwdwlfvri hfrqrp lhvz lwk h{fhvvghp dqg ixqfwlrqv wkdwreh| d surshuw| z h fdoowkh zhdn d{lrp dwhtxloleulxp / d surshuw| z klfk lvz hdnhuwkdq erwk j urvv vxevwlwxelolw| dqg wkh z hdn d{lrp 1 +vhh P dv0Frohoohwdo+4<<8,,1 Z h dvvxp h wkdwwklv surshuw| krogv lq d vhwri sulfhv frqwdlqlqj dq ht xloleulxp sulfh/ dqg vwxg| wkh uhvwulfwlrqv wklv lp srvhv rq ht xloleulxp sulfh fkdqj hv dv hqgrz p hqwv dqg suhihuhqfhv duh ydulhg1 Z h vkrz wkdwz lwk wklv surshuw| / wkhuh lv d vhqvh lq z klfk j rrgv wkdwduh lq h{fhvv ghp dqg diwhu vrp h shuwxuedwlrq ri wkh hfrqrp | *v sdudp hwhuv/ z looh{shulhqfh dq lqfuhdvh lq wkhlu sulfhv uhodwlyh wr wkrvh j rrgv lq h{fhvv vxsso| 1 D vwudlj kwiruz dug fruroodu| ri wklv uhvxowlvwkdwz khq wkh hqgrz p hqwri d j rrg idoovlq dq h{fkdqj h hfrqrp | z khuh doodj hqwv kdyh qrup doghp dqgv iru dooj rrgv/ wkh sulfh ri wkdwj rrg z looulvh uhodwlyh wr wkh sulfh ri vrp h exqgoh ri doorwkhu j rrgv1 Lq dqrwkhu dssolfdwlrq/ z h frqvlghu dq h{fkdqj h hfrqrp | z lwk dgglwlyh xwlolw| ixqfwlrqv/ z klfk fdq eh lqwhusuhwhg dv d �qdqfldohfrqrp | z lwk yrq Qhxp dqq0P ruj hqvwhuq xwlolw| ixqfwlrqv1 Z h vkrz wkdwz khq wkh vxemhfwlyh suredelolwlhv z klfk dj hqwv dwwulexwh wr d sduwlfxodu vwdwh idoov/ vr z loowkh sulfh ri frqvxp swlrq lq wkdw vwdwh1

Dqrwkhu lqwhuhvwlqj lvvxh lq frp sdudwlyh vwdwlfv lv wkh iroorz lqj 1 Vxssrvh dq h{fkdqj h hfrqrp | *v hqgrz p hqwv duh fkdqj hg +z lwk suhihuhqfhv khog �{hg, fdxvlqj wkh hfrqrp | *v ht xloleulxp sulfh wr fkdqj h dvz hoo>z khq frxog z h h{shfwwkh hfrqrp | *vp hdq hqgrz p hqw dqg lwv fruuhvsrqglqj ht xloleulxp sulfh wr ydu| lq d z d| wkdwreh| v wkh z hdn d{lrp B Wklv lv d gl�huhqwt xhvwlrq iurp dvnlqj z khwkhu dq hfrqrp | *v h{fhvv ghp dqg ixqfwlrq vdwlv�hv wkh z hdn d{lrp / dqg lwv dqvz hu z loo lq j hqhudo ghshqg/ qrwmxvwrq wkh fkdqj h lq wkh p hdq hqgrz p hqw/ exwdovr rq suhflvho| krz wkdwfkdqj h lvglvwulexwhg dp rqj dj hqwvlq wkh hfrqrp | 1 Lwlv xvhixoiru wklv sxusrvh wr uhvwulfwrxuvhoyhv wr hqgrz p hqwfkdqj hv z klfk vdwlvi| dq djjuhjdwh qrup dolw| frqglwlrq/ l1h/ li dq hqgrz p hqwfkdqj h udlvhv p hdq lqfrp h dwwkh rulj lqdoht xloleulxp sulfh/ wkhq lwvkrxog dovr udlvh wkh ghp dqg iru dooj rrgv dwwkdw sulfh1 Li doodj hqwv kdyh qrup doghp dqgv iru dooj rrgv/ wkhq dj j uhj dwh qrup dolw| z lookrog li wkh hqgrz p hqwshuwxuedwlrq lqfuhdvhv wkh lqfrp h ri hyhu| dj hqw+dqg qrwmxvwp hdq lqfrp h,> li wklv grhv qrwkrog/ dqg wkh hqgrz p hqwshuwxuedwlrq/ hyhq wkrxj k lwudlvhv dyhudj h lqfrp h dovr fdxvhv wkh lqfrp h ri vrp h dj hqwv wr idoo/ wkhq lwlv t xlwh fohdu wkdw gl�huhqwlqfrp h hodvwlflwlhv ri ghp dqg dfurvv dj hqwv frxog ohdg wr d ylrodwlrq ri dj j uhj dwh qrup dolw| 1 Vr dj j uhj dwh qrup dolw| lv d mrlqwuhvwulfwlrq rq ghp dqg ehkdylrxu dqg wkh hqgrz p hqwshuwxuedwlrq1

Z h vkrz wkdwiru hqgrz p hqwfkdqj hv z klfk vdwlvi| wkh dj j uhj dwh qrup dolw| frqglwlrq/ wkh ht xloleulxp sulfh z looydu| z lwk p hdq hqgrz p hqwlq d z d| wkdwreh| v wkh z hdn d{lrp li dqg rqo| li wkh hfrqrp lhv* h{fhvv ghp dqg ixqfwlrqv vdwlvi| wkh z hdn d{lrp dwwkhlu ht xloleulxp sulfhv1 Lqghhg iru wklv fodvv ri hqgrz p hqwfkdqj hv rqh fdq j r ixuwkhu= z h vkrz wkdwwkh ht xloleulxp sulfh fkdqj h iroorz lqj d fkdqj h lq hqgrz p hqwp xvwreh| d p rqrwrqlflw| surshuw| wkdwz dv�uvwvwxglhg e| Qdfkedu+4<<<,1Qdfkedu+4<<<, hvwdeolvkhg d orfdoyhuvlrq ri wklv uhvxow>rxu uhvxowj hqhudol}hv wklv wr d qrq0orfdo/ qrq0gl�huhqwldeoh frqwh{w1

51 F r p sdudwlyh Vwdwlf v

Ohw♯ =U_{n n} ↔ U ehwkhh{fhvvghp dqg ixqfwlrq ri dq h{fkdqj hrusurgxfwlrq hfrqrp | z lwk j rrgv lq wkh vhwO@⟩4>5>///>o| 1 Z h vd| wkdw♯ lv vwdqgdug li lwvdwlv�hv Z doudv*Odz / l1h1/ s ÷♯ +s, @3 iru doos lq U_{n n} / dqg lv krp rj hqhrxv ri ghj uhh }hur1 D sulfh s^≺ ← 3 lv dq ht xloleulxp sulfh li ♯ +s^≺, @31 OhwS eh d vhwlq U_{n n} >wkhq ♯ vdwlv�hv wkh zhdn d{lrp dw htxloeulxp +Z DH, lq S li S frqwdlqv dq ht xloleulxp sulfh s^≺ dqg s^≺÷♯ +s, A 3 z khqhyhu s lv lq S dqg qrwfroolqhdu wr s^≺1 Lwlv nqrz q wkdwli Z DH krogv lq dq rshq qhlj kerukrrg ri s^≺ wkhq s^≺ z looeh orfdoo| vwdeoh z lwk uhvshfwwr Z doudv*wdwrqqhp hqw1 Fohduo| wkh gh�qlwlrq dovr uht xluhvwkhht xloleulxp wr ehxqlt xh+xs wr vfdodup xowlsohv, lq S/ exwxqohvvS @U_{n n} j oredoxqlt xhqhvvlvqrwlp solhg1D vx! flhqwfrqglwlrq iru♯ wr vdwlvi| Z DH lq dq rshq dqg frqyh{ qhlj kerukrrg ri s^≺ lviru♯ wr eh F^� dqg iruy^AC_R♯ +s^≺,y ⋆ 3 z khq y lvqrwfroolqhdu z lwk s^≺>z h vkdoouhihu wr wklv surshuw| dv wkh glffihuhqwldeoh Z DH1Z h z looqrz h{soruh wkh frp sdudwlyh vwdwlfv lp solfdwlrqv ri Z DH1

SURSRVLWLRQ 514=Vxssrvh wkdw�♯ =U_{n n} ↔ U lv d vwdqgdug h{fhvv ghp dqg ixqfwlrq ri dq hfrqrp | zlwk dq htxloleulxp sulfh dw�s dqg dovr wkdw�♯ vdwlvfflhv �s ÷�♯ +s, A 3 iru vrp h s ← 3 +lq rwkhu zrugv/ �♯ vdwlvfflhv Z DH lq wkh vhw⟩ s>�s|,1 +l, Ghfflqlqj O^n @⟩l ▽ O=�♯^ζ+s, A 3| dqg O^∋ @⟩l ▽ O=�♯^ζ+s, ⋆ 3| / zh kdyh ⋃ u^n �s ζ�♯ ζ+s, ⋃ u^∋ �s

ζ^∗ �♯^ζ+s,‘ A ⋃ u^n s ζ�♯ ζ+s, ⋃ u^∋ s ζ^∗ �♯^ζ+s,‘ / +4,

+ll, Wkhuh lv d jrrg mlq O^n dqg d jrrg n lq O^∋ vxfk wkdw�s^ρ∂�s^ςA s^ρ∂s^ς1 Surri= Fohduo| / �♯ +s, ∃@ 3 vr O^n dqg O^∋ duh qrq0hp sw| 1 E| wkh lqwhup hgldwh ydoxh wkhruhp / wkhuh lv ξ A 3/ vxfk wkdw ⋃ u^n +�s

ζ ∗ ξs^ζ, �♯^ζ+s, @31 E| Z DH dqg Z doudv*Odz / +�s ∗ ξs, ÷�♯ +s, A 31 H{sdqglqj wkh ohiwri wklv lqht xdolw| / dqg iroorz lqj iurp rxu fkrlfh ri ξ/ ⋃ u^∋ �s

ζ�♯ ζ+s, A ξ ⋃_{u ∋} sζ�♯ ζ+s,1 Wkhuhiruh/ z h kdyh ⋃ u^n �s ζ�♯ ζ+s, ⋃ u^n s ζ�♯ ζ+s, @ξ A ⋃ u^∋ �s

ζ^∗ �♯^ζ+s,‘ ⋃ u^∋ s ζ^∗ �♯^ζ+s,‘ / +5, Uh0duudqj lqj wklv j lyhv xv +4,1

Wkh vhfrqg sduwri wkh sursrvlwlrq iroorz v lp p hgldwho| iurp +5, rqfh z h qrwlfh wkdw wkhuh p xvweh d j rrg mlq O^n vxfk wkdw �s^ρ s^ρ ∼ ⋃ u^n �s ζ�♯ ζ+s, ⋃ u^n s ζ�♯ ζ+s, dqg d j rrg n lq O^∋ vxfk wkdw ⋃ u^∋ �s

ζ^∗ �♯^ζ+s,‘ ⋃ u^∋ s ζ^∗ �♯^ζ+s,‘ ∼ �s^ς s^ς / THG Wklv uhvxowfrxog eh lqwhusuhwhg lq wkh iroorz lqj z d| 1 Vxssrvh wkdwwkh hfrqrp | lv lqlwldoo| dwht xloleulxp dwwkh sulfh s1 Lwh{shulhqfhv d shuwxuedwlrq z klfk fkdqj hv lwv h{fhvv ghp dqg ixqfwlrq wr �♯ 1 Wkh vhwO^n duh wkrvh j rrgv z klfk duh lq h{fhvv ghp dqg diwhu wkh shuwxuedwlrq/ z kloh O^∋ duh wkrvh j rrgv lq h{fhvv vxsso| / dwwkh rulj lqdosulfh ri s1 Wkh qhz ht xloleulxp sulfh lv �s>wkh sursrvlwlrq vd| v wkdwwkhuh lv d exqgoh ri j rrgv lq O^n +z hlj kwhg e| wkh vl}h ri wkh h{fhvv ghp dqgv, dqg d exqgoh ri j rrgv lq O^∋ +z hlj kwhg e| wkh vl}h ri wkh h{fhvv vxssolhv, vxfk wkdwwkh sulfh ri wkh irup hu uhodwlyh wr wkh odwwhu lqfuhdvhv diwhuwkh shuwxuedwlrq1 Wklv lp solhv/ lq sduwlfxodu/ wkdwwkhuh lv dwohdvwrqh j rrg lq O^n z krvh sulfh uhodwlyh wr d j rrg lq O^∋ lqfuhdvhv diwhu wkh shuwxuedwlrq1 Qrwh wkdwwkh wkhruhp uht xluhv wkdwZ DH eh vdwlv�hg e| �♯ / wkh h{fhvv ghp dqg ri wkh shuwxuehg hfrqrp | dqg qrw♯ / wkhh{fhvvghp dqg ri wkhrulj lqdohfrqrp | 1Wklvuht xluhp hqw frxog eh j xdudqwhhg iru vp doo shuwxuedwlrqv lq wkh iroorz lqj idvklrq1 Vxssrvh wkdw♯ vdwlv�hv gl�huhqwldeoh Z DH dwlwv ht xloleulxp sulfh s1 Wkhq s lv dovr uhjxodu/ l1h1/ wkh udqn ri C_R♯ +s, lvo∗ 41+vhhP dv0Frohoohwdo+4<<8,,1I xuwkhup ruh/ vxssrvhwkdwh{fhvvghp dqg lv d vp rrwk ixqfwlrq ri sulfh dqg d sdudp hwhut lq U^r / z klfk uhsuhvhqwvsrvvleoh shuwxuedwlrqv wr wkh hfrqrp | 1 Dvvxp h wkdwdwt @3/ wkh h{fhvv ghp dqg lv ♯ 1 Wkhq rqh frxog hvwdeolvk/ z lwk vwdqgdug duj xp hqwv wkdwiru dq hfrqrp | z lwk d shuwxuedwlrq t z klfk lv vx! flhqwo| forvh wr 3/ lwv h{fhvv ghp dqg �♯ z looeh vx! flhqwo| forvh wr ♯ dqg lwv ht xloleulxp sulfh �s vx! flhqwo| forvh wr s iru wkh frqglwlrq ri Sursrvlwlrq 4/ �s ÷�♯ +s, A 3/ wr krog1

Xvlqj Sursrvlwlrq 4 lwlvsrvvleoh wr irup d gluhfwolqn ehwz hhq wkhfkdqj h lq ht xloleulxp sulfhdqg wkhfkdqj hlq wkhp rgho*vsdudp hwhuv/ surylghg z hfdq vd| vrp hwklqj derxwz klfk j rrgv z looeh lq h{fhvv vxsso| ru ghp dqg dv d uhvxowri wkh sdudp hwhu fkdqj h1 Z h z loo looxvwudwh wklv lghd z lwk wz r h{dp sohv iurp h{fkdqj h hfrqrp lhv1

Z hfrqvlghuwkhfodvvri vwdqgdug h{fkdqjhhfrqrp lhv/ z krvhsurshuwlhvz hqrz ghvfuleh1 Wkh dj hqwv lq wkhvh hfrqrp lhv irup d �qlwh vhwD1 Wr hdfk dj hqwd lq D lv dvvrfldwhg dq hqgrz p hqwϖ_∂lq U_n dqg d ghp dqg ixqfwlrq i_∂=U_{n n} ⋄ U_{n n} ↔ U_{n n} >gh�qhg dvd ixqfwlrq ri sulfh dqg lqfrp h/ +s>z ,1 Dwsulfh s/ wkh dj hqwd*v lqfrp h lv s ÷ϖ_∂/ vr klv ghp dqg lv i +s>s ÷ϖ_∂,1 Z h ghqrwh e| ϖ wkh yhfwru +ϖ_∂,_{∂MΦ} lq U^{�Φ �}_n 1 dqg e| i wkh ixqfwlrq iurp s wr +i_∂+s,,_{∂MΦ} 1 Wkh hfrqrp | z lwk hqgrz p hqwϖ dqg ghp dqg i lv ghqrwhg e| H+ϖ>i ,1 Z h dvvxp h wkdwi_∂vdwlv�hv wkh exgj hwlghqwlw| dqg lv krp rj hqhrxv ri ghj uhh }hur1 I roorz lqj iurp wklv/ wkh h{fhvv ghp dqg ixqfwlrq ♯ =U_{n n} ↔ U/ gh�qhg e| ♯ +s, @I +s, ∗ π+ϖ, p xvw dovr eh vwdqgdug/ z khuh I +s, @^ ⋃ ∂MΦ i_∂+s>s ÷ϖ_∂,‘∂⇕D⇕lv wkh p hdq p dunhwghp dqg dqg π+ϖ, @^ ⋃ ∂MΦ ϖ_∂‘∂⇕D⇕lv wkh p hdq hqgrz p hqw1 H{dp soh 41 Wklv lv d vlp soh dqg z hoo0nqrz q h{dp soh z klfk frxog dovr eh eh irxqg lq P dv0Frohoohwdo+4<<8,1 Frqvlghu dq hfrqrp | z krvh hqgrz p hqwkdv ehhq shuwxuehg iurp ϖ wr �ϖ1 I ru doodj hqwv d/ �ϖ^�_∂⪰ ϖ^�_∂/ z lwk d vwulfwlqht xdolw| iru dwohdvwrqh dj hqw/ dqg iru doorwkhu j rrgv l/ �ϖ^ζ_∂@ϖ^ζ_∂1 Lq rwkhu z rugv/ wkh hqgrz p hqwri j rrg 4 kdv idoohq iru vrp h dj hqwv/ z kloh wkh rwkhu hqgrz p hqwri doorwkhu j rrgv vwd| wkh vdp h1 Wkh ghp dqg ixqfwlrq uhp dlqv dwi dqg z h dvvxp h wkdwlwlv vxfk wkdwdooj rrgv duh qrup doirudoodj hqwv1 Dwwkh rulj lqdoht xloleulxp sulfh ri s/ wkh fkdqj h lq hqgrz p hqwfdxvhv wkh lqfrp h ri vrp h dj hqwv idoo/ z kloh qr dj hqwkdv dq lqfuhdvh lq lqfrp h1 Vr dwwkh sulfh s/ wkh ghp dqg iru dooj rrgv

:

p xvwidoo/ dqg frqvht xhqwo| / irudq| j rrg n A 4/ �♯^ς+s, ⋆ 31 E| Z doudv*Odz / �♯^�+s, A 31 Lq wkh qrwdwlrq ri Sursrvlwlrq 514/ O^n @⟩4| dqg O^∋ @⟩5>6>///>o|>wkh vdp h sursrvlwlrq whoo xv wkdwdwwkh qhz ht xloleulxp sulfh ri �s/ wkh sulfh ri j rrg 4 uhodwlyh wr wkh sulfh ri vrp h exqgoh ri doorwkhu j rrgv p xvwkdyh ulvhq1

H{dp soh 51 Lq wklv h{dp soh/ z h dvvxp h wkdwhqgrz p hqwv duh �{hg dqg frqvlghu wkh hi0 ihfwri d fkdqj h lq suhihuhqfhvrq wkh ht xloleulxp sulfh1Wz r vwdqgdug h{fkdqj h hfrqrp lhv/ H+ϖ>j , dqg H+ϖ>�j , kdyh gl�huhqwghp dqg ixqfwlrqv exwwkh vdp h hqgrz p hqwv1 Z h dv0 vxp h wkdwwkh ghp dqg ixqfwlrq j_∂ lv j hqhudwhg e| wkh vp rrwk xwlolw| ixqfwlrq X_∂+ı, @ ⋃ ζ’ � τ ζ ∂x^ζ_∂+ı^ζ,/ z kloh�j_∂lvj hqhudwhg e| [X_∂+ı, @ ⋃ ζ’ � �τ ζ ∂x^ζ_∂+ı^ζ,/ z khuh ⋃ ζ’ � τ ζ ∂@ ⋃ ζ’ � �τ ζ ∂@ 41 Z h p d| lqwhusuhwwklv dv d �qdqfh p rghoz lwk frp sohwh p dunhwv lqkdelwhg e| dj hqwv z lwk yrq Qhxp dqq0P ruj hqvwhuq xwlolw| ixqfwlrqv>X_∂dqg [X_∂duh wkh xwlolw| ixqfwlrqvri wkh dj hqwd xqghu wkh vxemhfwlyh suredelolwhv τ_∂dqg �τ_∂+erwk xqghuvwrrg dv yhfwruv lq U_{n n} , uhvshfwlyho| 1 Fdq z h vd| dq| wklqj derxwwkh frqqhfwlrq ehwz hhq wkh ht xloleulxp sulfh ri vwdwh l frqvxp swlrq dqg wkh vxemhfwlyh suredelolwlhv dj hqwv dwwdfk wr vwdwh lB Lwwxuqv rxw wkdwz h fdq/ xvlqj Sursrvwlrq 514 dqg wkh iroorz lqj ohp p d1

OHP P D 515=Vxssrvh wkdw�τ_∂∃@τ_∂1 Wkhq O^W_∂@duj p d{_{ζMu} �τ^ζ_∂ τ^ζ_∂ dqg O^{WW}_∂ @duj p lq_{ζMu} �τ^ζ_∂ τ^ζ_∂ duh erwk qrq0hp sw| dqg iru doo+s>z , ← 3/ �j^ζ_∂+s>z , A j^ζ_∂+s>z , li l lv lq O^W_∂/ dqg �j^ζ_∂+s>z , ⋆ j^ζ_∂+s>z , li l lv lq O^{WW}_∂1

Surri= Wkh qrq0hp swlqhvv ri O^W_∂ dqg O^{WW}_∂ duh reylrxv/ iroorz lqj iurp wkh idfwwkdw τ_∂∃@�τ_∂dqg ⋃ ζMu τ^ζ_∂@ ⋃ ζMu �τ^ζ_∂@41 Vxssrvh wkdw�τ^ζ_∂∂τ^ζ_∂@N li l lv lq O^W_∂1 Qrwh wkdwN p xvweh elj j hu wkdq 41 Z h gh�qh aτ_∂@ �τ_∂∂N>fohduo| τ_∂A aτ_∂/ z lwk τ^ζ_∂@ aτ^ζ_∂li dqg rqo| ;

li l lv lq O^W_∂1 Wkh xwlolw| ixqfwlrq ~X_∂+ı, @ ⋃ ζ’ � aτ ζ ∂x^ζ_∂+ı^ζ,/ j hqhudwhv wkh vdp h ghp dqg dv [X_∂1 Z h frxog wklqn ri X_∂ehlqj fkdqj hg wr ~X_∂vwhs e| vwhs/ z khuh dwhdfk vwhs/ wkh z hlj kw dwwdfkhg wr hdfk l lvorz huhg iurp τ^ζ_∂wr aτ^ζ_∂/ irudool lq O∐O^W_∂1 Lwlvnqrz q wkdworz hulqj wkh z hlj kwdwwdfkhg wr vrp h j rrg/ nhhslqj wkh rwkhu z hlj kwv wkh vdp h kdv wkh h�hfwri udlvlqj wkh ghp dqg ri hyhu| rwkhu j rrg +vhh/ iru h{dp soh/ J udqgp rqw+4<<; ,,>wkhuhiruh/ dwhdfk vwhs/ wkh ghp dqg iru j rrg l lq O^W_∂vwulfwo| lqfuhdvhv1 Lwiroorz v wkdw�j^ζ_∂+s>z , A j^ζ_∂+s>z ,/ li l lv lq O^W_∂1 Wkh surri iru wkh rwkhu sduwlv wkh vdp h1 THG Wr dsso| wklv uhvxowfrqvlghu wkh iroorz lqj vfhqdulr1 I ru vrp h vxevhwri dj hqwv D^≺ lq D/ τ_∂xqghuj rhvd fkdqj h wr �τ_∂1Wklvfkdqj h lq vxemhfwlyh eholhivlvelqdu| / l1h1/ wkh suredelolw| ri d vwdwh hlwkhuj rhvxs e| d frp p rq idfwrun_∂+lq z klfk fdvh wkh vwdwh lvlq O^W_∂, rulwj rhv grz q e| d frp p rq idfwru n^≺_∂+lq z klfk fdvh wkh vwdwh lv lq O^{WW}_∂,>vr O^W_∂∧ O^{WW}_∂ @O1 Dvvxp h wkdwO^W_∂@O^Wlv frp p rq dfurvv doodj hqwv lq D^≺/ dqg vlp loduo| / wkdwO^{WW}_∂ @O^{WW}lv frp p rq dfurvvdoodj hqwvlq D^≺1Wkhq z hnqrz iurp wkhohp p d wkdwdwwkhsuhydlolqj ht xoleulxp sulfh ri s/ wkh j rrgv lq O^W+uhvshfwlyho| O^{WW}, p xvwh{shulhqfh dq lqfuhdvh +ghfuhdvh, lq ghp dqg1 Lwiroorz v wkdw+xvlqj wkh qrwdwlrq ri Sursrvlwlrq 514, O^W≫ O^n dqg O^{WW}≫ O^∋ 1 Wrj hwkhu z lwk wkh idfwwkdwO^W∧ O^{WW}@O/ z h rewdlq O^n @O^Wdqg O^∋ @O^{WW}1 I lqdoo| z h dvvxp h wkdw �♯ wkh h{fhvv ghp dqg ri H+ϖ>�j , dqg �s/ lwv ht xloleulxp sulfh/ vdwlvi| �s ÷�♯ +s, A 3/ z khuh s lv wkh ht xloleulxp sulfh ri H+ϖ>j ,1 E| Sursrvlwlrq 514 wkhuh lv d exqgoh ri j rrgv lq O^Wz krvh sulfh z looulvh uhodwlyh wr vrp h exqgoh ri j rrgvlq O^{WW}1 Hyhq p ruh vshfl�fdoo| / vxssrvh wkdw iruwkh dj hqwvlq D^≺/ wkh vxemhfwlyh suredelolw| ri vwdwh 4 j rhvxs/ dqg wkh suredelolw| ri doo rwkhuvwdwhvidooe| wkh vdp h sursruwlrq1 Wkhq wkh sulfh ri vwdwh 4 frqvxp swlrq/ uhodwlyh wr wkh sulfh ri vrp h frqvxp swlrq exqgoh lq doorwkhu vwdwhv/ z looulvh1

<

Sursrvlwlrq 514 dqg wkh wz r h{dp sohv glvfxvvhg vkrz wkdwdvvxp lqj Z DH ohdgv wr frp sdudwlyh vwdwlfv wkdwfruuhvsrqg eurdgo| z lwk rxu lqwxlwlrq= z khq d j rrg lv lq h{fhvv vxsso| / lwvsulfh idoov>z khq wkh hqgrz p hqwri d j rrg idoov/ lwvsulfh z loolqfuhdvh>dqg z khq wkh suredelolw| ri dq hyhqwlqfuhdvhv/ vr z loolwv vwdwh sulfh1 Wkh qh{wvhfwlrq wdnhv xs d gl�huhqwwkhp h1

61 Wkh Ht xloleulxp P ds

Z hnhhs wkhdj hqwv*ghp dqg ixqfwlrq �{hg dwi / dqg frqvlghuwkhfroohfwlrq ri hfrqrp lhv ⟩H+ϖ>i , =ϖ ▽ U^{�Φ �}_n | 1 P rgli| lqj rxuhduolhuqrwdwlrq/ z h z ulwh I +s>ϖ, wr uhihuwr wkh p hdq ghp dqg ri wkh hfrqrp | H+ϖ>i , dwsulfh s dqg ♯ +s>ϖ, dv lwv h{fhvvghp dqg1 Wklv qrwdwlrq klj kolj kwv wkh ghshqghqfh ri ghp dqg dqg h{fhvv ghp dqg rq wkh hqgrz p hqwϖ> lwdovr p hdqv/ ri frxuvh/ wkdwz h vkdooeh wklqnlqj ri I dqg ♯ dv ixqfwlrqv ri +s>ϖ,1 Z h vd| wkdw I vdwlv�hv zhdn djjuhjdwh qrup dolw| ehwzhhq +s>ϖ, dqg +s>�ϖ, li wkh iroorz lqj krogv=z khq s ÷π+ϖ, A s ÷π+�ϖ,/ I +s>ϖ, A I +s>�ϖ,/ z khq s ÷π+ϖ, ⋆ s ÷π+�ϖ,/ I +s>ϖ, ⋆ I +s>�ϖ,/ dqg z khq s ÷π+ϖ, @ s ÷π+�ϖ,/ I +s>ϖ, @I +s>�ϖ,1 Wklv frqfhswz looeh fhqwudowr rxu h{srvlwlrq lq wklvvhfwlrq>wkh qdp h z h j lyh wr lwiroorz vQdfkedu+4<<<, dqg lvhqwluho| dssursuldwh vlqfh wkh frqglwlrq hvvhqwldoo| vd| v wkdwli wkh hqgrz p hqwϖ dwsulfh s kdv d klj khu p hdq ydoxh wkdq �ϖ dwwkh vdp h sulfh/ wkhq dj j uhj dwh ghp dqg p xvweh z hdno| klj khu iru dooj rrgv dqg vwulfwo| klj khu iru dwohdvwrqh j rrg1

Ohwfl eh d vxevhwri U^{�Φ �}_n 1 Wr hdfk hfrqrp | H+ϖ>i ,/ z lwk ϖ lq fl/ z h dvvrfldwh dq ht xloleulxp sulfh S+ϖ, z klfk lv qrup dol}hg wr vdwlvi| S+ϖ, ÷π+ϖ, @41 Z h vkdoouhihu wr S dv wkh htxloleulxp p ds ru ixqfwlrq1 Wklv p ds vdwlv�hv wkh zhdn d{lrp dwßϖ li iru dq| ϖ lq fl/ z lwk π+ßϖ, ∃@π+ϖ,/ hlwkhuS+ßϖ, ÷π+ϖ, A S+ßϖ, ÷π+ßϖ, @4 ruS+ϖ, ÷π+ßϖ, A S+ϖ, ÷π+ϖ, @41 Wkh qh{wuhvxowlghqwl�hv frqglwlrqv z klfk j xdudqwhh wkdwS reh| v wkh z hdn d{lrp dwßϖ1 SURSRVLWLRQ 614= OhwS =fl ↔ U_{n n} / fl ≫ U^{�Φ �}_n eh dq htxloleulxp p ds1 Wkhq S vdwlvfflhv wkh zhdn d{lrp dwßϖ li +l, S+ϖ, ÷♯ +S+ßϖ,>ϖ, A 3 iru dooϖ lq fl zlwk S+ϖ, ∃@S+ßϖ, +htxlydohqwo| / ♯ +÷>ϖ, vdwlvfflhv Z DH lq ⟩S+ϖ,>S+ßϖ,|,/ dqg +ll, I vdwlvfflhv zhdn djjuhjdwh qrup dolw| ehwzhhq +S+ßϖ,>ßϖ, dqg +S+ßϖ,>ϖ, iru dooϖ lq fl1 Surri= Vxssrvh wkdwπ+ϖ, ∃@π+ßϖ, dqg π+ϖ, ÷S+ßϖ, ⪰ 4 @π+ßϖ, ÷S+ßϖ,1 E| dj j uhj dwh qrup dolw| / I +S+ßϖ,>ϖ, ⪰ I +S+ßϖ,>ßϖ, @ π+ßϖ,1 Dvvxp lqj wkdwS+ϖ, ∃@ S+ßϖ,/ z h kdyh S+ϖ, ÷♯ +S+ßϖ,>ϖ, A 3 iurp z klfk z h rewdlq/ dv uht xluhg/ S+ϖ, ÷π+ßϖ, ∼ S+ϖ, ÷I +S+ßϖ,>ϖ, A S+ϖ, ÷π+ϖ,/ Vxssrvh qrz wkdwS+ϖ, @S+ßϖ,1 Wkhq li π+ϖ, ÷S+ßϖ, ⋆ 4/ z h dovr kdyh π+ϖ, ÷S+ϖ, ⋆ 4/ z klfk e| wkh gh�qlwlrq ri S/ fdqqrweh wuxh1 Vr π+ϖ, ÷S+ßϖ, @41 E| dj j uhj dwh qrup dolw| / π+ϖ, @I +S+ϖ,>ϖ, @I +S+ßϖ,>ϖ, @I +S+ßϖ,>ßϖ, @π+ßϖ,> frqwudu| wr rxu lqlwldodvvxp swlrq wkdwπ+ϖ, ∃@π+ßϖ,1 THG Sursrvlwlrq 614 grhvqrwuht xluh wkh shuwxuedwlrq frqvlghuhg wr eh vp doo/ vr ϖ lq fl fdq eh idu dz d| iurp ßϖ/ qru grhv lwuht xluh gl�huhqwldelolw| lq dq| irup 1 Li wkhvh dvvxp swlrqv duh p dgh/ wkhq vwdqgdug duj xp hqwvz loodoorz xvwr vd| d elwp ruh1Ohwßs eh dq ht xloleulxp sulfh ri H+ßϖ>i , vdwlvi| lqj ßs ÷π+ßϖ, @41 Dvvxp h wkdw♯ lv d F^� ixqfwlrq dqg wkdw♯ +÷>ßϖ, lv uhj xodu dwßs1 E| wkh lp solflwixqfwlrq wkhruhp / wkhuh lv dq rshq qhlj kerukrrg ri ßϖ/ P / dqg dq rshq qhlj kerukrrg ri ßs/ Q/ vxfk wkdwiru doo ϖ lq P / wkh hfrqrp | H+ϖ>i , kdv d xqlt xh +qrup dol}hg, ht xloleulxp sulfh lq Q/ z klfk z h ghqrwh e| S+ϖ,/ dqg wkh p ds S =P ↔ Q lvF^�1I xuwkhup ruh/ li ♯ +÷>ßϖ, vdwlv�hvgl�huhqwldeohZ DH dwßs +vr lq sduwlfxodu/ ♯ +÷>ßϖ, lvuhj xodu,/ P dqg Q frxog eh fkrvhq vxfk wkdwwkh ht xloleulxp p ds S dovr vdwlv�hv S+ϖ, ÷♯ +S+ßϖ,>ϖ, A 3 iru dooϖ lq Q/ surylghg S+ßϖ, ∃@S+ϖ,1 Lq rwkhu z rugv/ S vdwlv�hv frqglwlrq +l, lq Sursrvlwlrq 6141 Li z h qrz fkrrvh fl ≫ Q vr wkdwfrqglwlrq +ll, lq wkh sursrvlwlrq dovr krogv/ wkhq +dexvlqj qrwdwlrq volj kwo| ,/ S =fl ↔ U_{n n} z loovdwlvi| wkh z hdn d{lrp dwßϖ1

Frqglwlrq +ll, 0dj j uhj dwh qrup dolw| 0lv hvvhqwldoo| d mrlqwuhvwulfwlrq rq dj hqwv*Hqj ho fxuyhv dqg wkh glvwulexwlrq ri wkh hqgrz p hqwshuwxuedwlrq dfurvv dj hqwv1 Lwlv t xlwh fohdu wkdwxqohvvdj hqwvkdyhsdudoohoHqj hofxuyhv/ dj j uhj dwhqrup dolw| p xvwp hdq wkdwfl fdqqrw lqfoxgh dooshuwxuedwlrqv iurp ßϖ>lq rwkhu z rugv/ fl lv d surshu vxevhwri/ dqg fdqqrweh ht xdowr/ Q1 D vlp soh exwh{wuhp h vlwxdwlrq z khuh wkh frqglwlrq lv vdwlv�hg lv wr dvvxp h wkdwdooj rrgv duh qrup dowr doodj hqwv dqg wkdw

fl @⟩ϖ ▽ P =ϖ_∂@ßϖ_∂. n_∂λ z khuh n_∂A 3 dqg λ ▽ U vdwlv�hv \λ\ @4| / Wkh lp sruwdqwwklqj wr qrwh khuh lv wkdwshuwxuedwlrq lv froolqhdu dfurvv dj hqwv/ lq wkh gluhfwlrq ri λ/ vr doo dj hqwv hlwkhu vlp xowdqhrxvo| h{shulhqfh dq lqfuhdvh ru ghfuhdvh lq lqfrp h dwwkh rulj lqdoht xloeulxp sulfh ßs/ ghshqglqj uhvshfwlyho| rq z khwkhu ßs ÷λ lvsrvlwlyh ruqhj dwlyh1Fohduo| / frqglwlrq +ll, lvqrz j xdudqwhhg dqg Sursrvlwlrq 614 fdq eh dssolhg wr j xdudqwhh wkdwS reh| v wkh z hdn d{lrp dwßs1

Wkh qh{wuhvxowlvd sduwldofrqyhuvh ri Sursrvlwlrq 6141 Orrvho| vshdnlqj / z h vkrz wkdw li S reh| vwkhz hdn d{lrp / dqg dj j uhj dwh qrup dolw| krogv/ wkhq wkhh{fhvvghp dqg ixqfwlrq p xvwvdwlvi| Z DH iru d sduwlfxodu vhwri sulfhv1

SURSRVLWLRQ 615=Ohwßs eh dq htxloleulxp sulfh ri H+ßϖ>i , zlwk ßs ÷π+ßϖ, @4 dqg ohw fl ≫ ⟩ϖ ▽ U^{�Φ �}_n =ßs ÷π+ϖ, @4| 1 Vxssrvh wkdw +l, dq htxloleulxp p ds S =fl ↔ U_{n n} zlwk S+ßϖ, @ßs vdwlvfflhv wkh zhdn d{lrp dwßϖ/ dqg +ll, I vdwlvfflhv zhdn djjuhjdwh qrup dolw| ehwzhhq +S+ϖ,>ßϖ, dqg +S+ϖ,>ϖ, iru dooϖ lq fl1 Wkhq ♯ +÷>ßϖ, vdwlvfflhv Z DH lq S+fl,1

Surri=E| +l,/ S+ϖ, ÷π+ßϖ, A 4 @S+ϖ, ÷π+ϖ,/ z klfk lp solhv/ e| +ll, wkdwI +S+ϖ,>ßϖ, A I +S+ϖ,>ϖ, @π+ϖ,1 Lwiroorz v wkdw S+ßϖ, ÷I +S+ϖ,>ßϖ, A S+ßϖ, ÷π+ϖ, @S+ßϖ, ÷π+ßϖ, dqg vr S+ßϖ, ÷♯ +S+ϖ,>ßϖ, A 31 THG Wr xqghuvwdqg Sursrvlwlrq 615 d olwwoh ehwwhu/ lp dj lqh wkdwwkh hfrqrp | H+ßϖ>i ,/ z lwk ht xloleulxp sulfh ßs/ lvshuwxuehg z lwk wkh hqgrz p hqwri dj hqwd fkdqj hg iurp ϖ_∂wr ϖ_∂. λ/ z khuh λ lv lq Π @⟩λ ▽ U =ßs ÷λ @3| 1 Fohduo| / dwwkh sulfh ßs/ wkh lqfrp h ri doodj hqwv duh ohiwxqfkdqj hg e| wkh shuwxuedwlrq dqg p hdq lqfrp h lv dovr suhvhuyhg dwßs ÷π+ßϖ,/ z kloh p hdq hqgrz p hqwehfrp hv π+ßϖ, . λ1 Vlqfh λ lv frp p rq dfurvv doodj hqwv/ wkh dj j uhj dwh qrup dolw| uht xluhg lq frqglwlrq +ll, ri Sursrvlwlrq 615 z lookrog li doodj hqwv kdyh qrup do ghp dqgv iru doo j rrgv1 Ghsduwlqj iurp rxu frqyhqwlrq vr idu/ z h dvvxp h wkdw ßs lv lq W @ ⟩s ▽ U_{n n} =s @ 4|1 Vr orqj dv ßs lv d uhj xodu ht xloleulxp sulfh/ z h fdq �qg d gl�hrp rusklf p ds S =Π^≺ ↔ W^≺/ z khuh Π^≺ lv rshq lq Π dqg W^≺ lv rshq lq Wvxfk wkdw S+λ, lv dq ht xloleulxp sulfh ri H+ßϖ . λ>i , dqg S+3, @ ßs1 +Qrwh wkdwz h kdyh dexvhg wkh qrwdwlrq S1, Li frqglwlrq +l, lq Sursrvlwlrq 615 krogv/ l1h1/ li S+λ, ÷λ ⋆ 3 iru dooλ lq Π^≺/ wkhq wkh sursrvlwlrq vd| v wkdwßs ÷♯ +s>ßϖ, A 3 iru doos lq W^≺1 Lq rwkhu z rugv/ li wkhuh lv dq rshq qhlj kerukrrg ri froolqhdu hqgrz p hqwshuwxuedwlrqv +dv uhsuhvhqwhg e| λ, lq z klfk S reh| vwkh z hdn d{lrp / wkhq wkhuh p xvwdovr eh dq rshq qhlj kerukrrg ri ßs lq z klfk ♯ +÷>ßϖ, vdwlv�hv Z DH1

Ehvlghv wkh z hdn d{lrp / wkhuh duh rwkhu surshuwlhv z klfk wkh ht xloleulxp p ds S frxog xvhixoo| vdwlvi| 1Z hvd| wkdwS lvp rqrwrqlf dwßϖ li +π+ßϖ,∗ π+ϖ,÷+S+ßϖ,∗ S+ϖ,, ⋆ 3z khqhyhu π+ϖ, ∃@π+ßϖ,1 Lwlv hdv| wr fkhfn wkdwwklv surshuw| lv vwurqj huwkdq wkh z hdn d{lrp >lwz dv �uvwlqyhvwlj dwhg e| P dolqydxg +4<: 5, dqg d uhfhqwvwxg| frxog ehirxqg lq Txdk +4<<<,1Z h vkdooqrwglvfxvvlwdq| ixuwkhulq wklvsdshu/ exwlwlvz ruwk p hqwlrqlqj wkdwwkh frqglwlrqv ghyhorshg lq Txdk +4<<<, wr j xdudqwhh wkh p rqrwrqlflw| ri S duh qhlwkhu vwurqj hu qru z hdnhu wkdq wkh dvvxp swlrqv ri Sursrvlwlrq 614= lq sduwlfxodu/ dj j uhj dwh qrup dolw| lv qrw uht xluhg/ vr wklv frqglwlrq lv qrwqhfhvvdu| iru S wr vdwlvi| wkh z hdn d{lrp 1 Dqrwkhu surshuw| ri S/ forvho| uhodwhg wr wkh z hdn d{lrp / kdv uhfhqwo| ehhq vwxglhg e| Qdfkedu +4<<<,1 Z h vd| wkdwwkh ht xloleulxp p ds S =fl ↔ U_{n n} lv Q0p rqrwrqlf dwßϖ li iru dooϖ lq fl/ wkhuh lv d yhfwru d ← 3/ dqg uhdoqxp ehu ξ A 3 +erwk ri z klfk ghshqg rq ϖ, vxfk wkdwd ÷S+ßϖ, @d ÷ξS+ϖ, dqg +π+ßϖ, ∗ π+ϖ,, ÷+S+ßϖ, ∗ ξS+ϖ,, ⪰ 3/ z lwk ht xdolw| rqo| li +l, π+ϖ, @π+ßϖ, ru+ll, π+ϖ, ÷S+ßϖ, ∃@4 dqg S+ßϖ, dqg S+ϖ, duh froolqhdu1 Dj dlq/ lwlv vwudlj kwiruz dug wr fkhfn wkdwwklv surshuw| lvvwurqj hu wkdq wkh z hdn d{lrp 1 Wkh surshuw| vd| v wkdwwkhuh lv d z d| ri qrup dol}lqj sulfhv vxfk wkdwwkh fkdqj h lq sulfh dqg wkh fkdqj h lq p hdq hqgrz p hqwp ryh lq rssrvlwh gluhfwlrqv1 Wkh qrup dol}dwlrq j lyhv dq hdv| z d| ri lqwhusuhwlqj d sulfh fkdqj h1 I ru h{dp soh/ vxssrvh wkdwwkh sulfh yhfwru fkdqj hv iurp s wr t/ z lwk d ÷s @ d ÷t/ dqg s^ζ A t^ζ iru l lq N ≫ O1 Wkhq ⋃ ζMg s^ζd^ζ A ⋃ ζMg t^ζd^ζ dqg

⋃ ζMu↙ g s ζd^ζ ⋆ ⋃ ζMu↙ g t ζd^ζ/ vr ⋃ ζMg s^ζd^ζ ⋃ ζMu↙ g s ζd^ζ A ⋃ ζMg t^ζd^ζ ⋃ ζMu↙ g t ζd^ζ / Lq rwkhuz rugv/ wkh sulfh ri wkh exqgoh ⟩d^ζ|_{ζMg} uhodwlyh wr wkh exqgoh ⟩d^ζ|_{ζMu↙ g} kdv idoohq1 Rxuhyhqwxdoj rdolvwr �qg frqglwlrqv z klfk j xdudqwhh wkh Q0p rqrwrqlflw| ri S/ exwd vkruwglj uhvvlrq lv khosixodwwklv vwdj h1 Doowkh wkuhh surshuwlhv rq S z h kdyh vwdwhg kdyh qdwxudodqdorj xhvirudq| p ds Φ =U_{n n} ↔ U_{n n} / vdwlvi| lqj wkh exgjhwlghqwlw| ı ÷Φ +ı, @41 Lq wklv fdvh/ Φ frxog eh lqwhusuhwhg dv wkh vxssruwlqj sulfh ru lqyhuvh ghp dqg ri wkh frp p rglw| exqgoh ı1 Z h vd| wkdwΦ vdwlv�hv wkh zhdn d{lrp dwßı li iru dooı ∃@ ßı/ hlwkhu ı ÷Φ +ßı, A 4 ru ßı ÷Φ +ı, A 4>z h vd| wkdwΦ lv p rqrwrqlf dwßı li +ßı ∗ ı, ÷+Φ +ßı, ∗ Φ +ı,, ⋆ 3 iru dooı ∃@ ßı>dqg/ �qdoo| / z h vd| wkdwΦ lv Q0p rqrwrqlf dwßı li iru dq| ı ∃@ ßı/ wkhuh lv d ← 3 dqg ξ A 3 vxfk wkdwd ÷Φ +ßı, @d ÷ξΦ +ı, dqg +ßı ∗ ı, ÷+Φ +ßı, ∗ ξΦ +ı,, ⪰ 3/ z lwk ht xdolw| rqo| li +l, ßı @ı dqg +ll, ı ÷Φ +ßı, ∃@4 dqg Φ +ı, dqg Φ +ßı, duh froolqhdu1 Z h z looqrwlq wklv sdshu lqyhvwlj dwh wkh p rqrwrqlflw| ri Φ / d wrslf z klfk kdv douhdg| ehhq h{whqvlyho| vwxglhg= qhfhvvdu| dqg vx! flhqwfrqglwlrqv frxog eh irxqg lq P loohurq +4<: 7,/ P lwmxvfklq dqg Srowhurylfk +4<: ; ,/ Ndqqdl +4<; <, dqg Txdk +5333,1 Z h vkdooirfxv lqvwhdg rq wkh Q0p rqrwrqlflw| ri Φ >z h vkrz wkdwQ0p rqrwrqlflw| lv d vlp soh frqvht xhqfh ri d z hdnhuirup ri wkh z hdn d{lrp dqg d qrup dolw| frqglwlrq1P ruh vshfl�fdoo| / Φ vdwlv�hv wkholp lwhg zhdn d{lrp dwßı li irudooı ∃@ßı/ z lwk ı÷Φ +ßı, @4/ z hkdyh ßı÷Φ +ı, A 41Dvvxp lqj wkdwΦ^{∋ �} h{lvwv/ z hvd| wkdwΦ^{∋ �} lvqrup do+ruvdwlvfflhvqrup dolw| , dws li Φ^{∋ �}+ζs, ← Φ^{∋ �}+s, z khqhyhu ζ ⋆ 4/ dqg Φ^{∋ �}+ζs, ≻ Φ^{∋ �}+s, z khqhyhu ζ A 41

SURSRVLWLRQ 616=Vxssrvh wkdwΦ =U_{n n} ↔ U_{n n} lv dq lqyhuwleoh ixqfwlrq vdwlvi| lqj wkh exgjhwlghqwlw| dqg wkh olp lwhg zhdn d{lrp 1 Wkhq wkh iroorzlqj duh htxlydohqw=

+l, Wkhuh lv d yhfwru d ← 3 vxfk wkdwiru dooı zlwk ı ÷Φ +ßı, @n ∃@4/ zh rewdlq +ßı ∗ ı, ÷+Φ +ßı, ∗ ξΦ +ı,, ⪰ 3/ zkhuh ξ lv fkrvhq wr vdwlvi| d ÷Φ +ßı, @d ÷ξΦ +ı,1 +ll, Φ^{∋ �} lv d qrup doixqfwlrq dwΦ +ßı,1 I xuwkhup ruh/ li +ll, lv wuxh/ wkh yhfwru d lq +l, lv xqltxh xs wr vfdodu p xowlsohv dqg +ßı ∗ ı, ÷+Φ +ßı, ∗ ξΦ +ı,, @3 li dqg rqo| li Φ +ßı, dqg Φ +ı, duh froolqhdu1

Surri=Z h �uvwvkrz wkdw+ll, lp solhv +l,1 Dvvxp h wkdwn ⋆ 4 +wkh fdvh ri n A 4 fdq eh ghdowz lwk dqdorj rxvo| ,>wkhq p @4∂n A 4 vdwlv�hv p Φ +ßı, ÷ı @41 Vlqfh Φ lv lqyhuwleoh/ wkhuh lv d xqlt xh ȷ vxfk wkdwΦ +ȷ , @p Φ +ßı,1 Qrwh wkdwȷ ÷Φ +ßı, @ȷ ÷Φ +ȷ ,∂p @n E| +ll,/ ȷ ≻ ßı/ vr d @ ßı ∗ ȷ ← 31 I ru dq| ı vdwlvi| lqj ı ÷Φ +ı, @n/ z h fdq fkrrvh ξ wr vdwlvi| d÷Φ +ßı, @d ÷ξΦ +ı,1 Surylghg ı ∃@ȷ / wkh olp lwhg z hdn d{lrp j xdudqwhhv wkdwȷ ÷Φ +ı, A 4/ vr

+ßı ∗ ı, ÷+Φ +ßı, ∗ ξΦ +ı,, @ +ßı ∗ ȷ ∗ +ı ∗ ȷ ,, ÷+Φ +ßı, ∗ ξΦ +ı,, @ ∗ +ı ∗ ȷ , ÷+Φ +ßı, ∗ ξΦ +ı,, @ ξ+ı ∗ ȷ , ÷Φ +ı,, ⋆ 3/

Vr z h kdyh vkrz q wkdw+ll, lp solhv +l, dqg dovr wkdwj lyhq rxu fkrlfh ri wkh yhfwru d/ +ßı ∗ ı, ÷+Φ +ßı, ∗ ξΦ +ı,, @3 li dqg rqo| li Φ +ßı, dqg Φ +ı, duh froolqhdu1

Vxssrvh qrz wkdw+l, lv wuxh> z h z dqwwr vkrz wkdwiru ζ A 4/ ßı ← Φ^{∋ �}+ζΦ +ßı,,1 +Rqfh dj dlq/ wkh fdvh ri ζ ⋆ 4 fdq eh ghdowz lwk dqdorj rxvo| 1, Frqvlghu ı vdwlvi| lqj ı ÷Φ +ßı, @4∂ζ A 4>iru vxfk ı wkhuh lv dq dvvrfldwhg yhfwru d ← 3 vdwlvi| lqj wkh frqglwlrqv odlg rxwlq +l,1Fkrrvh ı^≺ vxfk wkdwßı∗ ı^≺ lvsdudoohowr d dqg ı^≺÷Φ +ßı, @4∂ζ1Z h fodlp wkdw ı^≺@Φ^{∋ �}+ζΦ +ßı,,1Li lwlvqrw/ z h z ulwh ı^{≺≺} @Φ^{∋ �}+ζΦ +ßı,,/ dqg frqvlghuı^{≺≺≺}@wı^≺. +4∗ w,ı^{≺≺}1

I ru d vxlwdeo| fkrvhq wvwulfwo| ehwz hhq 3 dqg 4/ ı^{≺≺≺} lv lq wkh srvlwlyh ruwkdqw/ vr Φ +ı^{≺≺≺}, h{lvwv/ dqg vlqfhlwlvglvwlqfwiurp ı^{≺≺}/ wkholp lwhg z hdn d{lrp j xdudqwhhvwkdwı^{≺≺}÷Φ +ı^{≺≺≺}, A 41 Vlqfh ı^{≺≺≺}÷Φ +ı^{≺≺≺}, @4 e| gh�qlwlrq/ z h rewdlq ı^≺÷Φ +ı^{≺≺≺}, ⋆ 41Qrwh dovr wkdwı^{≺≺≺}÷Φ +ßı, @4∂ζ1 Fkrrvh ξ vr wkdwd ÷Φ +ßı, @d ÷ξΦ +ı^{≺≺≺},1 Wkhq

+ßı ∗ ı^{≺≺≺}, ÷+Φ +ßı, ∗ ξΦ +ı^{≺≺≺},, @ +ßı ∗ ı^≺∗ +ı^{≺≺≺}∗ ı^≺,, ÷+Φ +ßı, ∗ ξΦ +ı^{≺≺≺},, @ ∗ +ı^{≺≺≺}∗ ı^≺, ÷+Φ +ßı, ∗ ξΦ +ı^{≺≺≺},, @ ξ+ı^{≺≺≺}∗ ı^≺, ÷Φ +ı^{≺≺≺}, @ ξ+4∗ ı^≺÷Φ +ı^{≺≺≺},, A 3>

z klfk lv d ylrodwlrq ri +l,1 Vr z h frqfoxgh wkdwı^≺ @Φ^{∋ �}+ζΦ +ßı,,1 Vlqfh d ← 3 e| dvvxp s0 wlrq/ dqg e| rxu frqvwuxfwlrq d lv froolqhdu wr ßı ∗ ı^≺/ z h kdyh ı^≺ ≻ ßı1 Wklv hvwdeolvkhv +ll, dqg wkh xqlt xhqhvv +xs wr vfdodu p xowlsohv, ri d1 THG Qrwhwkdwwkhfdvhri n @4 lq frqglwlrq +l, ri Sursrvlwrq 616 lvwulyldoo| wuxhli Φ vdwlv�hv wkholp lwhg z hdn d{lrp 1Li ı÷Φ +ßı, @4/ z hkdyh+ßı∗ ı,÷+Φ +ßı, ∗ ξΦ +ı,, @ξ+4∗ ßı÷Φ +ı,, ⋆ 3 iru dq| srvlwlyh ξ/ z klfk p hdqv wkdwdq| yhfwru d ← 3 frxog eh fkrvhq1 Wklv revhuydwlrq dqg Sursrvlwlrq 616 duh vxp p dul}hg lq wkh iroorz lqj fruroodu| 1

FRUROODU\ 617= OhwΦ =U_{n n} ↔ U_{n n} eh d ixqfwlrq zlwk wkh iroorzlqj surshuwlhv= +l, ı ÷Φ +ı, @4 iru dooı/ +ll, lwreh| v wkh olp lwhg zhdn d{lrp / dqg +lll, Φ^{∋ �} h{lvwv dqg lv qrup do1 Wkhq Φ vdwlvfflhv Q0p rqrwrqlflw| 1

Qrwlfh wkdwwkh frqglwlrqv ri Fruroodu| 617 duh dqdorj rxv wr wkrvh ri Sursrvlwlrq 614/ z lwk wkh olp lwhg z hdn d{lrp vlp loduwr frqglwlrq +l,/ dqg qrup dolw| vlp loduwr frqglwlrq +ll,1 Lwwxuqvrxw/ qrwvxusulvlqj o| / wkdwd volj kwvwuhqj wkhqlqj ri wkhfrqglwlrqvlq Sursrvlwlrq 614 4:

duh vx! flhqwwr j xdudqwhh wkh Q0p rqrwrqlflw| ri S1 Lq sduwlfxodu/ +ll, qhhgvwr eh uhsodfhg e| d volj kwo| vwurqj hu frqglwlrq1 Z h vd| wkdwI vdwlv�hv djjuhjdwh qrup dolw| ehwzhhq +s>ϖ, dqg +s>�ϖ, li wkh iroorz lqj krogv=+l, z khq s ÷π+ϖ, A s ÷π+�ϖ,/ I +s>ϖ, ← I +s>�ϖ,/ +ll, z khq s ÷π+ϖ, ⋆ s ÷π+�ϖ,/ I +s>ϖ, ≻ I +s>�ϖ,/ +lll, z khq s ÷π+ϖ, @s ÷π+�ϖ,/ I +s>ϖ, @I +s>�ϖ,1 SURSRVLWLRQ 618= OhwS =fl ↔ U_{n n} / fl ≫ U^{�Φ �}_n eh dq htxloleulxp p ds1 Wkhq S vdwlvfflhv Q0p rqrwrqlflw| dwßϖ li +l, S+ϖ, ÷♯ +S+ßϖ,>ϖ, A 3 iru dooϖ lq fl zlwk S+ϖ, ∃@S+ßϖ, +htxlydohqwo| / ♯ +÷>ϖ, vdwlvfflhv Z DH lq ⟩S+ϖ,>S+ßϖ,|,/ dqg +ll, I vdwlvfflhv djjuhjdwh qrup dolw| ehwzhhq +S+ßϖ,>ßϖ, dqg +S+ßϖ,>ϖ, iru dooϖ lq fl1 Surri=Li ϖ vdwlv�hv π+ϖ, ÷S+ßϖ, @4/ z h kdyh

+π+ßϖ, ∗ π+ϖ, ÷+S+ßϖ, ∗ ξS+ϖ,, @ ∗ ξ+π+ßϖ, ∗ π+ϖ,, ÷S+ϖ, @ ∗ ξ+I +S+ßϖ,>ϖ, ∗ π+ϖ,, ÷S+ϖ, ⋆ 3

iru dq| srvlwlyh qxp ehu ξ/ z klfk p hdqv wkdwwkh yhfwru d fdq eh fkrvhq wr eh dq| yhfwru z lwk vwulfwo| srvlwlyh hqwulhv1 +Qrwh wkdwwkh vhfrqg ht xdolw| iroorz v iurp +ll, dqg wkh �qdo lqht xdolw| iurp +l,1,

Z h qrz frqvlghu wkh fdvh z khq ϖ vdwlv�hv π+ϖ, ÷S+ßϖ, ⋆ 4 @ π+ßϖ, ÷S+ßϖ,1 +Wkh fdvh ri π+ϖ, ÷S+ßϖ, A 4 fdq eh kdqgohg e| dq dqdorj rxv duj xp hqw1, E| +ll,/ I +S+ßϖ,>ϖ, ≻ I +S+ßϖ,>ßϖ, @π+ßϖ,/ vr d @π+ßϖ, ∗ I +S+ßϖ,>ϖ, ← 31Fkrrvlqj ξ vr wkdwd÷S+ßϖ, @ξd÷S+ϖ,/ z h rewdlq

+π+ßϖ, ∗ π+ϖ,, ÷+S+ßϖ, ∗ ξS+ϖ,, @ π̂+ßϖ, ∗ I +S+ßϖ,>ϖ, ∗ +π+ϖ, ∗ I +S+ßϖ,>ϖ,,‘÷+S+ßϖ, ∗ ξS+ϖ,, @ ∗ +π+ϖ, ∗ I +S+ßϖ,>ϖ,, ÷+S+ßϖ, ∗ ξS+ϖ,, 4;

@ ξ+π+ϖ, ∗ I +S+ßϖ,>ϖ,, ÷S+ϖ, @ ∗ ξS+ϖ, ÷♯ +S+ßϖ,>ϖ,

z klfk/ e| +l,/ p xvweh qhj dwlyh1 THG Wkh �uvwyhuvlrq ri wklv uhvxowfrxog eh irxqg lq Qdfkedu +4<<<,1 Wklv vwdwhp hqwlv gl�huhqwiurp Wkhruhp 4 lq Qdfkedu +4<<<, lq vhyhudoz d| v= wkh vwdwhp hqwlv qrq0orfdo/ gl�huhqwldelolw| lv qr orqj hu dvvxp hg/ dqg shuwxuedwlrqv z klfk suhvhuyh p hdq lqfrp h/ l1h1/ S+ßϖ, ÷π+ßϖ, @S+ßϖ, ÷π+ϖ, duh qrwh{foxghg1

4<

UHI HUHQF HV

FDOYHW/ O1/ M10P 1J UDQGP RQW/ DQG L1OHP DLUH +4<<; ,=�Khwhurj hqrxvSuredelo0 lwlhv lq Frp sohwh DvvhwP dunhwv/%FRUH Glvfxvvlrq Sdshu/ <; 4<1 J UDQGP RQW/ M1P 1+4<<5,=�Wudqvirup dwlrqv ri wkh frp p rglw| vsdfh/ ehkdylrudokhw0 hurj hqhlw| / dqg wkh dj j uhj dwlrq sureohp /%Mrxuqdori Hfrqrp lf Wkhru| / 8: / 40681 KLOGHQEUDQG/ Z 1+4<; 6,=�Rq wkh Odz ri Ghp dqg/%Hfrqrp hwulfd/ 84/ <<: 0434<1 MHULVRQ/ P 1 +4<<<,= �Glvshuvhg h{fhvv ghp dqgv/ wkh z hdn d{lrp dqg xqlt xhqhvv ri ht xloleulxp /%Mrxuqdori P dwkhp dwlfdoHfrqrp lfv/ 64/ 4807; 1 NDQQDL/ \ 1+4<; <,= �D Fkdudfwhulvdwlrq ri P rqrwrqh LqglylgxdoGhp dqg I xqfwlrqv/% Mrxuqdori P dwkhp dwlfdoHfrqrp lfv/ 4; / ; : 0<71 P DOLQYDXG/ H1+4<: 5,=Ohfwxuhv rq P lfurhfrqrp lf Wkhru| 1 Qhz \ run=Qruwk0Kroodqg1 P DV0FROHOO/ D1 +4<<4,= �Rq wkh Xqlt xhqhvv ri Ht xloleulxp Rqfh Dj dlq/%lq EDU0 QHWW/ Z 1/ E1FRUQHW/ F1G*DVSUHP RQW/ M1J DEV] HZ LF] / DQG D1P DV0 FROHOO +hgv1,/Htxloleulxp Wkhru| dqg Dssolfdwlrqv/ Fdp eulgj h= Fdp eulgj h Xql0 yhuvlw| Suhvv1 P DV0FROHOO/ D1/ P 1G1Z KLQVWRQ/ DQG M1U1J UHHQ +4<<8,=P lfurhfrqrp lf Wkh0 ru| 1 R{irug=R{irug Xqlyhuvlw| Suhvv1 P LOOHURQ/ M1F1+4<: 7,=�Xqlflwh hwvwdelolwh gh o*ht xloleuh hq hfrqrp lh gh glvwulexwlrq% Vhp lqdluh g*Hfrqrp hwulh Ur| 0P dolqydxg1

P LWMXVFKLQ/ O1J 1DQG Z 1P 1SROWHURYLFK +4<: ; ,=�Fulwhuld irup rqrwrqlflw| ri ghp dqg ixqfwlrqv/%Hnrqrp lnd l P dwhp dwlfkhvnlh P hwrg| / 47/ 455045; +lq Uxvvldq,1 QDFKEDU/ M1K1+4<<<,=�J hqhudoHt xloleulxp Frp sdudwlyh Vwdwlfv/%Z dvklqj wrq Xql0 yhuvlw| / VwOrxlv1 TXDK/ M1N10K1+4<<: ,=�Wkh Odz ri Ghp dqg Z khq Lqfrp h lvSulfh Ghshqghqw/%Hfrqr0 p hwulfd/ 98/ 4754047751 � +4<<<,=�Wkh Z hdn D{lrp dqg Frp sdudwlyh Vwdwlfv/%Qx! hog Froohjh Z runlqj Sdshu/ Z 481 � +5333,= �Wkh P rqrwrqlflw| ri Lqglylgxdo dqg P dunhwGhp dqg/%Hfrqrp hwulfd/ 9; / <440<631 VKDI HU/ Z 1DQG K1VRQQHQVFKHLQ +4<; 5,=�P dunhwGhp dqg dqg H{fhvv Ghp dqg ixqfwlrqv/%lq DUURZ / N1M1/ dqg P 1G1LQWULOLJ DWRU +hgv1,/ Kdqgerrn ri P dwk0 hp dwlfdoHfrqrp lfv/ Yro1 LL/ Qhz \ run=Qruwk Kroodqg1